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NOTATION

A1, A2, A12  Plasticity coefficients

B Axial rigidity

C, Ca Coefficients in plastic buckling equations
L2

c Shell parameter =
t2 Rh

D Flexural rigidity

E Young's modulus

Es  Secant modulus

Et  Tangent modulus

ei Strain intensity

h Shell thickness

H Plasticity coefficient used to compute A's

k Ratio of circumferential membrane stress to axial membrane stress

K 2  1 - k + k2

L Length of cylinder between transverse boundaries

M Moment

N Force

n Number of axial half waves of buckling

p Pressure

Per Buckling pressure

p, Elastic buckling pressure of an infinitely long cylinder

R Radius of shell

u, v, -w Displacements in the axial, circumferential, and radial directions,
respectively

z, y, z Coordinates in the axial, circumferential, and radial directions,
respectively

4 3(1 - a)
Wave parameter =

R 2 h2

Y Shear strain

8.i Kronecker delta

Normal strain

Poisson's ratio at any stress level
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SUBSCRIPTS

m

mx,my

S-P

YP

X,y

Xy

Poisson's ratio in elastic range

Angles used in applying Budiansky's criterion

Coordinates of loading path diagram

Normal stress

Stress intensity

Shear stress

Curvature

Midbay

Membrane value in axial and circumferential directions,
respectively

Plastic

Salerno and Pulos analysis

Yield point

Axial and circumterential directions, respectively

Twisting

Primes refer to variations of the terms during the buckling
process.
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ABSTRACT

A cylindrical shell stiffened by uniformly spaced transverse rings and
subjected to external hydrostatic pressure is analyzed for plastic buckling in

the axisymmetric mode. In this analysis strain-hardening of the material is
accounted for and Poisson's ratio is treated as a variable which varies from
its value in the elastic state to an upper limit of 1/2 for incompressible mate-
rial. The differential equation of equilibrium for the plastic range is derived
for axisymmetric buckling. Expressions for the plastic axisymmetric buckling

pressures are obtained. A criterion of length of shell for "long" and "short"

cylinders is presented, below which the shell can buckle in only one half wave.
As a special case of the problem considered, a solution for the plastic buckling
of a long cylinder under end compression is obtained. This solution degenerates

to that previously obtained by Gerard for a Poisson's ratio of 1/2 but represents

a more rigorous solution in terms of variable Poisson's ratios. Finally, limited
experimental evidence is presented in support of the theory.

INTRODUCTION

Recent developments in metallurgy have resulted in new structural materials which
can be advantageously used in closed stiffened cylinders loaded by external hydrostatic

pressure. Some examples are aluminum alloys, titanium alloys, and steel alloys with yield
strengths above 125,000 psi. All these materials exhibit strain-hardening stress-strain curves.
Hitherto, the theories for collapse pressure of stiffened cylinders loaded into the plastic

range have been developed for elastic, perfectly plastic materials or ones exhibiting a
plateau-type stress-strain curve. An extension of the theory is necessary to develop adequate
procedures for the design of stiffened cylinders made from strain hardening materials.

In particular, a cylindrical shell made from a strain-hardening material stiffened by
uniformly spaced transverse rings and subjected to external hydrostatic pressure will be
treated. Failure of the shell between stiffeners by plastic axisymmetic buckling will be
analyzed in detail. Theoretical expressions for collapse pressure will be derived for this
mode of failure, and some limited experimental results will be presented to confirm the theory.

HISTORICAL DEVELOPMENT OF THEORY

Considerable study has been devoted to the failure of ring-stiffened cylindrical shells

by the formation of an accordion pleat in the shell between stiffeners when the shells are

loaded by external hydrostatic pressure. Salerno and Pulos 1 determined from the elastic

1References are listed on page 31
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equations of equilibrium the pressure at which axisymmetric deflections of the shell would

be infinite. They showed that this pressure was identical to the elastic buckling pressure

derived by Timoshenko 2 for an infinitely long unstiffened cylinder loaded only by uniformly

distributed compressive end loads (i.e., no pressure on the lateral surface of the cylinder).

Invariably, failure in the axisymmetric mode involves yielding of the shell material.

Von Sanden and Gunther 3 derived expressions which predict failure on the basis of the onset

of yielding by a maximum-principal-stress criterion. Investigators 4 at the David Taylor Model

Basin extended this theory to include the Hencky-Von Mises criterion as a yield criterion

and to allow for a measure of plastic reserve strength between the onset of yielding and final

collapse. Various investigators at Brown University s ' 6 ' 7 and the Polytechnic Institute of

Brooklyn8' 9 analyzed the problem using an incremental theory of plasticity together with an

elastic, perfectly plastic material and a maximum-shearing-stress criterion of yielding. These

last analyses did not adequately account for the elastic stiffening rings commonly used.

