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ABSTRACT

Advances in electronic computer methods for solving two
specific types of three-dimensional boundary value problems
are described.

Early developments in calculating the diffusion

of neutrons in nuclear reactors led to sophisticated computer
programs for predicting the lifetime behavior of proposed
reactor cores.

One such program was developed in the

1960's to perform the time-dependent criticality calculations
for intricate arrangements of fuel elements, control rods,
and other components in three spatial dimensions.

Up to

100, 000 mesh points were permitted to adequately approximate the core geometry and material composition of the
reactor.

Normalized block iteration techniques were developed

especially to handle the large coefficient matrices (up to
1010 entries) generated by the program.

Secondly, experience

gained with these reactor simulation programs, coupled
with advances in computer technology, have made it possible
to attack the very difficult nonlinear boundary value problems
of viscous fluid motion.

Several recently developed programs

for studying rotating viscous fluids and the behavior of fluids
moving past obstacles of different shapes are described briefly.
Computer-generated pictures illustrating the phenomenon
of vortex shedding are presented.

These programs solve only

fairly simple time-dependent viscous flow problems in two
spatial dimensions (homogeneous, incompressible fluids, and
simple geometric shapes), yet the solutions obtained for
specific studies, such as rotating flow in a closed tank whose

1
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cover rotates at a different rate from that of the fluid
in the tank, have revealed unexpected flow phenomena.
Problems associated with the solution Qf full-scale threedimensional and time-dependent exterior flows are
discussed.

Physical insight already gained, plus

expected advances in computers in the next five years,
should permit the solution of practical viscous flow
problems in three space dimensions plus time.
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COMPUTER SOLUTIONS OF SOME TRANSPORT
PHENOMENA PROBLEMS
Joanna W. Schot
Naval Ship Research and Development Center
Bethesda, Maryland 20034

INTRODUCTION
Electronic digital computers have been in existence for only a
quarter of a century, a time span relatively short in the history of
scientific achievement.

Yet in this brief period computing technology

has grown to such an extent that computers can now be used to
numerically simulate complex physical processes, thereby providing
scientists with a new approach to the investigation of unsolved problems
in mathematical physics.

This is possible because of the tremendous

advances that have been made in the performance characteristics of
computers, in the techniques of computer programming, and in the
mathematical analysis of numerical methods [1], [2], [3].*
In this paper, we shall trace the increasing effectiveness of computer
methods developed at the Naval Ship Research and Development Center
for solving some boundary value problems dealing with transport
phenomena.

First, the solution of neutron diffusion problems as applied

to the design of nuclear reactors will be discussed.

Secondly, programs

for studying the behavior of moving viscous fluids will be described.
both cases finite-difference methods are used.

In

The physical process is

mathematically formulated by an initial-boundary value problem defined
over a specified region of space and time.

A network or grid of points

is superimposed on the region, and a system of difference equations is
derived for each of the partial differential equations of the problem.

To

adequately model even linear boundary value problems, as in the
*References are listed on page 21.
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diffusion of neutrons in reactor cores, this procedure may lead to
systems of many thousands of equations in as many unknowns, whose
Even greater

solution requires sophisticated numerical methods.

computational demands are made by the nonlinear problems of viscous
flow at moderate Reynolds numbers.
NUCLEAR REACTOR SIMULATION
The success of computers in solving nuclear reactor problems is
based on their ability to calculate rapidly and in intricate detail the
physical changes occurring within the core of a reactor over a period of
time.

These changes induced by nuclear fission involve variations in

the neutron population, the depletion of fuel, and the buildup and decay
of fission products.

The fact that the carriers of the chain reaction,

namely the free neutrons in the core, are themselves produced by
fission leads to an eigenvalue problem in which the eigenfunction
represents the neutron flux distribution while the corresponding minimum
eigenvalue is the criticality factor.

When this factor is very close to

unity, the chain reaction is self-sustaining, and the reactor is said to be
critical.
One of the most successful early programs which solved steady-state
reactor criticality problems was the Cuthill Code [4], [5] developed at
NSRDC.

This program mathematically modeled a two-dimensional cross

section of a heterogeneous reactor composed of specified arrangements
of diffusion and control regions.

