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NOTATION

B A constant which characterizes the adiabatic nature of the
liquid medium (for water B = 3000 atmospheres)

C Isentropic sound speed in the medium as a function of ambient
and transient pressures

coo Sound speed in the undisturbed liquid medium

H Specific enthalpy of the liquid medium

n A constant which characterizes the adiabatic nature of the
liquid medium (for water, n = 7)

P Pressure in the liquid at the bubble wall

p Pressure of the gas inside the sphere

P0  Initial pressure of the gas inside the sphere

T Pressure in the liquid outside the bubble wall

poo Pressure in the undisturbed liquid medium; ambient pressure

R Instantaneous radius of the imploding sphere

Ro Initial radius of the imploding sphere

r Standoff (measured from the bubble center); component in the
direction of the radial spherical coordinate

t Time

tR Time measured at the bubble wall; time measured when the
Eulerian position vector r = R

U Instantaneous velocity of the bubble wall

u Eulerian velocity in the fluid outside the bubble wall

V Instantaneous specific volume of the gas inside the bubble

V0  Initial specific volume of the gas inside the bubble

y Polytropic gas constant for an adiabatic process

P" Density of the undisturbed liquid medium

*I I- _-I I III I I



ABSTRACT

This paper presents a method for calculating the instantaneous pressure,

velocity, acceleration, and radius associated with the collapse of a spherical

gas-filled cavity in an infinite compressible liquid. The method is an independ-

ent approach which makes use of Hamming's technique to numerically integrate

Gilmore's differential equations which describe the collapse.

Included is a computer program which will perform the necessary calcula-

tions on a IBM 7090/1401 digital computer. Results obtained are in good agree-

ment with those of Hickling and Plesset, whose work was unknown to the present

author when he undertook the study.

It may be inferred that the peak shock wave pressure is significantly re-

duced by a decrease in ambient pressure, an increase in internal pressure, and/or

a variation of the specific heat ratio by proper selection of the gas. Control of

the last two parameters can be investigated as a possible means of protecting

glass spheres against sympathetic implosion in multiple sphere buoyancy

systems.

ADMINISTRATIVE INFORMATION

This work was funded under Special Projects Office Project Order Number 6-0002.

INTRODUCTION

PURPOSE

Because of the excessive weight-displacement ratios obtained with tough metals such

as steel or aluminum, designers are turning toward nonductile materials for use in buoyancy

systems for all depth vehicles. Spherical glass shells are among the components for such

systems. 1, 2 In a system which contains a number of buoyancy spheres, it is essential to

know the effect that the collapse of one sphere will have on neighboring spheres in order to

prevent catastrophic failure. A two-part investigation has been initiated:

1. The definition of the free-field pressure-time history due to the implosion of a single

sphere.

2. Determination of the loading and response of a sphere to the pressure field generated

by the implosion of a neighboring sphere.

1 References are listed on page 36.
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This report deals with the analytical determination of Part 1, based on the assump-

tions that the spherical shell has negligible weight and thickness and that it contains air at

arbitrary pressure.

BACKGROUND

The need for more complete understanding of the hydromechanical problem of cavita-

tion and the gas bubble phenomena of underwater explosions has encouraged more and more
detailed investigations into the pulsations of underwater gas bubbles. One of the earliest of

these investigations was made by Rayleigh in 1917.3 A more refined treatment was success-
fully completed by Herring in 1941. 4 Sometime later (1952), Gilmore s took a different ap-
proach and postulated equations to descyibe the growth or collapse of a spherical bubble in

a viscous compressible liquid. Gilmore's description is presented in the next section.

THEORY

GILMORE'S BUBBLE WALL EQUATION

On the basis of the Kirkwood-Bethe hypothesis, 6 Gilmore has derived an equation
(which he calls a "second order" approximation) which accurately describes the (nonmigra-

tory) oscillations of a spherical gas-filled cavity in an infinite compressible liquid. If R is
the radius of the sphere,.H the specific enthalpy of the surrounding liquid, and C the isen-
tropic sound speed in the liquid, then Gilmore's equation is:

-- R 3 2 (1 R

RR 1-- +- R- =H i+ +R2 -
C 2 3C C C C [1.1]

R(0) = Ro,  R(0) = 0

where

P + B 2 n
C n-1

C --c [1.2]
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and

n-1

P P + B 1/n dp + L + P + B n 13
+B__d = P+ -1 [1.3]

p + B p (n-1) p. p, + B
P.

Here c., p, and p0 are respectively sound speed, pressure, and density in the undisturbed

liquid. B and n are constants which characterize the adiabatic compression of the liquid

(for water, B = 3000 atm, n = 7). P is the pressure in the liquid at the bubble wall. If vis-

cosity and surface tension are neglected and the pressure p inside the bubble is uniform,

then pressure is continuous across the boundary of the sphere, i.e., P = p except at time

t = 0 when the pressure in the fluid is artificially and discontinuously reduced from P = pw

to P = p(0) = po. The gas can be assumed to undergo an adiabatic expansion (or compression).

From thermodynamics, for an ideal gas,

PoVo = pVY [1.4a]

where y is a constant (the specific heat ratio), 'v.is specific volume, and the subscript 0 refers

to some initial state. Since the volume of a sphere is proportional to its radius

¢)o Ro )

S 0 [1.4b]

Elimination of volume between Equation [1.4a] and Equation [1.4b] yields

p, t=0

/ R0  y [1.4c]P = Po R 3y t > 0

For air (y = 4/3), the exponent 3y becomes 4. Usually the value of y is taken to be 1.4 for

air. This value represents the behavior of air fairly accurately, but since y decreases with

increasing pressure, 4/3 represents a rough average. It will be seen later that the use of a

constant value of y leads to a deficiency in the model.
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Combining Equations [1.1], [1.2], [1.3], and [1.4c] and taking n = 7 yields the following

ordinary differential equation for R:

(R 0 4 6/7

p[ (2O/5+B) 1 +B o p-+B 6

( R 4 6 P m p + B

Rg 4 3/7- * po +
(p + B )3/7 R + B/i 

2

+- 
+ - R

0o + +
Rk p. + B 4o *R 4 p

2R ( R + BB)
S0 TO[1.5

R(0) = R o ,  R(O) = 0

Once B, Rog Po' ., -and c are specified, it is possible to find a numerical solution for

R(t), R(t), f(t), .and p(t).

The initial velocity R(0) is taken throughout this paper to be zero. With the help of

Equation [1.5], Gilmore has pointed out that near t = 0, there is a small finite jump in velocity

during an infinitesimally small interval of time, i.e.,

R(0o+) = P - P

Hickling and Plesset 7 give a good physical explanation of this jimp in terms of the initial

pressure discontinuity between po and p . This velocity jump may lead one to choose

R(0+) - (po - p)/p c as the initial condition on the velocity. Since the difference

Sra~a(ll~ I I_ II I I ~I III II



between (po - p )/pIc0 and zero is small compared to the magnitude of the velocities of

interest, the question as to whether to start the solution at R(0) - 0 or at R(0+) = (po - Po)

poc0 is somewhat academic. The plots of bubble wall velocity do not show this initial jump

because the writer's solution of Gilmore's equation was actually carried out from t = 0+ to

avoid an infinite initial acceleration. (One of the terms appearing in the expression for the

initial acceleration is the derivative with respect to time of P as given in Equation [1.4c);

this derivative is infinite at t = 0). The approximation (po - p.)/p c =; 0 was made to

simplify the calculations of the initial values of R and I? which are tedious even with such

an approximation.

It sh6uld be emphasized that one of the inherent assumptions upon which Equation

[1.5] is based is that the cavity remain spherical throughout the collapse and subsequent

oscillations. In some bubble collapse experiments, 8 however, the single bubble has occa-

sionally been observed to dissociate into many smaller bubbles at the end of the first collapse.

THE INTEGRATION: HAMMING'S METHOD

An ordinary differential equation of the form

dy

dx = f y), Y('o) = Yo [2.1]

can be integrated numerically by one of various finite difference methods. One of these, the

Hamming method, which is particularly well suited for the solution of Equation [1.5] can be

found in Ralston and Wilf. 9 It is outlined briefly here:

1. The x-axis is equally divided into a large number of small intervals. The value of y

at the end of the nth interval (i.e., the interval between xn and n-) is denoted by yn.

2. Knowing the values of yi and y' at previous intervals xi up to and including the nth

(i = n), it is possible to calculate Pntil, -a first approximation to the (n + 1)st value of Yn+1

at xn+ 1 , by means of

4I
Pn+1 = Yn-3 + - (2y' - y'_, + 2y

where A is the width of the interval; pn+1 is called the predictor.