Still another group of investigators 10,11, 12 used an approach similar to that used in the

limit design of beams and trusses. In effect, a three-hinge mechanism of collapse was used

in conjunction with the Hencky-Von Mises criterion of yielding and, again, an elastic, per-

fectly plastic material was assumed. All these theories which are based on an elastic, per-

fectly plastic material are compared with experimental results in Reference 13.

None of the theories previously cited account for strain-hardening of the material. An

entirely different school of investigators concentrated on the plastic buckling of structural

elements composed of a strain-hardening material. Bijlaardl 4 and Handelman and Prager i s

used incremental plasticity theory to obtain expressions for the plastic buckling loads of

plates. Ilyushin,16 Stowell, 17 and Bijlaard 1 8 obtained comparable solutions using the defor-

mation theory of plasticity. Gerard 1 9 extended the inelastic (or plastic) equations of equilib-

rium derived by Stowell for flat plates to cylindrical shells. Gerard's inelastic differential

equations degenerate to the elastic differential equations of equilibrium of Donnell 20 when

the plastic moduli (tangent and secant) are set equal to Young's modulus E and when Poisson's

ratio p is assumed to be /2. Gerard 1 9 ' 21 used his equations to solve the following cases of

plastic buckling:

1. The unstiffened circular cylinder subjected to uniform end load and failing in the

axisymmetric mode.

2. The unstiffened circular cylinder subjected to pure torsion.

3. Moderately long 100 - <-- < 5 Rh * circular cylinders subjected to lateral pressure
R R 2

only.

4. Long a-> circular cylinders subjected to lateral pressure only.
L, R, and h are the2 h radius, and thickness of the cylinder, respectively.

L, R, and h are the length, radius, and thickness of the cylinder, respectively.
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In this report the work of Gerard will be extended to include the plastic (inelastic)

azisymmetric buckling of circular cylinders subjected to both end loads and lateral pressure

or, in other words, subjected to hydrostatic pressure. The theory will be applicable to

cylinders shorter than those considered by Gerard which buckle only under lateral pressure.

Furthermore, the solution for buckling pressure will not be confined to a value of % for

Poisson's ratio but will be expressed explicitly in terms of Poisson's ratio.

THEORETICAL DEVELOPMENT OF ELASTIC AXISYMMETRIC BUCKLING PRESSURE

To understand better the buckling behavior of a stiffened cylinder in the plastic range,
the elastic buckling pressure should first be examined. The expressions for the plastic

buckling pressures should degenerate to those for the elastic case when the moduli used

are set equal to Young's modulus E. Since stiffened cylinders have not been observed to

fail elastically in the axisymmetric mode, no expressions for the buckling pressure have

been reported, to the knowledge of the author, which take into account a shortening of the

half buckling wave due to the presence of ring stiffeners. The expressions for the elastic

buckling pressures will now be derived for a ring-stiffened cylindrical shell subjected to

hydrostatic pressure p, assumed positive when external.

The notation for displacements is shown in Figure 1. Primes are used to denote

variations of the displacements, loads, or forces developed during buckling. The equilib-

rium expressions of Donnell 20 during buckling are:

V4  Aa3 w,  a3w,
RP 4u'-= - i - + - [1]

ax3  dZ ay 2

a3 w a3 wo
RV 4 '" =-(2 +1) - [2]

axay ay3

B(du' alo 02 to, a2 ,. a2oo
DV 4 w'+- ( - +- + N,----+N - + N p'=o

R ax + ay R x xy a y 2

[3]

where

EA3

D = [4]
12(1 - A2

and

Eh
B = -[51

1 - 2
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For axisymmetric deflections
On

=0

For hydrostatic pressure loading the axial load is

pR
N -

2

Substituting Equations [6] and [7]
[1] and [3], we obtain

Figure 1 - Coordinates and Components
of Displacement

and

a4 R' B au' w'

4 Ox e

[7]

into Equations

a4u L a3 w

9x 4 R ax 3

pR 2 w"
+- - - p'=

2 aX2
191

a
3

Applying - to Equation [9] and substituting Equations [41, [5], and [81 into the resulting
ox3

expression, we obtain, after simplifying and expressing in terms of total derivatives of w,

d 7 w' pR d5 w' 12 d3 w
+6 (1- 2 )  +- (1- ) = 0

ax7 Eh 3 dXs R2h 2 dx 3 [10]

LONG CYLINDERS

For the moment let us consider a "long" cylinder under hydrostatic loading, A "long"

cylinder will be defined as one which buckles in more than one half wave. The criterion

for "long" will be established in the analysis. A solution to Equation [10] can be written

w'.= w '. sin -m r [11i]

where L is the length of the cylinder. When Equation [11] and the appropriate derivatives

are substituted into Equation [10], the expression for the buckling pressure in terms of the

number n of half waves of buckling results:

Pcr = Po [( -) -
as 4 aL

[12]

ill _
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where

2 (A) 2

pE = - 13
3 (1 2 R)

and

a = 1 ) [141
R2 2

The buckling curves represented by Equation [121 are shown in Figure 2.