On the assumption that the neutron

energy range could be divided into a fast and a slow energy group, the
two-group diffusion theory approximation to the steady-state Boltzmann
Equations of the following form were

transport equation was used.
solved in each diffusion region
div(D

s

grad

s) - As s

div (Df grad of) - Aff +

.i-TC~___~_~__~_______~___
_~~~_____~ __________~~~_____~____
~~~~ ~~~__ ~~~~~

+

Bf
Bs

= 0
s

=

0 ,

_____~______~~_____________
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where subscripts s and f refer to the fast and slow energy groups,
respectively,

0 (x,y) is the neutron flux, v is the eigenvalue which

determines the criticality factor, D (x, y) is the diffusion coefficient
for the given diffusion region, A (x, y) represents the total absorption
coefficient, and B (x, y) is a production coefficient.

Certain boundary

conditions must be satisfied along the interfaces between different
materials as well as on the outer surface of the reactor.

These

equations were approximated by a system of finite-difference equations
defined over a square network of points superimposed on a cross
section of the reactor.
configuration.
Figure 2.

Figure 1 illustrates one type of reactor

The square grid used in the Cuthill Code is shown in

Problems with 2, 000 grid points were solved on the UNIVAC

computer in 1956 in ten hours.

This program, extremely limited by

today's standards, provided good first approximations to the solution of
the neutron diffusion problem.

An example of a computer-generated

plot of flux density contour lines for one problem is shown in Figure 3.
A year later an improved version of the Cuthill Code was operational
on the Naval Ordnance Research Calculator (NORC), a forerunner of
the IBM 704 computer, and problems of similar size could then be
solved in less than two hours.
The computing speeds and internal storage capacities of these
machines were so limited [1], that considerable ingenuity was required
to develop workable computing algorithms for reactor problems.

These

algorithms took advantage of the sparseness and non-negative properties
of the coefficient matrices of the systems of difference equations [6], [7].
Many different mathematical and numerical techniques were developed
to cover all aspects of reactor analysis, and by 1960 computers were
well-established as important tools in reactor design [8], [9], [10].
Programs based on transport theory, such as the Thermal Energy
Transport Codes by Dawson [11] were employed to determine the
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angular dependence of the neutron flux in sensitive regions of the core.
These programs produced numerical solutions to the steady-state
Boltzmann equation on the NORC, UNIVAC-LARC, and the IBM 7090
computers with increasing speed and versatility.
The challenging problem of developing a very large time-dependent,
three-dimensional reactor depletion program was solved when the
FLAME code became operational on the UNIVAC-LARC in 1962 [1 2 ].
This highly flexible program simulated the lifetime behavior of
heterogeneous water-moderated nuclear reactors by computing the
neutron flux, the associated source, and the criticality factor at specified
times, as well as the depletion of fuel and the buildup of fission products
over specified intervals of time.

The depletion calculations were based

on the isotopic density method developed at the Westinghouse Atomic
Power Laboratory [13].

The depletion equations comprised thirteen

coupled first-order differential equations describing the growth and
decay of the densities of the various isotopes constituting the composite
material at each point (cell) in the reactor.

These equations were used

to calculate the changes in the reactor for a given time step based on
the neutron flux distribution determined by the criticality calculations
performed at the beginning of a time step.
To provide sufficient detail of the geometry and material composition