3. Since the prediction Pn+1 is based on the value of a series expansion of y, error due

to truncation is incurred. Most of the difference between the true value of y and the estimated

value of y is taken into account by the modifier (denoted by man+ 1 )

I*a**ln**~h*~~P Y ~*~~



112
mn+l =n+ 121 ( n -

where c is as defined in the next paragraph and the derivative of man+ 1 is M
f(an+, nan+)"

4. The predicted value is compared with a quantity called the corrector

1
Cn+ - [9y - + 3h (m'+ 1 + 2y' - ,'1
n+ 1 8, [ n - n-1 n+1 n .-

5. If the predictor pn+1 lies close to Cn+ 1 within some specified tolerance, then the final

value of yn+1 at xn+ 1 is taken as

9
Yn+1 = Cn+1 - (Pn - Cn+121

6. If the predictor pn+1 does not lie close enough to Cn+1, then either (1) a new value of

Pn+1

9

Pn+1 = Cn+1 (Pn - Cn+1 )

may be calculated and an interative process carried out or (2) the interval may be halved.

This is discussed in more detail in Appendix A.

In order to solve Equation [1.5] by the procedure just outlined, it is necessary to

reduce the equation to a system of two simultaneous differential equations of the form of

Equation [2.1]. This method is mentioned in Hildebrand. 10 Write U for k; then Equation

[1.5] can be written

R=U [1.6a]

U'- III- 1 III I I I 1 Il Iar



and

0(R 
4 

4/7

u3 U p. + B 37 3 WUpo 1R 4 POR

____U2~ __ _

2c- R-4 2 P00co- p. + B

( 4 4 6/7

o~

S 4 6o p. +  BRe

po- + B Poo 0  + B

30 4 + 3/7

(I I 1-U/p. + B /1 B) V .
co 0O 4 co p.o + B (RO 04+B

o R + B)o- 
+PB

Hamming's method can be applied simultaneously to Equations [1.6a] and [1.6b] to yield a

numerical solution. The justification for use of this particular method is discussed in

Appendix B.

The function R(t) (from which U(t) and p(t) at the bubble wall can be obtained), deter-

mined by Equation [1.6], constitutes one of the boundary conditions necessary to find the

Eulerian velocity and pressure fields in the fluid outside the bubble wall.

THE EULERIAN VELOCITY AND PRESSURE FIELDS IN THE LIQUID

In his "second order" approximation, Gilmore uses the Kirkwood-Bethe hypothesis in

conjunction with the method of characteristics to determine the (Eulerian) velocity and pres-

sure fields in the liquid. If the standoff r is greater than or equal to the initial radius R0,

then the velocity u associated with the standoff will not be of the same order of magnitude

as the sound speed except for the most severe implosions. Provided the approximation

u2 << c 2 is valid, the following set of equations (the expressions derived by Gilmore) are

sufficient to determine the velocity and pressure fields u and T in the liquid when U and R,

the bubble wall velocity and radius, are known functions of time.

Y K 3 y
2  K2 y4

u(r, t) = - + -1 - + - [3.1]
cr c 3r2 2 8 4

00000

IITi~UcM~a~--~-~~
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where y and K 3 are given by

RU p 2 0 4 P. o) P O) 4(,l (Ro ) 0Y - +  1- -0 [3.21

c0 R2u u 2 C 2 jy0 p 0K 1-- - [3.3]
y2 /C y oy 2 c 22

(r, t) = Poo- - + - [3.4]
r 2 2c 2 - 2

t = t R + 1 - [3.51/rC-R) / VI

Here tR is the time at which the bubble radius is R and the bubble wall velocity is U. An

event which occurs at the bubble wall at time tR requires finite time t - tR to propagate from

the bubble wall to the point r in the fluid. This time lag is indicated by Equation [3.5].

If the approximation u2 << c 2 is not made, then the numerical integration for u and P

is more complicated and requires a great deal more time on the computer. Hickling and

Plesset 9 avoid making this approximation. Instead of using values of U and R in Equations

[3.1] through [3.5] to find T and u at discrete points, they use U and R as coefficients in a

differential equation-which determines p and u. Then each time U and R are determined at

a single point, another differential equation must be solved to find T and u. Each solution

of this second differential equation gives T and u as a function of distance from the bubble

at one specific instant in time (i.e., that instant in time at which the bubble radius is that

value of R(t) used in this second differential equation).

RESULTS

The integration of Equation [1.6] (the equation which determines bubble radius and

bubble wall velocity and acceleration)'has been coded in FORTRAN for a 7090/1401 com-

puter according to the procedure outlined. The program and some sample input and output

are given in Appendix C. Plots from computer output of R, u, U, and p (the bubble radius,

-* I I I 1 -- I I II I I I II I ~_--~n~F-



bubble wall velocity and acceleration, and pressure at the bubble wall, respectively) as

functions of time can be found among Figures 1 through 5 for various ambient and internal

pressures.

Equations [3.1] through [3.5] (those equations which determine the Eulerian velocity

and pressure fields in the fluid outside the bubble wall) have been incorporated into the

program. From computer output, plots of u and p (Eulerian velocity and pressure) were ob-

tained and are found with the corresponding plots of R, U, U, and p (Figures 1 through 4).

DISCUSSION

Dynamically, the air inside the bubble behaves in a peculiar fashion which is quite

evident in the more violent implosions (those at great depths). During the greater part of

the collapse, the air offers insignificant resistance to the inrushing water. Just before the

instant of minimum radius, however, the air violently arrests further decrease in volume,

behaving very much like a rigid sphere. This is borne out especially by the curves for bub-

ble wall acceleration. At the instant of minimum radius, the water in the immediate vicinity

of the bubble "sees" a rigid sphere, but that water a little further from the wall continues

to rush in since the water is compressible. The result is a spherical shock wave propagating

from the wall out into the fluid.

Comparisons among Figures 1 through 5 lead to the following observations:

1. As the depth at which the implosion occurs becomes greater, the peak pressure in-

creases, the rise time decreases, and the collapse time decreases.

2. Increasing the initial internal pressure of the gas inside the sphere has roughly the

same effect as decreasing the depth of implosion. Specifically, the peak pressure can be

effectively attenuated by increasing the initial internal pressure. Comparison between Fig-

ures 2e and 3e, for example, shows that the peak pressure pulse from an implosion at 1000 ft

of water is reduced by almost 40 percent when the initial internal pressure is increased from

1 to 2 atm.

3. As the pressure peak propagates away from the cavity wall, 'it suffers an attenuation

proportional to 1/r.

4. Comparison between Figures 1, 2, 'and 5 indicates that for constant initial internal

pressure and radius, the collapse time varies approximately inversely with the square root

of the depth at which the implosion occurs.

It should be noted that the present theory does not account for the effect of migration.

The model presented here is excellent for a ratio of initial internal pressure to ambient pres-

sure which is less than perhaps one-tenth.
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Figure 3 - Spherical Collapse as a Function of Time for a

Water Depth of 1000 Feet, an Initial Radius of 1 Inch,
and an Initial Internal Pressure of 2 Atmospheres
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Figure 4 - Spherical Collapse as a Function of Time for a
Water Depth of 1000 Feet, an Initial Radius of 1 Inch,

and an Initial Internal Pressure of 10 Atmospheres
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Figure 5 - Spherical Collapse as a Function of Time for a
Water Depth of 10,000 Feet, an Initial Radius of 1 Inch,

and an Initial Internal Pressure of 1 Atmosphere
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As stated earlier, the "well behaved" spherical collapse of the model occasionally

may not conform to the behavior of a real bubble in its final stage of implosion. At very

high ratios of ambient to initial internal pressure, the possible dissociation of the cavity

into numerous smaller bubbles represents a departure from the behavior of the model. At the

standoff of interest (r > Ro), however, the field variables (pressure and Eulerian velocity)

are thought not to deviate significantly from values obtained using the model.

All the results mentioned so far may be extended to cases for spheres of any radius.
Suppose that at depth h a solution exists for a sphere with initial radius Ro and initial inter-

nal pressure po . The radius, velocity, acceleration, and pressure are known functions of

time at the bubble wall or at some standoff in the fluid. If the initial radius is multiplied by

X = constant, then pressure and velqcity will remain the same if radius, time, .and standoff

are multiplied by A and acceleration divided by A.

After the writer's program was completed, it was discovered that Hickling and Plesset

had solved the free-field implosion problem numerically in a similar but more elaborate man-

ner without making the approximation u2 << c 2 . Their program requires 20 min of computer

time for each case compared to only 2 min for the program presented here. They report two

cases; the first (po = 10-3 atm, p. = 1 atm) was solved by the program presented here, but

the second (po = 10-4 atm, p. = 1 atm) is too violent an implosion for the writer's program
to be applicable because the approximation u 2 << c 2 may not be valid. (Note that this sec-

ond case reported by Hickling and Plesset represents such a violent implosion that it has
little in common with the type of implosion expected in a buoyancy sphere system even as

deep as 30,000 feet of water).