If, for specified values of n, Equation [121 is differentiated with respect to aL and if

the resulting expression is set equal to zero and then solved for OL, the value of aL at which
pcr

the buckling pressure and - is a minimum for a given n is
P 0

(aL) 151
min f-2

Pcr
From Figure 2 it can be seen that the minimum value of - at (aL)mi n given by Equation

p0

[15] is always unity.

The cusp points shown in Figure 2 where the curves for modes n and n + 1 intersect

can be obtained by equating Equation [12] to a similar equation where n has been replaced

by n + 1. In this manner the cusps are obtained at

(aL)cusp  n(+ 1) [16]

Equation [16] gives aL = nr when n = 1. If a cylinder is such that aL is greater than ,T, it

will buckle into two or more half waves and thus is defined as "long."

The values of - at which the cusps occur are found by substituting Equation [161
p.

into Equation [12], thus

Pcr 2n 2 + 2n + 1 [17

Poo cusp 2n 2 + 2n

From Equation [171 the buckling pressure Pc, of a cusp approaches p. as n goes to infinity.

The buckling pressure p. expressed in Equation [13] is identical to that obtained by

Timoshenko 2 for an infinitely long cylinder subjected to end forces only. This is not

I -li



2.0

1.5

lo " (314,1.25) (5.44,1.08) ,/ (7.70,1.04)

1.0 - O n=4

(222,1.00) (4A4,1.00) (6.66,1.00) (8.89,1.00)

0.5

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0
aL

Figure 2 - Curves for Axisymmetric Buckling of Cylinders
under External Hydrostatic Pressure

an
surprising if one considers that, when - = 0 was applied to Equation [31, all the terms

ayn

involving forces other than the axial force Nx vanish.

SHORT CYLINDERS

If aL is less than n, the cylinder will be denoted as "short." If a cylinder is stiffened

by transverse rings uniformly spaced at distance L apart such that aL < n, then the half

wave of buckling can be taken as the distance between stiffening rings. For such "short"

cylinders n = 1, and Equation [12] reduces to

P cr [= 2 2]o [18]

Equation [181 can also be written as:

Pr =2 Ec2( h)+ [19]
R 6(1 - C 2

'111IN
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where

L
2

c2 = [20]
ff2 RA

For "short" cylinders it should be noted from Figure 2 and Equation [15] that the buckling

pressure is a minimum at

aL=r = 2.22 [21]

THEORETICAL DEVELOPMENT OF PLASTIC AXISYMMETRIC BUCKLING PRESSURE

Plastic equilibrium expressions have been derived for flat plates by Stowell, 17 whose

work has been extended by Gerard 1 9 to circular cylindrical shells. These equilibrium ex-

pressions were derived assuming the material to be incompressible and Poisson's ratio to

be !. Equilibrium expressions will now be derived for circular cylindrical shells in which

the deflections are axisymmetric and Poisson's ratio I varies between its value for the purely

elastic state and a value of /2 for the purely plastic incompressible state.

The deformation theory of plasticity will be used in the plastic analysis. This theory,

in contrast to the incremental theory of plasticity, is valid only for a limited range of loading

paths. It has long been recognized to be valid for proportional loading, that is, where the

stresses increase linearly with an increase in load. Budiansky 2 2 has shown that loading

paths other than proportional loading are admissible without violation of general requirements

for the physical soundness of a plasticity theory. Budiansky presents a criterion for the

extent of admissible variations from proportional loading. The following analysis will be

applicable where Budiansky's criterion is satisfied for both the prebuckling and the buckling

stresses. Later, when experimental results are presented for comparison with theory, it will

be shown that Budiansky's criterion was satisfied for the stiffened cylinders tested.

In the deformation theory of plasticity the stress and strain intensities are defined by

Ilyushin 1 6 as:

oi = 2 + a2 _ a + 3 [2]X Y X Y

and

e5 , 2 2 2 2

3 + Y + XY+T (231

~I _ 111/



where a. is the stress in the x-direction,

a is the stress in the y-direction,

t is the shear stress,

e is the strain in the x-direction,

I is the strain in the y-direction, and

7 is the shear strain.