of the reactor components (fuel elements, moderator, reflector, control
rods, etc.) up to 100, 000 grid points and several hundred material
compositions could be handled by FLAME for a two-group problem.
Seven-point difference equations were used to approximate each of the
group equations.

(Up to four groups were permitted.)

This resulted in

a system of 100, 000 linear equations for each energy group.
coefficient matrices, therefore, would contain up to 1010

The full

entries.

Fortunately, these matrices were sparse, with at most seven non-zero
elements per row, and they were set up in such a way that normalized
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block iteration [7] was used to solve the equations.

This is a method

developed from the well-known successive overrelaxation method [14],
and its use increases the rate of convergence of the iteration process.
Since the solution of the group equations was the most time-consuming
part of the program, accelerating the convergence was extremely
important.

A set of reports completely documents the mathematical

and programming techniques used [15].

Even though the FLAME

program taxed the storage capacity of the LARC, by tailoring the
numerical methods and data-handling techniques to take advantage of
the LARC's special features*, the lifetime histories of many proposed
reactor designs were simulated in a few hours.

For example, one time

step of a 50, 000-point, four-group problem was solved in 1J hours.
When compared with the ten hours required to solve the more restricted
2,000-point problem on the UNIVAC only six years earlier, these
figures illustrate the growth rate in the effectiveness of computers in
solving reactor problems.

(See Table I.)

Power predictions based on

reactor calculations agreed within 1 to 2 percent with measured values
of reactors performing at full power.

Moreover, reactor depletion

studies led to design improvements that significantly increased the
lifetime of power-producing nuclear reactor cores.

The reactor

simulation methods summarized here were used by naval reactor
contractors** to develop production codes for use in their reactor design
projects.

* The LARC was one of the first dual processing computers, permitting
many functions to be performed simultaneously.
** Westinghouse Atomic Power Division, Westinghouse Electric
Corporation and Knolls Atomic Power Laboratory, General Electric
Corporation.
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TABLE I - TIME REQUIRED TO SOLVE SELECTED PROBLEMS ON DIFFERENT COMPUTERS

FM
DRLRT
D ~nPT.PA4

Neutron diffusion,
2 groups

Fuel depletion,
4 groups

c

PRGR
AM
PRrvu~rr..RAM--

GEOMETRY AND
SIZE OF PROBLEM

COMPUTER, DATE
& MEMORY SIZE

RUNNING TIME
IN MINUTES

(x, y)
2,000 points

UNIVAC; 1956
(1, 000 words)

600

NORC-Cuthill

(x, y)
2,000 points

1957
NORC;
(2,000 words)

120

FLAME

(x,, z, t)
50, 000 points

Cuthill

Neutron transport,
39 groups,
70 regions

TET

(x, u, I) slab geometry

Viscous flow past
arbitrary body

DMC

(x, y, t);
2500 points,
600 time steps

Viscous flow past
angled elliptic plate

ROPE

Viscous flow in
rotating tank

ROTA

(77,

e,

t);

UNIVAC-LARC; 1962
(3,030, 000 words)
IBM 7090; 1964
(32, 000 words)

IBM 360/91; 1970

IBM 360/91;

1971

6,000 points,
2,000 time steps
(r, 0, z, t);
1681 points,
2,000 time steps

IBM 360/91; 1971

90 per time step

5 to 45

135

60 per shedding
cycle

VISCOUS FLOW SIMULATION
The solution of the mathematical and numerical problems associated
with reactor simulation suggested the use of similar computer methods
to attack the nonlinear boundary value problems of viscous flow.

More-

over, powerful computing systems such as the IBM 360/91 and the
CDC 6700 plus the automatic plotting capability afforded by the StrombergCarlson 4020 Microfilm Recorder made it feasible to simulate certain
simple viscous flow situations and represent the computed results
visually.

