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THE INFLUENCE OF METACENTRIC STABILITY ON THE

DYNAMIC LONGITUDINAL STABILITY OF A SUBMARINE

CONFIDENTIAL by
E. D. Hoyt and F. H. Imlay

I NTRODUCTI ON

In writing the equations for pitching motion of a

submarine in submerged operation it has been customary to

neglect the effect of metacentric stability. Recent operating-

experience at moderate speeds of the order of 10 knots has

indicated, however, that this simplification does not adequate-

ly represent the behavior of the submarine for such speeds.

In the present paper the equations of longitudinal motion

have been written to include the effect of metacentric stability

and these extended equations have been used in an analysis of

the effect of metacentric stability on the pitching character-

istics of a typical submarine operating at various speeds.

EQUATIONS OF MOTION

Assume, in Figure 1, a right-hand orthogonal system

of reference axes fixed in space so that the origin 0 coin-

cides with the location of the center of gravity of the
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Figure I.- Systems of Axes

submarine at zero time, and the plane defined by the x o and

zo axes contains the direction of motion at zero time. The

assumption will be made that the center of gravity remains

in this plane during subsequent motion and that the pro-

gression of the center of gravity is in the general direct-

ion of the positive xo axis. The positive direction of the

z0 axis is vertically down The subsequent motion of the sub-

marine is completely defined by the coordinates XoG, ZoG and

the angle 9 (see Figure 1). In terms of the fixed-axes

system the Newtonian equations of motion are
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%OX o  = m zoG

Zo  m oG 1

where X0 and Zo are the total forces in the xo and zo

directions respectively,

m is the mass of the submarine,

XoG and ZoG are the second derivatives with respect to time

t of XoG and ZoG respectively,

M is the total moment about an axis through the

center of gravity and parallel to the yo axis,

and

l y is the moment of inertia of the submarine about

the axis just mentioned.

The motion of the submarine is more conveniently ex-

pressed when referred to moving axes x and z in Figure 1i

The moving axes form a right-hand orthogonal system with

the origin located at the center of gravity of the submarine

and the positive direction of the x axis is forward and parallel

to the base line of the submarine. The y axis is coincident

with the yo axis at zero time and remains parallel thereto for

subsequent motion. The instantaneous linear velocity of the

origin of the moving axes is represented by the vector U and

the orientation of the moving axes with respect to the direction

CONFIDENTIAL
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of motion is given by the angle do, the positive sense of which

is shown in Figure 1.

In order to convert the equations of motion from fixed

axes to moving axes, the total forces X and Z in the x and z

directions respectively are expressed in terms of Xo and Zo

as

X =Xo cose - Zo sine ( 2]
Z =Zo cose+ Xo sine

likewise

XoG = u cose + w sine
(3]

ioG =-u sine + w cose

where the dot above the symbol signifies the first deriva-

tive of the quantity with respect to time, and u and w are

the components of U along x and z respectively.

Then

oG =  cose+ w sine - (u sine - w cose )6

ZoG =-u sine + i cosO - (u cose + w sine )(

Substituting Equation [4] in Equation [(1 and inserting the

resulting values of Xo and Zo in Equation (2] gives

X = m( + w6)

z = m ( - u6 )

These, plus the third member of Equation [1) , comprise the

equations of motion with respect to moving axes. For

CONFIDENTIAL
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completeness

X = m (i+ w)

z = m ( - u6 ) [3

The forces X and Z and the moment M in Equations

[5] are assumed to have hydrodynamic, gravity, and buoyancy

components which are functions of displacement, velocities,

and accelerations. Thus

X = F x (u,w,e,8,4,, ) [6]

with similar expressions for Z and M.

There will, in general, be equilibrium solutions of

the equations of motion [(5 for which the motion is along a

straight line at constant trim. The equilibrium values will

be designated ul, wl, 81, etc. The equilibrium values of il,

*i1, 1, and l are zero, and the equilibrium values of the

other quantities satisfy the equations of motion. Thus, if

the expressions for X, Z, and M (see Equation [6 ) are sub-

stituted in Equations [5 and expanded in Taylor series about

the equilibrium values, there result equations for the perturb-

ations such as

mi + mw1l - (Xu)l(u-ul) - (Xw)I (w-wl ) - (X) l(-e l1 )

-- -(xA)' - (X*) 1 - (x) 16 - (xU)1 6 =o
CONIFIDENTIAL
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% with similar expressions for Z and M. In Equation [7]

(Xu)1 denotes aX/cu at the equilibrium condition, and simi-

larly for the other symbols of this type.

The form of the perturbation equations can be sim-

plified by some conventions of notation. The derivatives

such as (Xu)1, are all to be evaluated at the equilibrium

condition so the portion ( )1 will be dropped. Further, the

variables will be changed to variations from equilibrium values,

writing u for (u-ul) and noting that d (u-ul) = i, and proceed-
dt

ing similarly for the other variables. For sufficiently small

disturbances X is an even function of w, *, 6, and 0; and Z

and M are even functions of u and 0.