The stress-strain relations consistent with Equations [22] and [23] are
1

ax -- oy 
e = = [241

x Es E,

1
ay - 2 x 

[25]
Y E s  E,

3"3 = 
[26]

Es

where
a.

E = [271

Stowell states "According to the fundamental hypothesis of the theory of plasticity,

the intensity of strain ai is a uniquely defined single-valued function of the intensity of

strain e1 for any given material if ai increases in magnitude (loading condition). If a i

decreases (unloading condition), the relation between a5 and e becomes linear as in a purely

elastic case." In practice the relationship between ai and ei is the stress-strain curve

obtained in a uniaxial loading test. (The results in tension and compression are assumed to

be the same.)

Equations [22] through [261 can be generalized to any value of Poisson's ratio as

follows:
Ox - ia y SxE = [281

S Es E

Y ES ES
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2(1 +)
7= [30]E

For principal stresses for which 7r= = 0

ai  a + -a a  [31]

/2  Z y z

Equation [32] is derived by solving Equations [28] and [29] for ox and a ysubstituting the
expressions for the stresses in Equation [31] and then using the resulting expression for
a i in Equation [27]. Equations [28] and [29] degenerate to Hooke's law when the secant
modulus E s equals Young's modulus E. Also, Equations [28] through [32] degenerate to
Equations [22] through [27] for a Poisson's ratio of / and for principal stresses.

When buckling begins, the strains ex and e will vary slightly from their prebuckling
values. The variation e, will arise partly from the variation of membrane strain and partly
from bending strain; thus

' 6 = e -Z x [33]

The variation E'. will result only from the variation in membrane strain since only axisym-
metric deflections are considered; thus

S.= £ '. [341

where w's; is the membrane strain variation in the Ydirection,

where is the membrane strain variation in the y-direction,

X is the change in curvature in the x-direction, and

Z is the distance out from the middle surface of the shell.

The corresponding variations S . and S . must be obtained. A procedure similar to

that presented by Stowell will be used. From Equation [28]

S Es 
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therefore

x. ( 'i  da
Sx ' = E e.-e--i  di e' [35]

x S X e e de '

The variation of the strain intensity expressed in Equation [32] can be shown to be

ei'= 12 IA) ax+ (2/u-1) a x 1I
2(1 - p2)0 i

+ [(2-1)ax+(2-u)ay e + [2(2-)oxay

-(1-2)(u2 [36]

Gerard and Wildhorn 2 3 have shown that for isotropic, plastically incompressible solids the

following expression for Poisson's ratio in the inelastic region is applicable:

A = -( - Ie E[37
2 2 ES

where Ile is the value of Poisson's ratio in the elastic region. The first variation of

Equation [371 is

= Ee (E s - Et)e'. [381

Substitution of Equations [33]1, [341, and [38] into Equation [36] gives

. 2(1- )Ha i  [

+ (2 - )m -[(2 - ) ax + (2 -1) ay Z x [39]

E

-- 2 - A) o x - (1- 2) a -3(1- ) [40]

4(1- A2)a

~s~l*llll~llllllll II I I I I I I I II-.



Substitution of Equation [39] into Equation [351 gives

Sp. = E I"--x s x

+ [(2p - 1) oax+(2 - I) oayr 1 - (2 - )Gx + ( 2 jA- 1)a Z x

Let the coordinate for which ei' = 0 be Z = Zo. The expression for Zo is obtained from

Equation [3

Z0=

9]:

[(2- - )o + (2; - )o jx + [( - 1 ) a + (2 - I)] ,,
in X* Y1 M

[421
[(2 - p)o +(2 - )oa X

Substituting Equation [42] into Equation [41] and recognizing

tangent modulus Et, we have

do.
as E and - as the

de.

SP. E' ) + X(Es - Et)
2(1 - 2 )H aeio

[43]

Similarly, it may be shown that

Y ( E s - E,)
8 Y.= E s  y + 2 - )

2(1- 2 ) Heae
+ (2p- 1)oy

The variations of the stresses a- and a ',
x y

easily be shown that

SX + 1 SY
a =

1 - L2

- Zo] X [44]

can be found using S ' and 8 ' . It canx y

[451

Taking the variation of ax as given by Equation [45] and treating Poisson's ratio p as a