To demonstrate what has already been achieved, several

recently developed programs are currently being used to study in detail
the flow properties near highly curved body surfaces, across induction
slots, and the intriguing behavior of rotating fluids.

One of these programs

is the Dawson-Marcus Code (DMC), which calculates laminar
incompressible flow about arbitrarily shaped two-dimensional bodies [16].
This program solves the vorticity-stream function formulation of the
Navier-Stokes equations and uses special outer boundary conditions to
account for the finite size of the flow field.

The basic differential equations

are

(W a

4t

at

ax

by

(
by

aw

1+

ax

Re

A
'

where A is the Laplacian operator, 0= 4 (x, y, t) is the stream function,
w = w(x, y, t) is the vorticity, (x, y) are the rectangular spatial coordinates,
t is the time, and Re is the Reynolds number defined by Re = LU/.
Here L is the maximum diameter of the body, U is the free stream
velocity and v is the kinematic viscosity of the fluid.
Using specially developed finite-difference approximations over a
grid of about 5, 000 points, the program permits the body to be specified
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This is to provide for the study

by a discrete set of boundary points.

of flows past bodies which do not fit into a natural coordinate grid
system.

Vorticity, i. e.,

the angular velocity of a fluid element, is the

crucial quantity which characterizes the flow disturbances created by
the presence of an obstacle in the flow field [ 17].

To calculate

vorticity in the immediate neighborhood of the body, a special regridding
scheme is used in DMC to increase the number of grid points close to
the body surface, as shown in Figure 4.

The entire flow region calculated

is about 10 times as wide and 20 times as long as the diameter of the
The program was tested for the case of flow past a circular

body.

cylinder at low Reynolds numbers, using 20 points to specify the boundary
of the cylinder.

About 600 time steps were required to reach a periodic

solution for the problem with a Reynolds number of 100.

The total

elapsed computer time on the IBM 360/91 was 2 1 hours, including the
calculation of streamlines and vorticity lines for plotting time-sequence
pictures on the microfilm recorder.

A computer-generated motion

picture of these results was made which illustrates the phenomenon of
vortex shedding.

A few frames from this film are shown in Figure 5.

Numerical studies of flows around flat plates are more difficult
and require much more computer time than circular cylinders because
of the high surface curvature at the ends of the plates [18], [19].
Lugt and Haussling [20] have carried out a numerical study of the
characteristics of vortex shedding from slender elliptically shaped
Their computer program makes

plates at various angles of inclination.

use of an elliptic coordinate system (r, 6) with the surface of the plate
located at 77= 10.

The vorticity-stream function equations are solved

by finite-difference techniques using the Gauss-Seidel line overrelaxation method for the Poisson equation.

The Dufort-Frankel method
The

is used to compute the change in vorticity with advancing time.
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flow is impulsively started from an initial potential flow solution.
For the case of a slender plate

70 = 0.1 inclined at an angle a = 450

and Re = 200, a sequence of plots of streamlines and vorticity lines
is shown in Figure 6.

The first cycle in the development of a Karman

vortex street is exhibited.

When the body starts moving, a vortex

develops immediately and separates from the trailing edge.

This vortex

is visible in the first (upper, left) picture as a wave in the streamlines.
At the same time a vortex is generated behind the leading edge and is
finally shed.

Thus, the program simulates the production and shedding

of vortices alternately from the two edges of the plate.