Thus

XW = X = Xe = N = Z = Mu = 0

The equations for the perturbations finally become

-Xuu + (m-Xi)A - Xe + mwl 6 = 0

-Zww + (m-Z*)*- Ze6 - (mul + Z6)6 - Z = (0 l8

-mww-mw. mee -a 6 + (I YM-j)e = 0

If the submarine is assumed to be in neutral buoyancy

and neutral trim when at rest, 7X and Z. are zero and M is

given by

CONFIDENTIAL
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Me = AZB cose [9(9

where & is the buoyancy force, positive upward and equal

to the weight of the submarine and zB is the distance along

the z axis from the center of gravity to the center of

buoyancy. Thus zB is positive when the center of buoyancy ,

is below the center of gravity (metacentric instability)°

Inserting these values for X0 , Ze, and M in Equations [8]

and non-dimensionalizing by dividing the first two of Equa-

tions [8] by pA2 u1
2 and the third by Jp3u1 2 (where p is

the density of the fluid and 2Pis the overall length of the

submarine), leads to

-X uu + (m'-XZ')a + mo oCt = 0

-Zw'WV + (mo-Zi,)i' (m' +Z6 1')60 Z*' = 0 (10]

S-MWw M gM q,(l 4B c os e l ) e - , + (IY Y-M*)e'= 0

Equations (10] are the non-dimensional equations of

longitudinal motion for a submarine in neutral buoyancy and

trim. The primes in the equations are used to indicate non-

dimensional forms of similar quantities appearing in Equations

[8] and (9) ; and Oil = wl/ul The dot or double dot over a

quantity now signifies the first or second derivative, re-

spectively, of the quantity with respect to non-dimensional

time t', where -t' = tul Because A is a constant, A' in

Equations [10] will vary with speedo

CONFIDENTIAL
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SOLUTIONS OF THE EQUATIONS OF MOTION

Equations (10) comprise a set of homogeneous linear

differential equations in the variables u', w', and 9. The

solutions to.the equations are sums of terms of the form

u' = uie it w = wi ce i t  e = Ojeaite

where aj are the roots of the characteristic equation cor-

responding to Equations [10] , e = 2.718, and ui, wi, and

oi are constants. Substitution of the typical solutions

in the equations of motion leads to

- [Xu0 -(m' - X&')o] u' + m? ~Iae = 0

- [Zw =(m' - Zi')r) Wa -[(m' + - I)o + Z 'a]e9 = 0

- (Mhr + M*a) w' e [AZB cos 1 +M 0  -((I gM.. e Y2 O 

The characteristic equation is

[Xu, -(mX~ )a)

0

which reduces to

+ 0 + mao,

-[ZZ, -(m'-Z*,) ) - [(mo+Z )q+ Zy'3

-(M'+Mi) -cr ['zsB'osel M4' -ty(I'-M '9

-[Z W-(m'-Z )] [(m + Zv ) g + Zwa'2

The first factor n Equation [ furnishes(I the root
The first factor in Equation (11) furnishes the root

= 0

Xu,

mv 5I' X

C ONFIT fDNT IAL
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which is always real and negative, and hence stable. The real

problem of stability rests in the remaining factor which is a

cubic in a. Upon expansion this factor becomes

[ (m'-Z ')(I y'-M') . Z4'Mk' ]g3

+ [-Zw '(Iy'-M4') - (m'-Z*')Mq' - (m'+ Zq')M*'-Z4'Mw'a02  (121

+ [Z 'Mq '-(m'-Z*')At'zB' cose l- (m'+ Zq')Mw'Ia

+ Zw' A ' B'cos e9= o

where 9 and * have been replaced by the symbols q and 4 respect-

ively.

EFFECT OF METACENTRIC STABILITY

The effect of metacentric stability on the dynamic

stability in pitch of a submarine depends on the influence of

the factor A'z B ' cost1 which appears in two places in Equation

(123 . If metacentric stability is neglected there is no con-

stant term in Equation [12) and hence the root c = 0 can be

factored out, signifying that the submarine in such a case is

indifferent to the angle of its trajectory with respect to

horizontal. With the introduction of a given amount of meta-

centric stability three finite roots are obtained, the values

of which will vary with speed because the magnitude of A' in

the factor A'z B ' cosetchanges with speed for a fixed amount of

S metacentric stability.

CONFIDENTIAL
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The amount of metacentric stability at a given speed

can change, in a practical case, either through a change in

buoyancy force A or a change in metacentric height zB. Strictly

speaking, a departure from the neutral buoyancy assumed in de-

veloping Equation (12] would lead to a different form of sta-

bility equation, describing motions about some new straight

course with a different steady-state angular orientation of the

body relative to the path. The exact expressions for X0 , Ze ,

and M9 would also be different. For sufficiently small changes

in buzyancy, however, simplifying assumptions would reduce the

new equations to those previously presented. Hence, a change in

either buoyancy force or in metacentric height may be assumed

to be described by changing the value of zB' in the factor

A'ZB' cos 10

As a means of evaluating the importance of metacentric

stability in determining the values of the stability roots,

Figures 2 to 5 have been prepared for a hypothetical submarine,

either with no stabilizer or with a fixed stabilizing surface.