variable, we have

a ]smx

~~~~" - loll
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, + Sy' [(1 + 2)S + 2fsx
a X = + [46]

1 - 22 ) 2

Substituting Equations [43], [44], [38], and [39] into Equation [46] gives the expression for

xa ' in terms of the strain variations:

S(E - Et)
a E1-- ( Zx-Z x + ,y) + 12-L)2 +(2-1)A a

1

+(2-)o , (,~ m - X )my 2( -1)x+( 2-) E) [471

Similarly, the variation of the circumferential stress is

" = E,(E +I mx)+ s (2 -p), +(2 1- 1) (Z-Zo)(ty+ L) X

2(1 - 2(1- 2)He

[48]

The variation in the longitudinal moment is

h/2

M.x a, " ZdZ [49]

- h/2

Substituting Equation [47] into Equation [491, integrating, using Equation [42] for Z o , and

d2w'
recognizing that x - , the second derivative of the variation of radial displacement

d 2', we obtain
w we obtain
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where

d 2 W,
M'=-D A

x p I dX2

E h3

D
P 12(1 -_ 2)

and

A1 =1- .. . [(2- )a -(1-2p)oa
4 (1- 2) Ha

[50o]

[51]

[52]

The variation in the circumferential force is

h/2

- h12
- h/2

o' dZ
Y

[53].

Substituting Equation [48] into Equation [53], integrating, and then using Equation [42]

for Zo, we get

F du'.
N' =B pA -+A

y 12 dx 2

where

Eh

=

(14)S-E,

A 2 = 1 /- )8 (1
4(1 - 2 )H oI ? L

(2-])[ -(1- 2p)a (1- 2)u-(2-P

[57]

13

[54]

[551

[561

E4 )

4/I(1- /2) Ho2
A =1+
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and after recognizing that

du'
mx dx

my R

Similarly,

S du' [58]

Nx'= BP [A du + f A 2 [581

The prebuckling equilibrium expression'for radial forces acting on a circular cylinder

undergoing axisymmetric deformations is

d2 Alx Ny d2w
- +- +N - -p=0 [591

dx2  R x d2

d2w
To obtain the equilibrium expression during buckling, the variations of Mx , N , Nx, - ,

and p are added to their respective prebuckling values, and the sums, such as (Mx + Mx ) ,

are substituted into Equation [591 which then is subtracted. The following equilibrium

expression for buckling results:

d2 M' N'y d2 w'.  d2 w d2W, .

-- +-+N-- + N-.+ N '- -p= 0 [60
dz2  R da,2  d2 d2

But

R
N = p'- [611

x 2

Thus, from Equation [581

R du' W
2 p'= BPA + x A 2 R

or

du' p'- A, - [621

d A 2BI1I p
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Equations [61], [621, [501, and [54] are substituted into Equation [60] to obtain

d4 ' B( A 2  d2 w' A 2  R 2 w dw'
DA - + A - w +N - 1- - -+ - p'=0 [63]

P d 4  
2  A 1 ) Xdx2 Al 2 d 2  dx 2

During the buckling process the variation in pressure p'is very small compared with Nx and
d 2 w,

with variations in deflection w' or curvature . Consequently, p is assumed to be zero.
dx

2

Then Equation [63]

d 4 w, B A 2  d 2 w'
DAd +- A 2- 2  w.+ N = 0 [64]

P dz4 R 2 A X1 dx 2

pR
Substituting Equations [51] and [55] into Equation [64], recognizing that Nx =- , and

2
rearranging terms, we have:

d4 w' pR d2w' 12 A2
A - + 6(1 - g2) + 2 A -4 1 w'.= [65]

dz 4  Eh3 d 2  R2 2 L Al 0 [65]

LONG CYLINDERS

As in the elastic solution let us first consider a long cylinder under hydrostatic load-

ing. The definition of long will be determined from the analysis. A solution of Equation [64]

can be written

nn[66]
W'= w 'sin [661

m L

The deflection function given by Equation [66] is based on the assumption that simple

support exists at the stiffeners bounding the shell during buckling. When Equation [66] and

its appropriate derivatives are substituted into Equation [65], the following expression in

terms of n results:

2- -- 12f ID
P =r E L ] [671

pA2 )3( - 24

where

AA 2- A 12
C= [681

1 _ 2
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and

a =[69]
P =R 2h 2

In a manner similar to that described for elastic buckling it can be shown that the num-

ber of half waves of buckling changes from n = I to n = 2 when ap L = r. Thus, if a cylinder

is such that ap L is greater than v, it will be denoted as "long." Xlso, in a manner similar

to that described for the elastic case, it can be shown that as n goes to infinity, which would

be the case for infinitely long cylinders, the buckling pressure can be expressed as

pcr =C 2 E (-) [70]

r 3 (1- 2 ) R

Again, if the moduli E. and Et are set equal to Young's modulus E, Equation [70] degen-

erates to the elastic solution given by Equation [13].

LONG CYLINDERS UNDER AXIAL COMPRESSION

Equation [70] is general enough to apply to the case of loading a very long cylinder

by end compression as well as by an enveloping hydrostatic pressure field. Thus, for end

compression only, ay = O0, a i = a x , and the plasticity coefficients reduce to

A = 1 - (2 - p) 2

4(1 - 12)H

1-Et

A 2  ( 1 - 2)
4(1- 2)H

A 1 2  1 + (1- 2) 2

4(1 - g2)H

H = 1 + (1 - 2 p) 2  [711]
4(1 - ,2)

all