Recent water

tank photographs made by Honji verify these results [21].
About 6, 000 spatial points and 2,000 time steps were required to
obtain these results.

Even though the flow region is homogeneous and

the coefficient matrices do not have to be recomputed for each time step,
as was the case for the heterogeneous reactor problems, the nonlinearity
of the viscous problems creates additional computational requirements.
In fact, attempts to solve the problem of a rotating elliptic plate
indicated that present iteration methods would require a prohibitive
amount of computer time.

However, a direct method for solving the

Poisson difference equations, such as the cyclic block reduction method [22],
[23] can reduce the time required to solve certain problems by a factor of
as much as 15.
Another computer study of viscous flow behavior was made of
circulation patterns in rotating tanks, where the covers revolve at
different angular speeds [24]. From the initial solid-body rotation a
meridional and an azimuthal circulation relative to the moving tank develop.
No finite gap between tank and cover is assumed, and the singular
behavior at this interface is investigated.

The problem is formulated as

a laminar axisymmetric flow of an incompressible fluid in a circular-

s
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cylindrical tank of radius L and height H, which is spinning with the
constant angular velocity 0 . Cylindrical polar coordinates (r, 0, z)
are used together with the corresponding velocity components (u, v, w)
in a reference frame which rotates with the tank.

Initially, the cover

impulsively starts to rotate with the constant angular velocity Qc

a.

The characteristic numbers used in comparing different rotational
flows are the Rossby number, defined by Ro = (Q -

c )/Q, and the

Ekman number, defined by Ek = v/(O H ), where v is the kinematic
viscosity.

A sequence of pictures at various times showing the transient

stage for Ek = 0. 001 are presented in Figure 7.
clearly distinguishable:

Two time periods are

the spin-up time and the time necessary for

the flow to reach near steady-state.

These pictures are frames from a

computer-generated motion picture which shows the development of
secondary circulations from the initial solid-body rotation.

Unexpected

and heretofore unknown flow phenomena in the transient phase were
revealed;

namely, cells in the meridional circulation and counter

currents in the azimuthal direction appear and vanish before the steadystate is reached.
These examples of viscous flow analysis using computer methods
indicate that numerical experiments may be carried out on computers to
study fluid flow phenomena that cannot be readily isolated in physical
experiments.

The study of vorticity dynamics is greatly aided by

controlled computer experiments, whereas only crude measurements
of vorticity can be obtained in wind or water tunnels [25].

The ease with

which hypothetical flow situations may be modeled using programs such
as those described in this paper excites the imagination of fluid dynamicists.
Recently, considerable interest in slip flow has instigated computer
studies on the generation and propagation of vorticity in flows past bodies
under the perfect-slip boundary condition [26].
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Flow separation,

I

I

instability, and vortex-shedding still occur under this hypothetical
condition, i. e.,
body.

that the shear stress is zero on the surface of the

Anticipated improvements in computers over the next five years

coupled with the development of new numerical methods should lead to
more general computer studies of viscous flows in three spatial
dimensions at higher Reynolds numbers.

Even though it is unlikely

that turbulent flows can be directly simulated by these methods, the
fact remains that computers show great promise in advancing the
understanding of fundamental flow phenomena.