In an attempt to verify the soundness of his approach, the writer used the initial con-
ditions of Hickling and Plesset's first case (po = 10-3 atm, p. = 1 atm) as input in his pro-
gram. Very little discrepancy (less than 2 percent) can be found in the bubble radius and
bubble wall velocity even though the Hickling and Plesset results are based on a value of
y = 1.4 and the writer's are based on a value of y = 4/3. It can be seen from the differential

(Equation [1.5]) that a small change in V has little effect on the radius-time curve.

However, a marked difference appeared between the results of the two programs when
the peak pressures inside and outside the bubble were compared. The Hickling and Plesset
results showed peak pressures which were about twice those obtained in this study. This
discrepancy can be readily resolved by noting the different values of y used. The results of
both programs indicate that a minimum radius R MIN = 0.0170 will be obtained when a sphere
of initial radius R 0 = 1 and initial internal pressure po = 10-3 atmospheres is imploded at
the ambient pressure p. = 1 atm. The pressure at the boundary, by Equation [1.4c], is

P = Po () )/(R /
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When y = 1.4

e 1 4.2

PMAX = Po ( [4.1]

and when y = 4/3

(1 4.0

PMAX = P0 [4.2]

By dividing Equation [4.1] by Equation [4.2], pMAX is (1/.0170).2 or 2.25 times PMAX. Had

a value of y = 1.4 been used in the writer's program, the peak pressure at the bubble wall

would have compared well with that obtained by Hickling and Plesset. A similar statement

is true for those peak pressures in the fluid outside the bubble wall, because the peak pres-

sure varies inversely as the distance from the center of the bubble (i.e. as 1/r). This veri-

fies the validity of the writer's program and the assumption u2 << c 2 for the range of interest

(p - 1000 atm, p0  1 atm).

The verification against the work of Hickling and Plesset shows that small variations

in y, the specific heat ratio, can lead to large variations in the peak pressure associated

with a collapse. Such behavior suggests that the present equation of state, the ideal gas

law, is a deficient description of the gas inside the cavity and that the use of a more elabo-

rate equation of state (e.g., the Beattie-Bridgeman 1 ' equation of state) would give more ac-

curate results. Use of the Beattie-Bridgeman equation could be made to investigate the dif-

ferences in behavior of the collapse for different gases.(representing different values of y).

Variations of the kind of gas inside the cavity along with variations in its initial internal

pressure may be used to control the characteristics of the pressure pulse emitted when a

glass buoyancy sphere collapses. Such control might ultimately be used to reduce the dis-

tances between glass spheres in buoyancy sphere systems without increased risk of sympa-

thetic implosions.

SUMMARY AND CONCLUSIONS

1. A program to integrate Gilmore's equations describing the collapse of a spherical gas

filled cavity has been written (see Appendix C). The program is general enough to be used

in the study of such phenomena as cavitation and underwater explosion gas bubble pulses,

provided behavior is adiabatic.

2. Parameters from the program for various ambient and initial internal pressures have

been plotted (see Figures 1 through 5).

)1.X"~' Cl"~li"~~"c - - C .--- -3" -*1*



3. The pressure shock wave associated with the implosion may be controllable in two

different ways:

a. Proper variation of the initial internal pressure of the gas inside the sphere.

b. Proper variation of the specific heat ratio y by changing the kind of gas in-
side the sphere.

These two effects should not be overlooked as possible means of protecting glass buoyancy

spheres from sympathetic implosions.

FUTURE WORK PLANNED

1. An experimental verification will be carried out to determine how good Gilmore's

model is.

2. The velocity and pressure curves can be used to synthesize analytical functions to

describe the free-field implosion. This information will then form a foundation for the anal-

ysis of the effects of a single implosion in a system of buoyancy spheres. Such an analysis

has, in fact, been started.

3. The present computer program is now being altered by replacing the ideal gas law by

the Beattie-Bridgeman equation of state.

ACKNOWLEDGMENTS

Appreciation is expressed to Dr. W. W. Murray, who proposed that this work be under-

taken, and to Mr. S. Zilliacus for valuable discussions during preparation of the paper.

Thanks are also due Dr. W. W. Murray, Dr. W. J. Sette, and Dr. H. M. Schauer for their help-

ful comments.

"blbw14~ I I II Il I I I I I I W



APPENDIX A

A PROCEDURE FOR HALVING THE INTERVAL OF INTEGRATION

The description of Hamming's method pointed out that if the predictor does not lie
close enough to the corrector, then one alternative is to halve the interval. According to

Ralston and Wilf, 9 a suitable set of interpolation formulas for Hamming's method is:

1 h
Yn-1/2 256 (80yn + 135yn-1 + 40yn- 2 + n-3+ (-15y + y + 15yn-2)256 256

1 h
n-3/2 (12yn + 135y + 108yn-2 + Yn-3 +  (-3y - 54y_ + 27y )256 256

where h is the original step size.

In the particular program which was written for the solution of Equation [1.51], the

following procedure was adopted:

1. If pn+1 was not close enough to cn+1 then an iteration was carried out.

2. If, after the first iteration, the value of Pn+ was still not close enough to Cn+1 , then
the interval was halved and the entire integration process at that step was carried out from

the beginning using the new half interval.

As the radius of the bubble approaches its minimum, the radius and wall velocity

become more and more difficult to predict, that is, it becomes more and more likely that

Pn+1 will not fall within the desired limits of on+1 . With the above procedure, more coordi-
nates will be calculated near the minimum where the functions are changing most rapidly

than are calculated in regions of small slopes.
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APPENDIX B

JUSTIFICATION FOR THE USE OF HAMMING'S METHOD

The choice between an elaborate procedure like Hamming's method and some other

iterative routine to integrate the equations is easy to make if it is based on economy of com-

puter time. When an iterative technique is used to converge on the correct value of the de-

pendent variable at each step, the finite difference form of the differential equation may have

to be evaluated many times because the initial prediction of the dependent variable is not

likely to be very accurate. In the case of Equations [1.5], it is desirable to avoid -the eval-

uation of the finite difference equation as often as possible because it involves so many

calculations: Hamming's method, on the other hand, makes a much more accurate initial pre-

diction of the dependent variable at each step simply because more information about past

values is utilized in making such predictions. Consequently, Hamming's method yields a

more rapid convergence because the finite difference form of the equation has to be evaluated

only once or twice at each step to obtain an accurate value of the dependent variable there.

One disadvantage in using this technique is that it is not self-starting. Values of R,

U, .and N in at least four equally spaced intervals near t = 0 are required. Such values may

be computed by expressing R(t) in a Taylor Series in t about zero and using Equations [1.5]

to evaluate the coefficients. This approach for solving differential equations can be found

in any elementary text on the subject, for instance, Coddington. 12 Because of the difficulty

of differentiating Equation [1.5], Herring's 4 equation

d2I? 3 dR 2 2 /dR\ 21R IdR Id2 R

dt2  2 dt/ c \ dt / ct / dt2 /

dR

p(t) - P. R dp(t) dt
= + - dt-[5.1

P11 P o dt c0

rather than Equation [1.5] was used to find the first four values of R, U, and U. This equa-

tion has also been derived by Gilmore and called the "first order approximation."

As mentioned in the discussion under Equation [1.5], to find the initial acceleration of

the bubble wall, Equation [5.1] should be evaluated at t = 0+ rather than at t = 0 in order to
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avoid an infinite initial acceleration. It can be seen from Equation [1.4c] that Equation

dP
[5.1] evaluated at t = 0 contains the infinite term -

dt] t=o

d2 R1

dt 2
t=O+

. The result is

p0 - P.

in agreement with acoustic theory.
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APPENDIX C

THE COMPUTER PROGRAM FOR IBM 7090

The following

FORTRAN Symbol

A

B

BDYP

B0

BOD

B2, B3, B4, B5, B6

DU

H

HD

PA

PL

P0

POD

R and T

S

STF1, STF2,
STF(I) (I = 1, 2, 3)

STFD1,
STFD2, STFD(I)
(I = 1, 2, 3)

is a list of FORTRAN IV symbols used in the program.

Corresponding
Symbol Used Explanation
in Discussion

R Instantaneous radius of the imploding sphere.

B A constant which characterizes the adiabatic na-
ture of the liquid medium (for water, B = 3000 atm)

P Pressure in the liquid at the bubble wall

Ro Initial radius of the imploding sphere

- A dimensioned variable name under which the B0,
the unitial radius is read in

Coefficients of the Taylor Series expansion of R
about t = 0

co Sound speed in the undisturbed liquid medium

P. Density of the undisturbed liquid medium (for
water, p. = 2 slugs/cu ft)

U Instantaneous acceleration of the bubble wall

Depth at which the implosion takes place

A dimensioned variable name under which H, the
depth of implosion, is read in

Atmospheric pressure (14.7 psi)

p Pressure in the undisturbed liquid medium

P0 Initial pressure of the gas inside the sphere

- A dimensioned variable name under which Po, the
initial internal pressure, is read in

tR Time measured at the bubble wall

A The step size, or size of the interval over which
the integration is to be performed

The five standoffs for which Eulerian velocities and
pressures are calculated; note STF(1) = STF3, etc.