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When Equations [71] are substituted into Equation [70], the expression for the buckling

pressure on the ends of the cylinder results:

Pcr =Ca 2 Es [7

Since

Pc rR

cr- 2h

then

1 Et
ocr = C[731

where
1

Ca= Et (1 - 21)2

Es 4(1 -12)

For

1
U e 2 ' Ca 1

and

ac = [75]r 3 Es R[

Equation [751] is identical to that derived by Gerard 1 9 for i = %. Gerard, however, recom-

mended the use of the following expression for values of 1 other than %:

SE [76]

Sr =3(1 - 2) E R

It should be noticed that Equation [73] differs from Equation [76] only in the coefficient Ca*

For values of I between 0.3 and %, Ca is almost equal to one, and Equation [73] gives

values of acr which are less than 2 percent smaller than those given by Equation [76]. Thus

Gerard's solution given in Equation [76] is a very good approximation to the more rigorous

solution represented by Equation [73].
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SHORT CYLINDERS

If apL is less than ir, the cylinder will be denoted as "short" as in the elastic

analysis. If the half-wave length of buckling is taken equal to the stiffener spacing, Equa-

tion [671 becomes, for n = 1,

2 
P 2] a L,Pcr 2 E ()2 C (aL) 2 + 4 (- 4 )j

P/3 - )
[77]

Equation [77] can be rewritten in another form, which may be more convenient to use, as
follows:

A 2 2

Pcr = 2 (A- 2 12 ) Es +
(1- A 2 )  Al 6(1 -

The parameters and coefficients of Equations [77] and [78] are:

L
2

2 Rh

4 22 A12

4 21 A_ 2

1

2 (I
1E,
2 E

- E -) [78]
A 2) c 2 'R

[20]

[69]

[37]

(14)
E

4(1 - )2)K2H 1
- A) -(1 - 92) k] 2

Et

A 2 1- r(1 - 2) -(2 -p)k 
4(1 - I 2 )K 2HI

[80]

Equations [79] through [82] are derived by substituting Equations [83] and [841 into Equations [40], [52], [56],
and [57].
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~ IIL I I I I I I I I



A 1 2 =1+ Es [(2 -u) -(1- 21L) k(- -2p) (2- L)k [811
41r(1 - p2 ) K2H

E,
(14)

H-=1+ (2 j)-(1- 2g)k 23(1 [82]2

4(1 - I 2)K 2

k = [831
ox

K 2 = -k + k 2  [841

PROCEDURE FOR COMPUTING PLASTIC BUCKLING PRESSURE

The application of the plastic buckling equation requires some practical judgment.

In the buckling equation the moduli Es and Et are considered constant at all points throughout

the shell, whereas these moduli actually vary along the length as well as through the thick-

ness of the shell. An infinite number of buckling pressures per can be obtained by substi-

tuting different values of the moduli into Equation [78], but the only per that is a solution is

that which satisfies both the buckling equation, Equation [781, and the prebuckling equilib-

rium condition of the shell.

At present there appears to be no rigorous theoretical solution for computing prebuck-

ling stresses in the plastic range for the problem considered. A procedure will be followed

analogous to that used in the past for elastic, perfectly plastic materials. For this case the

membrane stresses at collapse are computed by using an elastic analysis, such as that of

Salerno and Pulos. Furthermore, the stresses considered are those at midbay which is con-

sidered the critical point in the shell. Similarly, for a strain-hardening material the membrane

stresses can be computed at midbay by the elastic analyses of Reference 1. Then a i can be

computed for different values of pressure pS-p . Consequently, a plot of p S p against a i

is obtained.

From the stress-strain curve a , , E,, and Et can be obtained. The secant modulus is

computed as simply total stress divided by total strain, and E, is the slope of the stress-

strain curve measured at a particular a . For different ai, per can be computed by substi-

tuting the values of E s and Et into Equation [781. A plot of per against ai can be obtained.

The pertinent buckling pressure is obtained where the PSp -ai and p r- a. curves intersect.
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For an elastic, perfectly plastic material Et 0 and Es varies from a value of E to

0 for constant stress equal to the yield point oyp . Thus, when the plastic buckling equa-

tion is used, the plot of per against ai is a vertical line at the abscissa oyp. The inter-

section of the PS-P - a curve with the Per- ai curves gives a buckling pressure which is equal

to that obtained by satisfying the IIlencky-Von'Mises yield condition with the membrane stresses

at midbay. This membrane-stress procedure has been shown 1 3 to give collapse pressures that

agreed fairly well with those obtained in experiments with cylinders composed of steels with a

plateau-type stress-strain curve. However, this method generally gives pressures above the

experimental pressures since it does not adequately account for the plastic bending of the