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Figure 1 - One type of reactor configuration

0 1i

10

20

59 (MAx.

AXIS OF SYMMETRY

MAXIMUM

PERMISSIBLE

NUMBER
OF NET POINTS! 58xil8
-1

NUMBER

OF NET

IS OF SYMMETRY
Figure 2 - The square grid used in the Cuthill Code

POINTS:.58xlI8

40 p

100
115
55

5100
10

200

250

25P5
//00.-

0

1

0

X-AXIS

30

4

5

Figure 3 - Computer-generated flux density contour lines

II

I

I

I

II

II

I

I

_

,

~*1IWY-Il-*-L
~ilWbl IIIIU~MPIUIS~I
-.li*ri~-*li~Bx~~- --I

LT

3INQ ur pasn 3tu843ls p1J

pIaU &OTJa'L

-

ip a~in26

000000000
000000000

0000000000
0000000000

0 0 0 0 0 0 0 00 0

o000

oooooooooooooooo0000000000ooooo000000000000
00000000000000000000000

00oooo0

0000000000000000000000
00000000000000000000000
00000000000000000000000

:9::9::9::9::9::9::9:
9::9: :9: :9:

oooooooooooooooooooo00000000000000000000000
00000000000000000000000
o0000000000000000000000
oooooooooooooooooooooo00000000000000000000000
ooooooooo0ooooooo00oooo00oo000000000000000o
00oooooooooooooooooooooo00000000000000000000o
ooooooooooooooo000000oooooooo0000000000000000
ooooooooooo0000000000oooooooo000000oooo00

0000oooo
::9
::9o oo 0000oooo
:9::9
oo o 0000oooo
o oo
0000oooo
o oo

O:s O :: ::s::s::s::4::4::+::e: 4 :+O::
0000
0000
0000
0 0

00000
00000
00000
00000
00000
00000
00000
00000

00000000000000000000000
00000000000000000000000
ooooooooooooooooooooo30000000000000000000000
0000000000000000000000
00000000000000000000000
00000000000000000000000

0000oooo
0000
0000
0000
0000
0000

0 0

0000000000000
0000000000000
0000000000000
0000000000000
0000000000000

I . I/,//
hl

=

0
0

I-'

C
II

a

o

"I

,,,,
ii

/

.

I

o

, i,/.

r

,,/"./i lI/I,, , \

o

-.

C

01>
)I
'1

r

I

i

>\

if"!

,

I\'

,

" '

a
t=1.48

b
t=2.98

N

c

t=5.23

d
t=6.73

t=8.98

Figure 6 - Sequence of streamlines and equal-vorticity lines for
Re = 200, a = 4 5 0 , 0 = 0. 1. (Flow direction is
from the right.)
19
~.~n~---

~---------------UI-------- -

r I-------

---- rrr~- a*i~r~,

\_~L

V

t= 0.6

t= 1.35

t= 2.4

t = 9.0

t= 4.2

t= 4.8

t = 30

v

VI

V

Figure 7 - Lines of constant 0 and v at various times for a tank rotating about the z-axis.
The rotation of the cover has been stopped abruptly at t=O. Ro = 1, H/L = 1.

__

ill,

REFERENCES
[1] S. Rosen, Computing Surveys, 1, No. 1 (1969).
(2] J. E. Sammet, Programming Languages: History and Fundamentals
(Prentice-Hall, Inc.,
[3]

1969).

E. Isaacson and H. B. Keller, Analysis of Numerical Methods
(John Wiley & Sons, N.Y.,

1966).

[4] R. S. Varga, Westinghouse Atomic Power Division, Report
WAPD-LSR(P)-30 (1955).
[5]

E. H. Cuthill, et al, Naval Ship R and D Center, Report 1128 (1956).

[6] G. Birkhoff and R. S. Varga, J. Soc. Indust. Appl. Math. 6 (1958) 354.
[7] E. H. Cuthill and R. S. Varga, J. of Assoc. for Computing
Machinery, 6 (1959) 236.
[8] E. M. Gelbard, et al, Proc. Second United Nations Int'l. Conf. on
the Peaceful Uses of Atomic Energy, 16 (1958) 473.
[9] J.W. Schot, Naval Ship R and D Center, Report 1519 (1960) 224.
[10] W. C. Sangren, Digital Computers and Nuclear Reactor Calculations
(John Wiley and Sons, New York, 1960) 11.
[11] C. Dawson, Naval Ship R and D Center, Report 1613 (1962).
[12] E. H. Cuthill, Codes for Reactor Computations (Int'l. Atomic Energy
Agency, Vienna, 1961) 219.
[13] G.W. Hoffmann, Westinghouse Atomic Power Division, Report
WAPD-TM-2 (1956).
[14] D. Young, Trans. Amer. Math. Soc.,

c-nuhnr~i
r~ur~----

II

76 (1954) 92.

-~rcn*us~M ~~~na~CI~

1 Il IWIMllir
"
1

r.61

[15] J.W. Schot, et al, Naval Ship R and D Center, Reports 1477,
1863, 1937, -8, -9 (1965).
[ 1 6 ] C. Dawson and M. Marcus, Proceedings of the 1970 Heat Transfer
and Fluid Dynamics Institute (Stanford Un. Press, Stanford, 1970).
[17] M.J. Lighthill, Laminar Boundary Layers, Editor L. Rosenhead
(Oxford Un. Press, 1963).
[18] Y. Rimon and H.J. Lugt, Physics of Fluids, 12 (1969) 2465.
[19] H.J. Lugt and S. Ohring, Naval Ship R and D Center, Report 3654 (1971).