Dimensioned variable names under which the above
five standoffs are read in
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FORTRAN Symbol

STFPC1, STFCP2,
STFPC(I)
I = 1, 2, 3

STFUC1, STFUC2,
STFUC(I)
I = 1, 2, 3

T and R

TSTF1, TSTF2,
TSTF(I)
I = 1, 2, 3

Corresponding
Symbol Used
in Discussion

YK

AP4, AP5

A4MH, A3MH

COD

C4, C5

D0D

DCOD

D4, D5

UP4, UP5

U4MH, U3MH

Pn' 'Pn+l

Yn-1/2' y n-3/2

Man+ 1 , mn+l

cn, on+1

mn+1

cn, on+ 1

Pn Pn+1l

Yn- 1/2 'yn-3/2

Explanation

Five instantaneous pressures evaluated at the
standoffs STF1, ,STF2, STF3, STF4 and STF5,
respectively; note: STFPC(1) = STFPC3 etc.

Five instantaneous Eulerian velocities evaluated
at the standoffs STF1, -STF2, ,STF3, ,STF4, and
STF5, respectively

Time measured at the bubble wall

The time for each of the five pressures and veloc-
ities evaluated at each of the five standoffs,
respectively

Instantaneous velocity of the bubble wall

A constant used in the expression for the Eulerian
velocity (see Equations [3.1] and [3.2])

A constant used in the expression for the Eulerian
velocity (see Equations [3.1] and [3.31])

Predicted values of the radius, AP 5 is the pre-
dicted value being tested at the (n + 1) th interval,
and AP4 is the previous predicted value of R
which was cloest to the actual value of R at the
n th interval

When R at the (n + 1) th interval is being predicted
and the half interval routine is required, then these
are the interpolated values of R between the nth
and (n - 1) th interval and between the (n - 1) th
and (n - 2) th interval, respectively

Modifier for U, also derivative of the modifier for
R

Correctors for U; C5 is the corrector being tested
at the (n + 1)th interval and C4 is the corrector at
the previous interval

Modifier for R

Derivative of the modifier for U

Correctors for R (see C4, C5)

Predicted values of the velocity (see AP4, AP5)

Half interval values of velocity (see A4MH, A3MH)
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THE COMPUTER PROGRAM

The simplified flow chart is shown in Figure 6.

START

Read in initial radius, depth, initial internal pressure and
five values of standoff

Find a suitable size for the initial time interval on the basis
of the initial radius, initial internal pressure, and depth just
read in

Using the Taylor series expansion, calculate four initial values,
i.e., values in four intervals for each of the following: radius,
velocity, acceleration, and pressure at the bubble wall; velocity
and pressure at each of the five standoffs

Let the predictor and corrector for U at step 4 be the actual value
obtained from above for U at step 4. Likewise for R

Predict U and R in the nexti t v
.interval

Calculate the modifiers, derivatives of the
modifiers, and the correctors for U and R.

Test the predictor against the corrector (use the
predictors and correctors corresponding to U
rather than R)

SCarry out the procedure for
halving the interval

SGuess at new predictors

YES

Is the predictor close enough to the NO Is this the first failing attempt tocorrector? predict U and R at this step? NO

YES

For this interval, use the predictors and correctors to calculate U and R;
then calculate pressure and acceleration at the bubble wall and velocity
and pressure at each of the five standoffs

SAre there enough points to determine a curve?

YES

Print out the values calculated,

YES I. ,
Are there any more cases to be run? I

NO

END

Figure 6 - Simplified Flow Chart
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DATA INPUT

The first data card is read according to the format (12) and must have a number no

greater than 50 in the first two columns (see Figure 7). This number should equal the num-

ber of data cards to follow. Each of the following data cards should contain the initial infor-

mation for a single collapse. Eight pieces of information are placed on each card; the card

is divided equally into eight parts, 10 spaces each. Information is read in according to the

format (8F10.4). The first two pieces of information are the depth of collapse in feet of

water and the initial bubble radius in inches, respectively. The next five divisions are set

off for five values of standoff in inches from the bubble center at which a pressure and

(Eulerian) velocity time history are desired. The last division is reserved for the initial

internal pressure inside the bubble in pounds per square inch. The first eight pieces of

information, corresponding to one collapse, will require no more than 2 min of running time.

Each additional card, i.e., each additional collapse, requires no more than 1 min.

DATA OUTPUT

For each data card, the computer will print 2000 lines of output. The first 1000 lines

of numbers are printed under headings TIME, RADIUS, VELOCITY, ACCELERATION, BDYP,

TSTF1, STFPC1, STFUC1, TSTF2, STFPC2, STFUC2 (see Figure 8). The first five quan-

tities refer to the bubble wall; BDYP is the internal pressure inside the bubble (absolute

pressure, not overpressure). Each line refers to the state of the motion at one instant in

time. STFPC1 and STFUC1 are the overpressure (pressure above ambient pressure) and

(Eulerian) velocity as functions of the time TSTF1 for the first standoff given in the data.

Similarly for STFPC2, STFUC2, ,and TSTF2. The next 1000 lines give similar information

for the third, fourth, and fifth standoffs specified. The headings are TSTF3, STFPC3,

STFUC3, TSTF4, STFPC4, STFUC4, TSTF5, STFPC5, STFUC5. All time is given in milli-

seconds, the radius in inches, all velocities in inches per second, the acceleration in inches

per second per second, and all pressures in pounds per square inch.
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OKMN (IMCHIS)
TIME RACIUS

0. 100000
0.006469 0.99993
0.012938 0999973
0.019407 0*99939
0.025876 0.99891
0.032345 0.99829
0.038814 0.99754
0.045284 0.99666
0o051753 0*99564
0*058222 0.99448
0.064691 0.99318
0.071160 0.99175
0.077629 0099018
0.084098 0.98847
0.090567 0.98663
0*097036 0*98465
0013505 0.98252
0.109974 0*98027
0.116443 0.9778?
00122913 0.97533
G*0.129382 0*97265'
0.135851 0*96983
0.142320 o0.96687
00148789 0.96377
00155258 0.96053
0.161727 0.95715
0.168196 0.95362
0o174665 0.94994
0.181134 0*94612
0.187603 0.94216
0.194072 0.93805
0*200541 0.93379
0*207311 0.92938
0.213480 0.92483
0.219949 0.92312
0.226416 0.91527
0.232887 0.91026
0.239356 0.90510
0.245825 0*89979
0.252294 0.89433
0.258763 0*88871
0.265232 0.88294
0*271701 0.87701
0.278170 C*87092
0.284639 0.86468
0.291109 0.85829
0.297578 0*85173
0*304047 0.84502
0.310516 0.83815
0.316985 0.83113
0.323454 0.82395
0.329923 0.81662
0*336392 0*80913
0.342861 0.83149
0.349330 0.79370
0.355799 0*78576
0*362268 0.77768
0.368737 0.76947

(MUN/SC) (MN/SC/SU)
VELOCITY' ACCELERATION

-0. -2*32668E 07
-C0e21109E 02 -0.32628E 07
-0.42195E 02 -?.32598E 07
-0.63265E 02 -0.32577E 07
-0.84335E 02 -&.32565E 07
-0.10540E 03 -0932563E 07
-0.12647E 03 -0.32570E 07
-09.14754E J3 -~.32586E 07
-0.16863E 03 -C.32611E 07
-0.18974E 43 -:*32644E 07
-0.21087E 03 -:.32687E 07
-0.23203E C3 -0.32738E 07
-0.25323E 03 -0.32798E C?
-0.27447E o3 -.~*32866E v7
-0.29575E 03 -0.22943E C7
-0.31709E 03 -3*33.28E 07
-0.33849E 03 -0C33121E 07
-*.3S994E 03 - .332231 07
-0.38147E 03 -C0 33332E 07
-0.40367E 03 -C*33449E '7
-0*4*475E 03 -0.33574E 07
-0.44651E 03 -'*337*6E 07
-0.46036E 03 -,*33846E 07
-0.49030E 03 -0.33992E 07
-0951234E 03 -0*34145E 07
-0.53448E C3 -0*34335E 07
-0.55673E 03 -0*34470E 47
-0.57908E 03 -C6.34641E 07
-0.601551 03 -0.34817E 07
-0.624131E 03 -0 34998E I7
-0.64683E 03 -'.35182E 07
-066965E 03 -0.35369E 07
-0.69259E 03 -'.35558E 07
-0.71566E -33 - .35748E 07
-373884E 03 -0.35939E 07
-0.76215E 03 -0.36128E 07
-0.785581E 03 -3.36314E 07
-0.80914E 03 -^*36495E 07
-0.83280E 03 -0.36670E 07
-0.85658E 03 -Z.36836E 07
-0.88046E 03 -0.36990E 17
-0.90443E 03 -C.37130E 07
-0*92849E 03 -0.37252E 07
-0*95262E 03 -#o37352E 07
-0*97681E 03 -3.:37425E Z7
-0.100101E 34 - ,37467E 07
-0.10253E 04 -C.37472E 07
-0.10495E 04 -037433E 07
-Co10737E 34 -1.37341E C7
-0.10978E 04 -C*3719E 07
-0.11218E 04 -Co,36967E 07
-0.11456E 44 -, .36662E 7C?
-0.11692E 04 -^.36262E .7
-0.11925E 04 -3.35751E 07
-0.12154E 04 -Z.35113E 07
-0.12379E 34 -0.34327E 07
-0012598E 34 -,.33372E 07
-0.12810E 0'4 -3.32221E 07