shell. Nevertheless, within certain limits discussed in Reference 12, this membrane-stress

method is a good approximation. Thus the procedure for computing the plastic buckling pres-

sure for a strain-hardening material degenerates to a known procedure for an elastic, perfectly

plastic material.

COMPARISON OF THEORY WITH EXPERIMENT

At the present time the amount of experimental evidence which can be offered in

support of the theory is very limited. Only three tests are presented; many more would be

required to prove conclusively the validity of the theory.

Test results are presented for two cylinders of strain-hardening steel, Models 1 and 2,
and a third cylinder of strain-hardening aluminum, Model 3. Nondimensionalized stress-

strain curves of the materials are shown in Figure 3 which includes tables of tangent and
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Figure 4 - Geometry of Models

secant moduli used to calculate theoretical buckling pressures and also to evaluate the
criterion of Budiansky for ascertaining the validity of the deformation theory of plasticity.
This criterion, determinations of which is presented in detail in the Appendix, was satisfied
for the three cylinders.

The stiffened cylinders were made from thick forged tubes. The tubes were machined
to form ring frames of T-section integrally attached to a thin shell. The geometries of the
cylinders are shown in Figure 4.

The cylinders were tested under external hydrostatic pressure in a 20-in. diameter
pressure tank at the David Taylor Model Basin. The general appearance of a collapsed model
is shown in Figure 5.

The theoretical results are shown in nondimensional form in Figure 6. The intersection
of the curve representing the prebuckling equilibrium state of the cylinder as determined by
the analysis of Salerno and Pulos with the curve satisfying the plastic axisymmetric buckling
equation is clearly shown as the theoretical buckling pressure. The membrane stress method
is simply the calculation of that pressure at which the membrane stresses satisfy the Hencky-
Von Mises criterion for the 0.2-percent-offset yield point of the material. The experimental
results are also indicated.

The theoretical results compare very well with the experimental results. For the

axisymmetric plastic buckling theory the calculated values were 2 percent higher than the
experimental values for Model 1, 1 percent lower for Model 2, and 6 percent higher for Model 3.

-- L---- C -hAf
b5L-HJF~A

' a

--~~----- ----------- ---------------------------I ._~-_--.~..~-_ . ~

Geometric Parameter Model

1 2 3
Shell Thickness A

e- 0.00629 0.00694 0.01389
Mean Diameter D

Effective Frame Spacing Leff
= 0.0985 0.0783 0.1187

Mean Diameter D

Frame Faying Width b
- 0.0250 0.0313 0.0601

Ctr. to Ctr. Frame Spacing L
Area of Frame f

0.579 0.435 0.373
Area of Shell hL



Figure 5 - Collapse. of Model 1

For the membrane-stress method the calculated values were 4 percent higher than the experi-

mental values for Model 1, 1 percent lower for Model 2, and 1 percent higher for Model 3. It

should be noted that the results by both the buckling equation and th( membrane-stress method

agree very closely with one another for Model 2. This agreement is so close because the

stress-strain curve for Model 2 is very nearly a plateau-type curve. The use of the elastic

Salerno and Pulos analysis to compute the stress intensity in the inelastic range,'while not

strictly valid, apparently gives good agreement between theory and experiment, at least for

these three models.
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SUMMARY

The theoretical and experimental results are as follows:

1. The differential equation of equilibrium for a cylindrical shell buckling axisymmetri-

cally under hydrostatic pressure has been derived for the plastic range and for variations in

Poisson's ratio.

2. Expressions for the plastic buckling pressures for "long" and "short" cylinders

have been derived. These expressions degenerate to those for the elastic buckling pressures.

3. The criterion of length of shell for "long" and "short" cylinders is presented for both

elastic and plastic buckling, below which the shell can buckle in only one half wave.

4. Limited experimental evidence is in agreement with the theory, but more experimental

evidence is needed before confirmation is conclusive.

5. A solution for the plastic buckling of a cylinder under end compression has been ob-

tained as a special case of the problem considering hydrostatic loading. The solution degen-

erates to that previously obtained by Gerard for a Poisson's ratio of % but represents a more

rigorous solution in terms of variable Poisson's ratio than that of Gerard.

RECOMMENDATIONS