S20] H. J. Lugt and H. J. Haussling, Proceedings of the Second International
Conference on Numerical Methods in Fluid Dynamics (SpringerVerlag Berlin, Heidelberg, 1971) 78.
[21] H. Honji, Starting Flows Past Spheres and Elliptic Cylinders, Reports
19, No. 65, Kyushu Un.,

of Research Institute for Applied Mechanics,
Japan (1972).
[22] 0.

Buneman, Stanford University Institute for Plasma Research,

Report 294 (1969).
[23] B. L. Buzbee, et al, SIAM J. Numerical Analysis, 7, No. 4 (1970).
[24] H. J. Lugt and H. J. Haussling, Proc. of the IUTAM Symposium on
Unsteady Boundary Layers, Quebec, Canada (1971).
[25] H. J. Lugt, Vortices and Vorticity Around a Moving Plate, Scientific
American (to appear).
[26] H. J. Lugt, Entstehung und Ausbreitung von Wirbeln unter der
"Perfect-Slip" Bedingung, Deutsche Luft-und Raumfahrt Forschungsheft,
(May 1972).

22
e

I

II

I

I

I

I

II

I

I

I

I

r*-

INITIAL DISTRIBUTION

Copies

Copies
1

CNO
CHONR
1 Dr.
1 Dr.
1 Dr.
1 Dr.

R. J Lundegard
M. Cooper
R. D. Cooper
L. D. Bram

1

NRL, Tech Lib

1

CHNAVMAT

1

DNL

4

NAVSHIPSYSCOM
1 SHIPS 031
1 SHIPS 0311
2 SHIPS 2052

1

NELC, Tech Lib

2

NAVUSEARANDCEN
1 Dr. J. W. Hoyt
1 Tech Lib

2

1

ROTC & NAVADMINU MIT

1

Naval War College

4

NAVSEC
1 M. R. Hauschildt (6140B)
1 W. Dietrich (6102C)
1 Dr. R S. Johnson (6114)

1

NAVSHIPYD BREM

1

NAVSHIPYD BSN

1

NAVSHIPYD CHASN

1

NAVSHIPYD HUNTERS PT

1

NAVSHIPYD LBEACH

1

NAVSHIPYD MARE ISLAND

1

NAVSHIPYD NORVA

NAVSHIPYD PEARL

NAVWPNSCEN
I Dr. W. R. Haseltine
1 Tech Lib

1

NAVSHIPYD PHILA

1

NAVSHIPYD PTSMH

12

NOL, Tech Lib
NW:L
1 Dr. C J. Cohen (K)
1 Dr. A.V. Hershey (KXH)
1 Dr. Bo Zondek (KXZ)
1 Tech Lib
2

USN A
1 Dept of Math
Tech Lib

2

SUPT, PGSCHOL, Monterey
1 Lib, Tech Rep Sec
1 Dr. T. H. Gawain

DDC

2

U. S. Army Math Res Cen
Univ of Wis, Madison
1 Dr. D. Greenspan
1 Tech Lib

1

NASA, Wash.,
1 Tech Lib

2

NASA, Lewis Res Cen
Cleveland, Ohio 44121
1 Dr. Ro Brokaw
1 Tech Lib

3

Nat'l Bureau of Standards
1 Dr. J.M. L. Sengers
1 Dr. H. Oser
1 Tech Lib

D.C.

23

Il*ll.nI~S~~ I~CC^---UIIX*-'~;~nUrrr~l~~
UfiV'*'UL"^"-'

allllllllllYIIYIYII

I

iii

iill

Copies

Copies

1

USAEC, Tech Lib

1

Oak Ridge Nat'l Lab
Tech Lib

2

U. S. Weather Bureau
1 Dr. J. Smagorinsky
1 Tech Lib

2

U. S. Geological Survey
Wash., D.C. 20242
1 Dr. K. Hubbert
1 Tech Lib

2

3

3

Wright-Patterson AFB
Dayton, Ohio 45433
1 C. M. Sargent, ARL/LL
1 Tech Lib
Nat'l Cntr for Atmospheric
Res, Boulder, Colorado 80301
1 Dr. D. K. Lilly
1 Dr. A. Kasahara
1 Dr. J. W. Deardorff

American University
Math Dept

3

Brown Univ,
R.I. 02912
1 Prof. J
1 Prof. W.
1 Prof. M.

2

Univ of Calif, Berkeley
1 Prof. E. V. Laitone
Div of Aero. Sci
I Dept of Math

2

Courant Inst of Math Sci
N. Y. U. , New York, N. Y.
1 Prof. H.B. Keller
1 Dr. A. J. Chorin

1

George Washington Univ
Math Dept

2

Harvard University
1 Prof. G. Birkhoff
1 Prof. F.G. Carrier

1

Illinois Inst of Tech
Dept of Mech & Aero Engr
Dr. M.V. Morkovin

1

Johns Hopkins Univ/APL
Dr. Vivian O'Brien
Kent State Univ, Dept of
Math
Prof. R.S. Varga

Los Alamos Sci Lab, Los
Alamos, New Mexico 87544
1 Dr. F.H. Harlow
1 Dr. C.W. Hirt
I Tech Lib

1

2

._IIIIYI
YIIIYIIYYI IYI

5

Univ of Maryland
1 Prof. B. Hubbard
1 Prof. T. Weske
1 Prof. A. J. Faller
1 Inst for Fluid Dyn
1 Dept of Computer Sci

5

MIT, Cambridge
1 Prof. Keil
1 Prof. C. Co Lin
1 Prof. J. N. Newmann
1 Prof. J. G. Charney
1 Tech Lib

Providence,
Kestin
Prager
Sibulkin

Calif Inst of Tech
1 Div of Engr & Appl Sci
1 Prof. T.Y. Wu

Michigan St Univ
Prof. M. Z. v. Krzywoblocki

24

*

I

I

I

I

I 1

111 1 I

I

I

Ir

w
1,11
N,
141
'' W.

-

Copies

Copies
2

Univ of Notre Dame
1 Prof. A.A. Szewczyk
1 Prof. S. A. Piacsek

1

Penn St Univ, Univ Park
1 Prof. J.S. Allen, Dept
of Aero Engr

3

Princeton Univ
1 Prof. S.I. Cheng
1 Dr. J. Smagorinsky
1 Aero & Mech Engr Lib
Purdue Univ, Automatic Control
Center, School of Mech Engr

Prof. R.E. Goodson
4

Stanford University
1 Prof. A. Acrivos
1 Dr. L.G. Leal