Figure 8 - Data Output for Computer Program

PSI)
BOYP

0.14700E
0.14704E
0.o 14716E
0.14736E
o0.14764E
0.14801E
0.14845E
0.14898E
0o 14959E
0.15029E
0.15108e
0.15195E
0 15292E
0.15398E
o0.15513E

0.156391E
0.15774E
0.15920E
0 16077E
0o16245e
0. 16424E
0. 16616E
0016820E
0.* 17038E
0. 172691F
0.175151E
00 17776E
0. 18052E
0.18345E
0.18656E
0 18985E
0 193341
0O.19703E
0*200941
0.20508E
0.20947E
0.214121
0. 21904E
0. 22426E
0.229791
0. 23565E
0.24188E
0.24849E
0.25550E
0.26296E
0.27389E
0.27932E
0.28830E
0.29787E
0.3C807E
0.31894E
0.33056E
0.34296E
0.35623E
0.37042E
0.38561E
C.40189E
'0.41933E

(ILLISECONOS)
TSTFI

03 0.004167
C3 0.010638
03 0.017112
03 0.023588
C3 30*030066
03 ~.036546
03 0.043029
03 0.049514
03 0.056002
33 0.062491
03 0068983
03 0.075477
03 0*081974
03 0.088473
03 0.094974
03 Co*.101477
03 00107983
03 0.114491
03 Q*0.11002
03 0.127514
03 09134030
03 v.140547
03 0*147067?
03 0*0153589
03 0.160114
03 00166641
03 09.173171
03 00179703
03 0*186237
03 0.192774
03 0.199314
03 0.205056
03 0.212400
03 0.218947
03 0*225496
03 0232049
03 0238603
03 0.245160
03 0.251720
03 0.258282
03 0.264047
03 0.271415
03 0.277985
03 0.284558
03 0.291134
03 0.297712
03 0.304293
03 0.310876
03 0.317462
33 0.324051
03 0.330642
03 0.337236
33 3.343833
03 J.350432
03 0.357333
03 0.363637
33 0.373243
33 o0.376852

(PSI)
STFPCI

-0.25196E
-0.25192E
-0.25176E
-0*25148E
-0.25109E
-90.25058E
-0.24995E
-0.249211
-0.24835E
-0.24737E
-0.24627E
-0.24505E
-0*24370E1
-0.24223E
-0.240641
-0*23691E
-0.23706E
-0923507E
-0.23295E
-0.23069E
-0*22829E
-0.22575a
-0.22305E
-0*28021E
-0.21721E
-0.21406E
-0.21074E
-0.20725E
-0.20359E
-0.19976E
-0.19574E
-0.19153E
-0018714E
-0018254E
-0@177731E
-0*17271E
-0.16747E
-0.16201E
-0045630E
-0*15035E
-0.14415E
-0.13768E
-0.13095E
-3012392E
-0.11661E
-0.10899E
-0.10105E
-0.92778E
-0.84166E
-0.75197E
-0.65858E
-0*56132E
-0.46006E
-0.35463E
-0.24486E
-0.13060E
-0.11671E
0.11209E

(IN/SEQC)
STFUC1I

-0*86856E
-0.22191E
-0.35671E
-0.49119E
-0.62534E
-0.75902E
-0.89216E
-0*10247E
-0011565E
-0.12876E
-0.14178E
-0.15472E
-0*16755E
-0.18028E
-0*19269E
-020539E
-0*21775E
-0.22997E
-0*24205E
-0*25397E
-0.26573E
-0.27731E
-0.28872E
-0,89994E
-0*31095E
-0*32176E
-0.33235E
-0.34271E
-0*35284E
-0.36271E
-0.37233E
-0.30167E
-0*39074E
-0.39951E
-0&40797E
-0.41612E
-0.42394E
-0.43142E
-0.43653E
-0.44528E
-0*45165E
-0.45761E
-0.46316E
-0&46827E
-0*47294E
-0.47714E
-0.48086E
-0.48407E
-0*48676E
-0.48891E
-0.49050E
-0.49150E
-0.49189E
-0.49165E
-0,49075E
-0.48917E
-0.48688E
-0.48386E

(MILUSICONDS)
TSTF2

11 00025000
32 0.031474
02 0.037950
02 0.0444286
02 0*050909
02 0.057391
02 0*063876
03 0.070364
03 0.076853
03 0.083345
03 0.089840
03 0.396336
03 0.102835
03 0.109336
03 00115839
03 09122345
03 0.125853
03 0.135363
03 0*141875
03 0.148390
03 0.154905
03 0*161427
03 0*167949
03 0*174473
03 0*181000
03 0.187529
03 0.194060
03 0*200594
03 0.207130
03 0.213669
03 0*220210
03 0.226754
03 0.233300
03 0.2398458
03 0*246399
03 0.252953
03 0259509
03 0*266067
03 0*272628
03 0.279192
03 0.265758
03 0.292327
03 0*298898
03 0.305472
03 0.312048
03 0.318627
03 0.325209
03 0.331793
03 0.338379
03 0.344969
03 0.351560
03 0.358154
03 0.364751
03 0.371350
03 0.377951
03 0*384555
03 0.391161
03 0.397769

(PSI)fps)
SYFPC2

-0.12601E
-0.12598E
-0.12589E
-0.12573E
-0.12551E
-0.12521E
-0.12486E
-0.12444E
-0.12395E
-0.12339E
-0.12277E
-0.12208E
-0.12133E
-0a12050E
-0.11961E
001 * 1864E

-0.11761E
-0011650E
-0 * 11532E
-0411407E
-01 * 1274E
-0.11134E
-0.109861
-0*10030E
-0 0 10666E
-0.104931E
-0.103131
-0010124E
-0*99261E
-0.97194E
-09953361E
-0*927541
-0690436E
-0*87909E
-0085440E
-0.5278E
-0*5002&E
-0.771571E
-0.741721
-0*71069E
-0.67844E
-0064494E
-09610131E
-0.5739E
-0.53643E
-0949744E
-0o45695E
-0.41490E
-0.37124E
-0.32591E
-0*27883E
-0.22994E
-0.17917E
-0.12644E
-0*71686E
-0.14821E
0.44232E
0.10556E

(IN/SEC)
STFUC2

-0.13063E
-0.16435E
-019796E
-0.23142E
-0*26474E
-0.2979E
-0*33005E
-0.36360E
-0039611E
-0.4238E
-0.46038E
-0.49209E
-0*523501E
-00*55458E
-0*55532E
-00.615698
-0*64867E
-0*67525E
-0.70440a
-0.73309E
-076132E
-0.78904E
-0.16825
-0.642921
-0*66902E
-0.09452E
-0.91941E
-0.94366E
-0967241
-00990121
-0*10123E
-0.10337E
-0*.105431
-0.10741E
-0.109301
-0111119
-011221E
-011444E
-00115906
-0.T1173E
-0.11869E
-0.11959a
-0.12098E
-0012194E
-012279E
-0.12350E
-0.12408E
-0012452E
-0012482E
-0.12496E
-0.12496E
-0.12479E
-0.12445E
-0.12393E
-0*12324E
-0.12235E
-0.012128E
-0.11999E



ONLUUMNS)
TSTF3

0.06667
0.073142
0.079619
0.086098

O.9O9S040*01)9064

0.105556
0.112039
0146529
0.125 25
o.M 151
a. I-sak
00 A4e 5 -

0.157522
0.164028
0.170537
0.177049
0.103562
0.190780
0.196596
0.203117
002o9640
0.216165
0*222693
0.219223
C.235755
0.242290
0.248527
0.255367
0.261909.
0.268453
0.275000
0.281549
0.288101
0G 294655
0*301212
0.307771
0.314332
0.320897
0.327463
0.334133
0.340604
0.347179
0.353755
0.360315
0*366917
0.373501
0.38008
0.386677