Values of stability derivatives and mass factors for either

stabilizer condition were chosen to be representative of current

design practice and were inserted in Equation (12 to obtain the

roots plotted in the figures. Two values of zB , t 0.7, were

considered in the preparation of Figures 2 to 5. The value-

Z' sB + 0.7 represents a marked degree of metacentric instability,

and the value -0.7 corresponds to a typical amount of metacentric

stability.

CONFIDENTIAL
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A comparison of Figures 2 and 3 show the variations

__ of the stability roots a with speed in knots that were obtained

for two values of metacentric stability zB = -0.7 and + 0.7

respectively, for a submarine with no stabilizer. Consideration

of Equation [123 shows that a plot of the stability roots for a

third value of zB = 0 would consist of straight lines giving

values of a that remain constant with speed and of the same

magnitude as those appearing at the left edge of Figures 2 or 3.

Before considering the changes brought about in the

values of the stability roots by changes in the amount of meta-

centric stability it may be advantageous to examine Figure 2 in

detail. Because some of the roots are real and some complex,

the real roots have been shown in this and the following

figures as a single solid line. Complex roots, which occur in

conjugate pairs, have been separated into real and imaginary

parts, the real part for the pair being represented by a double

solid line and the magnitude of the imaginary parts (without

regard to sign) being plotted as a dashed line. Thus, referring

to Figure 2, at infinite speed three real roots are obtained.

The values, one of which is zero, ate the same as would be

obtained if metacentric stability were neglected. The root _I

is positive and therefore unstable, and the root a2 has a large

negative stable value. As the speed is decreased the roots are

changed in value in such a way that when the speed has dropped

to about 25 knots the values of ao and a3 become equal and both

CONFIDENTIAL
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are unstable. If the speed is further reduced, the two equal

S real roots are replaced by a pair of conjugate complex roots.

Initially the real part is positive for the pair, signifying

an unstable oscillation. When the speed drops below about

7 knots the r(eal part becomes negative and the oscillation

then becomes stable. The period of the oscillation, which is

proportional to the reciprocalof. the magnitude of the imaginary

parts of the complex pair of roots, decreases with decreasing

speed. Meanwhile, the large stable root a2 undergoes no pro-

nounced changes in character as the speed is reduced, although

a gradual decrease in stability of this mode is indicated.

Returning to a comparison of Figures 2 and 3, when

4ZB is changed from -0,7 to +07 there is a pronounced change

in the variation of the roots with speed. There is no longer

any coupling of the roots to form an oscillation at the lower

speeds. Instead, the unstable root al becomes increasingly

unstable as the speed decreases and the stable root a2 be-

comes more stable, The root a3 , neutrally stable at Jnfinite

speed, is not notably affected at lower speeds, although it

does become slightly stable. The effect of going from meta-

centric stability to metacentric instability may be summarized

by statin.gthat n overall decline in the stability of the

submarine results which becomes more serious at the lower speeds,

as would be expected.

CONFIDENTIAL
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The question arises as to whether a configuration that

is stable without consideration of metacentric stability would

exhibit the same improvement in stability characteristics with

the introduction of metaceptric stability as that portrayed in

Figure 2 or the same lowering of stability when metacentric in-

stability is present. as that indicated in Figure 3. Consequently

Figures 4 and 5 were prepared on the same basis as Figures 2

and 3 but for the submarine fitted with a fixed stabilizing sur-

face so that at infinite speed (or, alternatively, with meta-

centric stability neglected) l was stable instead of unstable.

Comparisons of Figures 2 and 4 or 3 and 5 indicate that

the influence of metacentrib stability on the stability roots

is generally the same whether or not the configuratin is stable

without consideration of metacentric stability. Ei-am1-ia-tion.of

the variation of the roots in Figures 3 and .5, however, suggests

that there may be some inconsistency in identifying'.the roots

ag and 3 for the two cases. Equation (12) will always yield

one root of zero value at infinite speed and it appears reasonable

to always assign the same identity to this root, which has been

designated 03 in each case igi the present investigation. Of the

remaining roots, the root of .smallest magnitude at infinite speed

has been designated ~l in each case. A study of the various modes

of disturbed motion for the submarine configurations treated in

Figures 3 and 5 might remove the apparent inconsistency mentioned,

' but such a study represents a task of sufficient magnitude to
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S constitute a separate investigatigation, the chief results of

1%W which would not bear too directly on the subject at hand.

CONCLUDING REMARKS

The present investigation- shows that the influence

of metacentric stability cannot be neglected in determining the

dynamic longitudinal stability roots for any part of the speed

range of a typical submarine of modern design. In general, if

the submarine possesses metacentric stability the dynamic sta-

bility will be improved; and metacentric instability will cause

a worsening of the dynamic stability characteristics, particularly

at low speeds.
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