1 Prof. M.D. Van Dyke
1 Lib

1

Univ of Texas, Austin
Prof. D.M. Young

2

National Sci Foundation
1520 H St., N.W.,
Wash., D.C. 20550
1 Math Sci Div
1 Engr Sci Div

1

Hq. American Soc of Naval
Engrs, 1012 14th St., N.W.,
Wash., D.C. 20005

2

Gen Electric Space Sci Lab
Valley PoO. B. 8555,
Phila, Pa 19101
1 Dr. S.M. Scala
1 Dr. P. Gordon

1

Dr. J. E. Fromm
IBM Corp, Dept 977
Bldg 025, Res Div
Monterey & Cottle Road
San Jose, Calif 95114

1

Dr. William J. Gordon
Res Labs, General
Motors Corp
12 Mile & Mound Roads
Warren, Michigan 48090

IIIllmn
i Imm
istu
manl
IllulummamiI
mHMMIIIIIYIII

CENTER DISTRIBUTION
Copies
1
1

01
15

1
1
2
1
1
1
1
1
1
1
1
1
1
1
1
1
1
50
1
1
1
1
1
2
1
1
1
1

154
1541
1552
156
1568
1576
16
17
18
1802.1
1802.2
1802.3
1802.4
1805
183
184
1842
1843
1844
185
186
188
189
1892
19
11
27
28

26

I

I

I

I

I

I

--

111111111

UNCLASSIFIED
Stet urt\

('.aslsification

DOCUMENT CONTROL DATAI.tc ,

uI
.INA

IO

<rI.i

lIN

.

1C

het

IVI TY

at

on of

title,

((forporafle

hodt

of

alptri

t anld

i

,dexetn ,trnotafirn

mtym

R & D
t ht

etltf'r'd

atlllhor)

!a.R|

Naval Ship Research and Development Center
Bethesda, Maryland 20034
4

PORT

R

TITL

K hen

F

flit- tverall

'ORT

Sr C

Itj1

report

Y

Is

clr

Le%Ired)

CLASSIFICATION

UNCLASSIFIED
2h

GROUP

E

Computer Solution of Some Transport Phenomena Problems
4

DESCRIPTIVF

5

AU THOR(IS

NOTES (Type

of report and inclusive dates)

(l-rr.,t name, middle

initial,

last name)

Joanna W. Schot
REPORT

6

DATE

?a

TOTAL NO

April 1972
Ba
b

Ga.ORIGINATOR'S

CONTRACT OR GRANT NO

PROJ

OF PAGFS

76. NO

28

OF REFS

26
REPORT

NUMBERIS)

3866

C r No

SR 014 0301, Task 15321
C

9h

OTHER REPORT NO(S) (Any other numbers that may be assigned
this report)

d
10

DISTRIBUTION

STATEMENT

Approved for Public Release; Distribution Unlimited.
11

SUPPLEMENTAR"

NOTES

12

SPONSORING

MILITARY

ACTIVITY

Naval Ship Systems Command
13

ABSTRACT

Advances in electromc computer methods for solving two specific types of three-dimensional boundary value problems
t
are described. Early developments in calculating the diffus:ln o' neu rons in nuclear reactors led to sophisticated computer
programs for predicting the lifetime behavior of proposed reactor cores.

One -uch program was developed in the 1960's to

perform the time-dependent criticalifty calculations for intricate arrangements of fuel elements, control rods, and other components in three spatial dimensions. Up to 100,(0)O mesh points were perruted to adequately approximate the core geometry
and material composition of the reactor. Normalized block iteration techniques were developed especially to handle the
large coefficient matrices (up to 1010 entries) generated by the program. Secondly, experience gained with these reactor
simulation programs, coupled with advances in computer technology, have made it possible to attack the very difficult nonhnear boundary value problems of viscous fluid motion.

Several recently developed programs for studying rotating viscous

fluids and the behavior of fluids moving past obstacles of different shapes are described briefly. Computer-generated motion
pictures illustrating the phenomenon of vortex shedding are presented. These programs solve only fairly simple timedependent viscous flow problems in two spatial dimensions (homogeneous, incompressible fluids, and simple geometric shapes),
yet the solutions obtained for specific studies, such as rotating flow in a closed tank whose cover rotates at a different rate
from that of the fluid in the tank, have revealed unexpected flow phenomena.

Problems associated with the solution of full-

scale three dimensional and time-dependent exterior flows are discussed. Physical insight already gained, plus expected
advances in computers in the next five years, should perrmt the solution of practical viscous flow problems in three-space
dimensions plus time.
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