0*33269
06399864
0*406460
C*41359
0*419661
0.426264
0.432870
0.439478

(PR)
STFPC3

-0.630109E 02
-0.629950E 02
-0.629460E 02
-0.626637E 02
-0.621483! E02
-0.625996E 02
-0.624177??E 02
-0.622,024E 02
-0*61P5356 02
-0.616710E 02
-0.613544 02
-0.6t0 o9 02
-04614W1 02
-0.64199iE 02
-0,597454! 02
-0.592557E 02
-0*587303E 02
-0.5816898 02
-0.5757250E '2
-0.569357E 02
-0.62629E 02
-0*555520E 02
-0.548022E 02
-0.540130E 02
-0.531836E 02
-0.523131E 02
-0.514009E 02
-0.504460E 02
-0.494476E 02
-0*484045E 02
-0.473158E 02
-0.4618*3E 02
-0.449969E_32
-0.437643! ,2
-0.424811tE 02
-0.411460! %2
-0.39757.E 02
-0.383138E (02
-0.368134E 02
-0.352545E 02
-3.336352! 02
-0.319534E 02
-4.302070E 02
-0,283939i 02
-0.265116E 02
-0.24S577E 02
-0*225294E 02
-0*234241E 02
-. ,1&238!E 02
-0.159704E C02
-0.136157E 02
-0.111714E 02
-0.86339! C1
-.0599962E. 01
-0.326471! 01
-0.425312 00O
0.252256E 01
0.556295E 01

(M/SC)
STFUC3

-0.871052E
-0*955230!
-0.103876E
-0.112f68E
-012039"7E
-0.126554E
-0.136634E
-0.144032!
-0.152543S
-0.160363!
-0.168087E
-01757250
-0.183227!
-0.190633t
-0.197922E
-0205088E
-0.212128E
-0.219034E
-0.225802E
-0.232425E
-0.238897E
-0.245212E
-0.261365E
-0,257347E
-0.263153E
-0.268776E
-0.274208E
-0.279443E
-0*284473E
-3.289290E
-0*293886E
-0,2982532
-0.302382.
-0,3C62642
-0.309891E
-0.313252E
-0.318338E
-0.319139E
-0.321644E
-0.323842!
-0.325721C
-C.327270E
-1*328476E
-0.329326E
-0.329806E
-0.329903E
-0.3296C2E
-1*328887E
-00327743!
-0*326152E
-0.324098!
-O.315062!
-0.3185255_
0.o31494 9
-0.3106721
-0* 42443
-0.300972!
-0*2951825

TSTF4
0.100300
04.106475
0.112953
0.119433
0.125915
0.132399
00136885
0.145374
0.51865
4.158359
0.64654
0.471352
00.171652

C0d a4355

04190860
0,197367
0.203876
0.210388
0.216901
0.223418
0.229936
00236457
00242980
0.249506
0.256034
0.262564
0.269097
0.275632
0*282169
0.288709
0*295251
0G3C1795
C*308343
0.314892
0.321444
C.327998
0.334555
0.341115
0.347677
0.354241
0.3606C8
0.367377
0.373949
C0304523
G.387100
0.393680
0.4C0262
0.406846
0.413433
0.420023
0.426S15
00433tc9
C.439806
.440405

0.453006
0.459610
"6468216
0.472623

(PSI)
STFPC4

-00450085E
-0.449969E
-0.449616E
-0.449025E
-0o448197E
-0.447132E
-0.445828E
- 0.444286E
-0.442504E
-0.440481E
-0.438216E
-00435706!
-0.432953E
-0*429952E
-0.o426700E
-0o423197E
-0*419438E
-0.415421E
-0.411143E
-0.406600E
-0.401788E
-0.396703E
-0.391341E
-0.385697E
-0.379765E
-0.373541E
-0*367019E
-0.360191E
-0.353053E
-0.345596E
-0.337813E
-0*329696E
--0.321237E
-0.312427E
-0.303256E
-4.0293714E
-0. 283790E
-0*273474E
-0.262752E
-0.251613E
-0. 240042E
-0.228C26E
-0*215549E
-0.202595E
-00189148E
-0.175190E
-0.160701E
-0*145663E
-0. 13005412

-0.113051!
-0.970337
-0*79576SE
-0*61453@9
'9o446040
6.23496t

-i-26
3

26
0*182179E

0.400716E

Figure 8 (Continued)

(MM/EC) (MLLISECONS) (PSI)
STFUC4 TSTFS STFPCS5

-0.666637E 01 0.150000 -0.315062E
-0.709509E 01 0.156475 -0.314980E
-0.751963E 01 0.162953 -0.314732E
-03.793976E 01 0.169433 -0.314317E
-0.835548E 01 0.175916 -0*313736E
-00876633E 01 0*182400 -0.312969E
-0*917209E 01 0,188887 -0.312076
-0.957249E 01 0.195376 -0.310994E
-0.996730E 01 0*201867 -0.309740E
-0*103563E 02 0.206361 -003083286
-0*107391! 02 0.214857 -0,306741E
-0.111156E 02 0.221355 -0.3049836
-0*114855E 02 0,227855 -0.303044!
-0.118485E 02 0.234356 -0.3009513
-0.122043E 02 0*240863 -0*29867*E
-0.125526E 02 0*247370 -0.2962148E
-0.128931E 02 0.253880 -0*29385E
-0.132256E 02 0.263392 -0.290772E
-0.135498E 02 0.266906 -0.287775E
-0.138652E 02 0,273422 -0.284593E
-0.141716E 02 0.279941 -0.281222E
-0.144687E 02 0.286462 -0.277661E
-0147561E 02 0*292985 -0.27390 E
-0150334E 02 0o299511 -0.269953E
-0.153003E 02 0.306039 -0.265799E
-0.155564E 02 0.312570 -0.261440!
-00158014E 02 0.319103 -0.256873!
-0.160347E 02 0.325638 -0.252092E

-0.162560E 02 0.332175 -0*247093E
*0.164650E 02 0*338715 -0.241871E
-0.166610E 02 0.345258 -0,236421E
-0*168437E 02 0.351802 -0236738E
-0o170126E 02 0.358350 - 0.224615!
-0.171672E 02 0.364899 -0.218646E
-0.173069E 02 09371451 -0.212225E
-0.174313E 02 0*378006 -0O205544E
-0.175397E 02 0.384563 -0.196596E
-0.176317! 02 0*391123 .0191374E
-0.177066E 02 0.397685 -0.183867E
-0.177637E 02 0.404249 -0176069E
-3.178025E 02 0.410616 -0.167968E
-3.178222E 02 00417386 -0.159556E
-0.178221E 02 0.423958 -0*150822E
-0*178015! 02 0.43CS0532 -0.141754E
-00177597E 02 0.437109 -0.132341!
-0.176957E 02 0*443689 -0.122570E
-0.176088 02 0*450271 -00112428E
-0.174981E 02 0.456855 -0010190163
-00173627E 02 00463442 -0.909751!
-0.172016 02 0.470032 -0.7963423
-0O*17013 02 3*470624 -006766295
-0*167983E 02 0*483918 -0.5*56433
-0.515539E 02 048969865 -0.429568E
-0.10279719 02 0.196414 -00299094
-0*159743 02 0*5036015 -0*1612086
-0.156305E 02 0,509619 -0.192885
-0.152653E 02 00516225 0.1200473
-0.148591E 02 05*S22832 0*201001E

(IN/MC)(18/50)STFUCS
-0.4899843
-0.510947!
-0.5316201
-0.551990E
-0 * 572057E
-00*5918011
-0.6112086
-0*630265E
-0*6489629
-0.6678953
-006882211
-0.70876 7
-0*7198793
-0.7365735

-0.7 86481
-0*764626E
-0.*7839393.
-0.7987723
-0.813099!
-0.826904*E
-0.840171E
-0.852880!
-0.865013E
-0.*876552E
-0.887476E
-0.897766
-0.907399E
-0.916353E
-0.924607E
-0.9321361E
-0.938916E
-0 9449223
-0.950186
-0.9545023
-0.96023
-0.9606451
-0.962364E
-0.*963126E
-0o962903E
-0.9616613
-0. 959361
-0.965906
-0.951436
-0*9457273
-0.*9387973
-0.930599!
-0.921005
-09102054
-0*8979073
-0*8641336
-0068832
-0.8519368E
-0.833391!
-0*8131273
-0*7910793
-0.767176
-0*7413473
-0.7135203

~s~



COMPUTER PROGRAM

RU I - EFN SOURCE STATEMENT - IFN(S) -

C PROGRAMVMER R- LILLISTON, CODE 745, EXT 3357
C D=CENSITY IN SLUGS/CU*FTH=DEPTH IN FToPO=INITIAL INTERNAL PRESSURE
C IN LBS/SQO.IN.eBO=INITIAL RADIUS IN INCHES9C=SPEED OF SOUNDIN MEDIUM IN
.C IN/SECoPA=ATMOSPHERIC PRESSURE IN LUS/SO*INoSTF=STANDOFF IN INCHES
C AND TIME IS IN MILLISECONDS
C INITIAL VALUES

REAC(5.1,'l1)MM

101 FORMAT(12)
DIMENSION TSTF(3.1COC),STFPC(3,IO(OO),STFUC(31000)oSTF(3)
DIMENSION A(1.0)'U(1lD()IU(U10 )
DIMENSION HD(5 ).BDD(50).STFDI(5a) STFD2(50).STFD(3.50) *POD(50)
REA0(599)(HD(J)BOD(J)STFOI(J),STFD2(J).(STFO(IJ).I=13),