A systematic series of stiffened cylinders designed to fail by axisymmetric plastic

buckling under external hydrostatic pressure should be tested. In particular, the following

effects should be studied:

1. The influence of strain-hardening on buckling pressure should be investigated.

2. The influence of geometry should be explored. The criterion between "long" and

"short" cylinders should be established experimentally. In addition, the geometries delim-

iting axisymmetric and asymmetric (multilobe) buckling should be investigated.

3. The influence of residual stresses and imperfections on plastic axisymmetric buckling

should be investigated.

ACKNOWLEDGMENTS

The author wishes to express his appreciation to Mr. M.A. Krenzke for the design of

the test cylinders and direction of the test program. Mr. A.R. Willner procured the strain-

hardening materials. Messrs R.F. Keefe and T.J. Kiernan were responsible for the

instrumentation and testing of the cylinders. Mr. R.D. Short provided valuable service in

the development and review of the theoretical analysis. In addition to personnel at the Taylo

Model Basin, the author is also indebted to Professor S.R. Bodner of Brown University for

his valuable comments.

WIN





APPENDIX

DETERMINATION OF CRITERION FOR VALIDITY
OF DEFORMATION THEORY OF PLASTICITY

By Reference 22 the criterion to be satisfied for ascertaining the validity of the use

of deformation theory is

cos V > 1

Et E
1 +-

1 1

E E

[85]

S.. S.
cos =

[Skkil [sq Spqp
[861

Equation [86] is expressed in terms of the stress deviation tensor

j = ai 3 kk ii

where 8ii is the Kronecker delta. For biaxial compression

o33 = Oz = 0

o13 =z a =

a23 ry Z

Therefore

S13 23 = 0

and

1
Sll = 11- 3

122
822 22

(011 + 0 2 2 ) = aX -

(011 + 022) = 'y -

1

g ex
+ ay)

1
S(+x + y%)

33 = 0 -- (0.11 + 
2 2

)  3 (x + y)

S12 - 012 f

where

[871

[88]

[891

[90]
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When the components of the tensor Sij as expressed in Equations [90] are substituted

into Equation [86] and the appropriate derivatives with respect to time are performed,

Cos = j [91]

Let

1

[92]

A plot of . versus 7 is shown in Figure 7. Equation [7] indicates that ¢ is the angle between

the radius vector a i , which has the value of stress intensity given by Equation [22], to any
point and the tangent to the loading path (e - r diagram) at that point. The angle / is clearly
shown together with the angles 0 and 0 denoting the slopes of the radius vector a. and the

tangent to the loading path respectively.

From Figure 7 it can be seen that

= 0 - b [93]

where
0 = arctan - [94]

a- and 4 = arctan - [95]

" Loading Path

After substituting Equations [92] into

Equation [94] and using the relation k = a/ ax,
we obtain

Sk + \ [96
3 - = k - 1 [96]

SX The variations of Equations [921 are:

Figure 7 - Loading Path Diagram for = - (N + N;) [971
Determination of Angle L

8 = -- (N -N;) [981
2 Y x
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Previously, it was found that

N B A du+ A [58x p 1 dl x PA R

and

F du' w
N=B A - + A 2  [54]y P 12 dx R

du'
By symmetry, - must be zero at midbay; therefore, at midbay

A
12

N '=B wx PR m

[991
A

N '= B - w
y PR m

where wm is the variation of the deflection at midbay.

After substituting Equations [99] into Equations [97] and [981, we obtain

hBP
8 = 2 (A 2 + pA 1 )w

[100]
A B3 (A2 - A12)w m

2R

The slope of the tangent to the loading path is determined by substituting Equations (1001

into Equation [95], thus

1 A2 + A 12  [101]
4 =arctanV 2_ [1011

A - j A 1 2

For the models tested, the angles 0, (A, and b were evaluated at midbay and at the

computed buckling pressure. The angles 0 and 4 were determined from Equations [961 and

[1011. Both equations depend on k, which was determined by the elastic theory of Salerno

and Pulos at midbay and at the computed buckling pressure. As stated previously, an elastic

theory is admittedly approximate but is used in lieu of a more rigorous plastic stress analy-
ay

sis. However, it is believed that the ratio of membrane stresses k = - will not change
U

x
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too much after yielding begins. Indeed, for very long cylinders, k always equals two for

both the elastic and plastic ranges. The angle 0 was then obtained from Equation [93] and

the criterion of Equation [85] was evaluated for the values of E, and E and used to compute

the angles 0 and 0.

Budiansky's criterion can be evaluatedc only with the foregoing procedure at midbay.

As a rule, however, a point at midbay is considered to be the most critical in failure by

axisymmetric yielding.
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