IPOD(J) .J=1 .MM)
99 FORMAT(8F10.4)

D001 J=1,MMl
H=HD(J)
BO=BOO( J)
STFI=STFD1 (J)
STF2=STFO2(J)

DC 9 1=193
9 STF(I)=STFD(IJ)

PC=POD( J)
C VALUES OF CONSTANTS FOR THE LIQUID - WATER

D=2.0
B=4.41E4
C=6.oE4
PA=14.7
PL=D*h*32 .2/144 .+PA

C -EACING
WRITE(6.88)BUHPOoSTFIoSTF2.(STF(I),I=l3)

88 FORMAT(lHI/1H3/////42X*44H GILMORES SECOND ORDER APPROXIMATION FOR
I THE///45X.14HIMPLOSION OF AF4*I919H INCH RADIUS SPHERE///45X.14H
2 AT A DEPTH OF9F8,*194H FEET OF WATER///33X,51HWHEN THE INITIAL'IN
3TERNAL PRESSURE IN THE SPHERE IS9F5.1eSH PSIA///47X.33H AND THE ST
4ANDOFFS ARE* IN INCHES///48XelCHSTANDDFF I,F21.2///A48X,1OHSTANDOFF
5 2.F21.2///48Xel0HSTANDOFF 39F21.2///48X*IOHSTANDOFF 49F21*2///
648X*ICHSTANDOFF 59F21.2)

C CALCULATE INITIAL VALUES OF THE RADIUS AND VELOCITY
82=(2.i736E4)*(PO-PL)/(BO*D*2.0)
B3=4 .C B2* *2/(3 -. *C )-(2.7648E4 ) *PO*B2/(BO*D*C)
84=3.0*82*83/C-4, *(B2**2)/(3 .*Cj.O)+(2.0"736E4")*(-PO*B3/(BO*D*C)

I-PL*B2/(3.*D*B0**2)+4.2*PO*(62**2)/(30*BO*D*C**21)

85=2.8*(82'**3)/(C*BO)-2*9*82*B3/BO+1.8*(53**2)/C+3.2*82*84/C

1+(2.C73b)*(-2.0*PL*83/(D*80**2)-80*PO*84/(O*C*D)
2+24*4*PU*B3*B2/(BO*D#C4*2))
86=146.?*(382*.2)*83/(15*C'*CBO)44.~*b4*83/C+1.0*B2*b5/(3,0*C)
1-11.2*82**3/(9*;*80**2)-2*9*83**2/(2.C*80)-9.4*82*84/(3.0*80)
2+(2.*)736F4)*(1*2*PO*83**2/(BO*D*C**2)+6.4*PO*B2*84/(3.0*BO*D*C**2)

3-2.(*PO*85/(3..*BO*D*C)-PL*B3/( 1,. *0*D*0BO**3)
4-.*2*PL*B2**2/(C*bO**3)-40*PL*84/(.3^. *0D*80**2))

R=O 9 Z)

S=(1.44E-4)*SORT(D)*PU**(IoC/3.0)*BO/PL**(5*C/6.0)

WRITE(6,110)
C HEADINGS

.100 FORMAT(123H1 TIME RADIUS VELOCITY ACCELERATION BDYP

I



U I- EFN SOURCE STATEMENT - IFN(S) -

I TSTFI STFPCI STFUCI TSTF2 STFPC2 srFu
2C2)

A (I) =BO+E2*PU *2.e-34R**3eR**2*B4*R**2,R**21185*R**3+R**3*6R**3
U(I)=2.U*2*R+3.*3*R**2+4O*R*4*R**2+!4.C*R**2*es*R**2+
I6bu*R**3*B6*R**2
BCYP=PO*BO**4/A I )**4
DU I )=( (UC I )*3)*((C PL+B)/C130YP+3) )**( 3*.,/7.:))/C2.u*C)

2-(CUDYP+FI)/(PL+2))**CE., /7.';)+U(I)/C*( CPL4B)/CBDYP+B))**(3.0/7.O)

3-U(I)/C*CCOOYPU)/(P3L+B))**C3.C/7. 0))
4-4.Z,*UCI)*BDYP/D*C)*(2s'; 736E4)*(((5DYP+fi)/(PL+E))**(4,0/7.0'
5-U(I)/C*(PL4B)/I3DYP+B)))/CACI)-ACI)*UCI)/C*((PL+B)/(CBDYP

6+E ))**( 3oC/7*C-) )
Y=()UI*22C(o76E)AI*BY-L/*IO

1C29.J736E4)*CBDYP-PL)/(2.,,*D*C**2))
YK=U(I)4CACI)**2)*(C**3 )*C1.C-UCI)**2/C2.C0*C**2))/Y**2

1-AC I)*( C**; )*( 1.C-UC 1)/C)/

C4STFU=Y*C/STF14YK*Y**2/(C**3*STFI**2)*(C**2-Y/STFI
1+ CYK**2/CN**3 )*( Y**4/C**3 )/( 2. C*STF1**4) )

STFUCI=C4ST-U/C**2
STFPCI=D*(Y/STFI-STFUCI**2/2,U)/(2Z 736E4)
1+C*((Y/STFI-STFUCI**2/2.Q)**2)/(2.0*C**)*(2O736E4))
TSTFI=C(STFI-A(I))/C)*C1.C-UCI)*ACI)/(C*sTFI))+R
C4STFU=Y*C/STF2+YK*Y**2/C C**3*STF2**2) *(C**2-Y/STF2
1+CYK**2/C**3)*CY**4/C**3)/2,(,*STF2**41)

STFUC2=C4STFU/C**2
STFPC2=D*(Y/STF2-STFUC2**2/2.U)/C2.C736E4)
1IC*CY/STF2-STFUC2**2/2.C)**2)/C2.0*CC**2)*2Cj736E4))
TSTF2=( CSTF2-A(I) )/C )* (10 -U I) *A( 1)/(C*STF2) )+R
L00 7%.Ag KK=193
C4STFU=Y*C/STF(KK)+YK*Y**2/(C**3*STF(KK)**2)*(C**2-Y/STF(KK)

1*CYK**2/C**3)*(Y**4/C**)/2t.,*STF(KK)**4))
STFUC(KK91I)=C4STFU/C**2
STFPC(KKI)=C*CY/STF(KK)-STFUC(KK,I)**2/2,0)/2(0736E4)
1+D*(CY/STF(KK)-STFUC(KKI)**2/2.*)**2)/(2.0*(C**2)*(2.O736E4))

709 TSTFCKK.I)=C(STF(KK)-A(I))/C)*(1.r,-UCI)*A(.I)/(C*STF(KK)?)+R
R=R'1 .E3
TSTFl=TSTF1*1 .0E3
TSTF2=TSTF2* 1 .E3
WRITEC6, 1 1:))RAC I),U( I) DU( I) ,DYPTSTF1 ,STFPC1 ,STFUC1 ,TSTF2,

ISTFPC2, STFUC2
110 FORMATCFI1.6,Fe.5,2E13.5,E12.5,2CFg.62El3.5))

R=R* I .E-3
TST- =TSTF 1 *1. E-3
TSTF2=TSTF2* I .lE-3

66 R=R+S
T=R

C INITIAL VALUES FOR PREDICTORS AND CORRECTORS
UP4=U(C4)
AP4=A(C4)

C4=U(C4)
04=A(4)
M~=4

C USING THE FOUR CALCULATED INITIAL VALUES ABOVE. B3EGIN INTEGRATION

00669 1=591(.e;091

.......................
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IV=m +
250 L=3
700 UP5=U ( 1-4) +4 e0 *S* ( 2 * C-*DU I ) -DU ( 1-2) +2.,-,*DU ( 1-3) ) /30 0

AP5=A(I-4)+490*S*(2*0*U(1-1)-U(I-2)+2.()*U(I-3))/.3.t,'

230 COD=UP5-ll2oO*(UP4-C4)/121*i)
DOC=AP5-112*, *(AP4-G4)/I21e'

DCOD=((COD**3)*(((PL+U)/(PU*(BO/DDD)**4+8))**(3e,')/7*1))/(-P,.O*C)
1-3*-*COD**2/290-7*0*(PL+B)/(6oO*D)*(2*G736E4)*(192

2-((PC*(BO/DUD)**4+8)/(PL+8))**(Cepe,/7*0)+COD/C*((PL
3+6)/(PO*(BO/DDD)**4+6))**(3*0/7*0)-COD/C*((PO*(BO/DOD)**4+B)/(PL
4 +E) ) ** ( 3 ol;/ 7 90) )
5-4*-'*COD*PO*(BO/DOD)**4/(D*C)*(2.D't36E4)*(((PO*(BO/DOD)**4
6+8)/(PL+B))**(4eC/7oO)-COO/C*(PL+B)/(PO*(BO/DOD)*44+B)))/(ODD
7-000*COD/C*((PL*B)/(PO*(BO/DUD)**4+0))**(3*0/790))
C5=(9*D*U(1-1)-U(I-3)+3*0*S*(CCOD+290*DU(1-1)-DU(I-2)))/8*0
D5=(9*0*A(1-1)-A(I-3)+390*S*(CCD+29.')*U(I-1.)-U(I-2)))/890
G=ABS(UP5-C5)
IF(G-l*-'j)210*2IC9260

C I-ALF INTERVAL PROCEDVRE
400 S=S/2*0

A4MH=(8.;90*A(1-1)+135*0*A(I-2)+4090*A(I-3)+A(I-4))/256*0
4+S*(-15*0*U(1-1)+90*C*U(I-2)+15*0*U(I-3))/12890
A3MH=(12*C*A(1-1)+135*0*A(1-2)+111890*A(I-3)+Atl-4))/25691
4+S*(-3,;*U(1-1)-54.0*U(1-2)+27*C*u(I-3))/128*0
U4MH=(8,,.C*6(1-1)+135*0*U(I-2)+40*0*U(I-3)+U(I-4))/256oO

4+S*(-15oi *DU(1-1)+90*0*DU(I-2)+15*0*DU(I-3))/128*0
U3mH=(12*0*U(1-1)+13500*U(1-2)+li4'8o *U(1-3)+U(J-4))/256oO

4+S*(-3o',*DU(I-1)-54oC*DU(I-2)+27*0*DU(I-3))/128ot
A(I-4)=A-'2MH
A( 1-3)=A( 1-2)
A(I-2)=A4MH
U(I-4)=U3MH
U( 1-3)=U( 1-2)
U(I-2)=U4MH
HDYP=PO*(BO/Ati-4))**4
DU(I-4)=((U(I-4)**3)*(((PL+B)/(UDYP+B))**(3*0/7*0))/(2*0*C)
1-3*",-*U(I-4)**2/2*0-7*C*(.PL+B)/(6*0*D)*(2eO736E4)*(IoO
2-((BDYP+e)/(PL+e))**(6*0/7eO)+U(I-4)/' --*((PL+B)/(BDYP

3+E))**(3*0/7*0)-U(I-4)/C*CtbDYP+B)/(PL+B))**(300/7*0))
4-4*t)*U(I-4)*BDYP/(D*C)*(2*0736E4)*(((BDYP+B)/(PL
5+e))**(4*0/7*C)-U(1-4)/C*(PL+B)/(BDYP+B)))/(A(1-4)
6-A(I-4)*U(I-4)/C*((PL+B)/(BDYP+B))**(3*0/790))

DU(I-3)=DU(I-2)
EGYP=PC)*(BO/A(-1-2))**4
OU(I-2)=((U(I-2)**3)*(((PL+B)/(8DYP+B))**(390/7*0))/t2eC*C)
1-3s .*U(I-2)**2/2*0-7*t*(PL+B)/(E* '*D)*(2*V?36E4)*(I*D

2-((BDYP+B)/iPL+U))**(69%,i/7oSk+U(I- -)/C*((PL+B)/(BDYP

34E))**(3*0/7*-A)-U(I-2)/C*((BDYP+B)/(P4+8))**(3eO/7*C))

4-4*7'*U(I-2)*BDYP/(D*C)*(290736E4)*(((BDYP+B)/(PL
5+e))**(4o*3/79'. )-U(I-2)/C*(PL+8)/(BDYP+B)))/(A(I-2)
6-A(I-2)*U(I-2)/C*((PL+B)/(BDYP+b))**(3oO/7*0))

L=L+l
IF(L-1. )74 09700971

C SET UP FOR ITERATION
260 UP5=C'---49*C*(UP5-C5)/12190

AP5=D5+9*."*(AP5-05)/121*0
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L=L*
IF(L-2)230).40fC 40

C CALCULATION OF FINAL VALUES
210 U(I)=C5+9.C0'(UP5-C5)/121@0
500 A(1)=D5+9')*CAP5-D5)/12190

BDYP=PO*BO**4/A( J)**4
DU(I)=C(UCI)**3)*(((PL.B)/CBDYP.D))**(3.C/7eC,))/('2eC*C)

1-3.L*UC I *22i-o,*(LB/fe.D*(*764*I
2-(CBDYP+B)/(PL.D))**(6.O/7.O)+U(I)/C*((PL+8)/(BDYP+B)'+**(3.0,7.0)
3-U(I)/C*((BOYP+6)/(PL+B))**(3.O"'/7.O))
4-4o.*U( I)*BDYP/(D*C)*(2o.736E4)*(( (BDYP+13)/(PL+B))**(4.0/7Ce)
5-UC I)/C*(PL4-8)/Ci3DYP4.8)))/(A( 1)-A(I)*U(I)/C*(CPL+B)/(BDYP
6+2) )**( 3.J/7*0)
Y=ACI)*U(I)N*?/2.C.,(2.C736E4)*A(I)*(BDYP-PL)/D*(1.O-

1(2.)736E4)*(DYP-PL)/(2.i*D*C** 2))
YK=U(I)*(A(I)*2)*(C**3)*(.C,-U(I)**2/(290*C**2))/Y**2
-A( I)*(C**2)*I 1 UC 1)/C)/
C4STFU=Y*C/STFIeYK*Y**2/(C**3*STFI**2)*CC**2-Y/STF1

1+(YK**2/C**3)ff(Y**4/C**3)/(2.C*STFI**4))
STFUCI=C4STFU/C**2
STFPC1=0*(Y/STFl-STFUCI**2/2..')/(2.G736E4)
1+C*C(Y/STFI-STFUCI**2/2e0)**2)/(2eCI(C**2)*(2.0736E4))
TSTFI=((STFI-A(I))/C)*C1.e.-U(I)*A(I)/(C*STFI))*T
C4STFU=Y*C/STF24YK*Y**2/( C**3*STF2**2) *(C**2-Y/STF2
1+(YK.**2/C**3)*(Y**4/C**3)/(2.U*STF2**4))

STFUC2=C4STFU/C**2
STFPC2=C)* CY/STF2-STFUC2**2/2. C) /C2.2) 736E4)
14DI(CY/SrF2-STFUC2**2/2.Q)**2)/(2.o*(C**2)*(2.0736E4))
TSTF2=((STF2-ACI))/C)*(1.0-U(I)*AcI)/CC*STF2))tT
DO 718 KK=193
C4STFU=Y*C/STF(KK)YK*Y**2/(C**3*STF(-KK)**2)*(C**2-Y/STF(KK)

1.(YK**2/CI*Z3)*Y*4/C**3)/(2.0*STF(KK)**4))
STFUC(KK, I)=C4STFU/C**2
STFPC(KKI)=D*CY/STF(KK)-STFUC(kKK1)**2/290)/(2.0736E4)
1,D*C(Y/STF(KK)-STFUCCKKI)**2/2.t0)**2)/(2.0*(C**2)*(2.O736E4))

708 TSTF(KKI)=((STF(KK)-A(I))/C)*(1.O-U(I)*A(I)/(C*STF(KK))),T
T=T# 1.E23
TSTF 1=TSTF 1*1 .E3
iSTF2=TSTF2* 1 .2E3
WRITEC 6,169 )T ACI) ,U( I) ,DUC I) ,DYP, TSTF1, STFPC I.STFUCI1STF2 0

ISTFPC2, STFUC2
169 FORMATCFl1.6.F6.5,2El3.5,E12.5,2(F9.6,2E13.5))

T=T*1 .,'d-3
TSTFI=TSTF1*1 .OE-3
TS3TF2=TSTF2*1 .OE-3

C RELOCATE CERTAIN QUANTITIES FOR THE NEXT STEP OF THE INTEGRATION
C4=C5
04=05
UP4=UP5
AP4=AP5

IFC AC1)-AC 1-1) )669, 669, 240
240 IF(UCI))7Ji,669,669
669 T=T+S

GO TO 7'
71 WRITE(6,75)
75 FORMAT(57HTHC PROCESS *IS NOT CONVERGING QUICKLY ENOUGH AT SOME STE

RU I
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IP)
70 IF(M-11#0)7.223,223

223 WRITE(6,224)
224 FORMAT(9"H 1000 VALUES HAVE BEEN CALCULATED BUT THESE VALUES DO NO

IT COMPLETE TIHE ENTIRE FIRST PERIOD)
7 WRITE(6,1)7)

107 FURMAT(120H1 TSTF3 STFPC3 STFUC3 TSTF4
1 STFPC4 STFUC4 TSTF5- STFPC5 STFUC5 )
00 715 L=1.3
DO 715 N=1.1000

715 TSTF(IN)=TSTF(1.,)*I.0E3
WRITE(6,7a1)((TSTF(IN).STFPC(I.N),STFUC(1.N),I=193).N=1.1000)

701 FORMAT(3(FIC*62E15.6))
1 CONTINUE

222 STOP
END
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