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NOTATION*

A

B

(C), (Cv),0
C

0, C', C"

D

d

E

Shear flexibility factor;

At

Shear rigidity of hull; tons

Wave number; 1/ft

*The ft-lb (ton)-sec system of units is used throughout this report except for units of stress.

vi

Cross-sectional area; ft 2

Breadth of ship; ft

Added mass coefficient; added mass coefficient for draft y'

Damping constant per unit velocity per unit length;
ton-sec/ft 2

V

Half breadth of ship at immersion y', y, and y"',
respectively; ft

Still-water draft; ft

Draft used in computation of m (Table 5); ft

Modulus of elasticity in tension and compression;
ton/ft

2

Flexural rigidity of hull; ton-ft 2

Total upward rigid-body force per unit length on hull;
kips/ft (1000 lb/ft)

Smith-corrected buoyancy force per unit length; kips/ft
-d(

Equals - = (U-u cos 0,) = 28.71 + 4.065 cos 0;

ft/sec

Modulus of elasticity in shear; ton/ft 2

Vertical acceleration of hull due to gravity; ft/sec 2

Wave height; ft

y-coordinate of ground; wave height; ft

Sectional area moment of inertia; ft 4

Mass polar moment of inertia per unit length of section
of hull Ax long taken about a horizontal axis through
its cg (including allowance for virtual mass of surround-
ing water); ton-sec 2

v/ri

dF

Fb

f(0)

G

g

h

h"

'I

i

K

KAG

k

I ~--- II III I

(r ++1- cos
V" ,



1 Length of ship; ft

M Bending moment on hull; ft-ton

M+ 1 Value of M at position xo + nAx at time to + (m + 1)At
= 0, 1, 2, .... ft-ton

0f1n2 ft-ton
=0, 1, 2,

m Hydrodynamic added mass per unit length;

slugs/ft = lb-sec 2/ft 2 ; also ton-sec

ft 2

ton-sec
2

ms  Ship mass per unit length; slugs/ft; also
ft2

1
n, n + - Station and midstation numbers respectively, for ship

2 where stations run 0 (stern), 1, ....... N - 1, N (bow)

1 1 1
and midstations run -, 1 .... ... N--; Nis also

2 2 2
distance along normal to surface; ft

P Equals F per unit length; ton/ft

P(X, t) Total force per unit length acting upon the ship hull,
ton/ft

p Pressure; lb/ft2

., (M) Velocity of point on ship in flow plane; ft/sec

7w (X) Velocity vector of particle at surface; ft/sec

T Period of encounter; sec

t, to, t n  Time, initial time, and regular values of time, respec-
tively; sec

t 1  Pulse duration; sec

t 2  Total time during which response is to be calculated;
see

U Uniform forward velocity of ship along its heading;
ft/sec

U' Gravity potential per unit of volume taken at surface;
lb/ft 2

u In general, the horizontal component of particle velocity
at any depth in the undisturbed fluid; ft/sec

V Vertical shearing force acting on hull; ton

Va Apparent velocity of ship; ft/sec

V~, (V) Surface velocity and normal component of surface veloc-
Vs's)n ity; ft/sec

vii



V Velocity of wave propagation; ft/sec

v, v In general, the vertical component of particle velocity
and acceleration respectively at any depth; ft/sec and
ft/sec 2 , res pectively

Vn Normal component of particle velocity v at the surface;
ft/sec

W Weight of hull per unit length; tons/ft

X Abscissa or axis of abscissas in a rectangular coordinate
system; a coordinate indicating distance from wave crest
of point on ship; horizontal displacement of particle at
time t; particle coordinate of particle at rest; longitudinal
distance measured from stern of ship; ft

"P Coordinate of particle disturbed by wave motion; ft

o Initial position; ft

n x-coordinate of station n; xo + nAz; ft

y Ordinate or axis of ordinate in a rectangular coordinate
system; immersion; particle coordinate of a particle at
rest; ft

SLateral deflection of hull; ft

y Immersion velocity; ft/sec

y' Draft for increasing immersion; coordinate of particle
disturbed by wave motion; ft; other meanings used for
computational purposes are given in Appendix B

y " Draft; ft; see Appendix B

y"' Draft for decreasing immersion; ft

Yh, Yh Displacement and vertical velocity of keel, respectively,
due to heave; ft and ft/sec, respectively

ynm+ Value of y at position x + ( n+ A at times to + mAt

in = 0, 1, 2, .....

=0, 1, 2, 
.... ft

yP, yp Displacement and vertical velocity of keel, respectively,
due to pitch; ft and ft/sec, respectively

Yr Downward relative velocity of hull with respect to fluid un-
disturbed by ship (not wave); ft/sec

YW Elevation of wave surface above mean water level; ft

B Deadrise angle; deg

y, y Rotation and angular velocity respectively of transverse
sections with respect to a horizontal axis; radians and
radians/sec, respectively

viii
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AM, AV, Ay, Ay

At

Ax

at

r1, '1

0

On

Os

x

e n

p

Ifr

Increments in M, V, y, and y, respectively; ft-ton, ton,
ft and radians, respectively

Time interval or increment; sec
1

Length of element, - ; increment of length; ft
20

Time interval of tabular listings of response; sec

Distance of station n forward of position of heave meter;
ft

Vertical displacement from rest condition and associated
vertical velocity of particle at arbitrary depth y; ft and
ft/sec, respectively; section area coefficient (dimension-
less)
21rx
- radians

xt
Value of 0 at any station n equal to 0.1366 0.1096 +

0.2732n- 2.732) ; radians

Ship's heading; deg

Wave length; ft

Mass per unit length of hull (including allowance for
virtual mass) ton-sec 2 /ft 2

Sis distance of any station n along keel forward of mid-
length; horizontal displacement from rest condition and
associated horizontal velocity of a particle at arbitrary
depth y; ft and ft/sec, respectively

Value of e at station n; ft

Density of sea water; lb-sec 2 /ft 4

Period; sec

Velocity potential; ft 2 /sec

Pitch angle and angular velocity, respectively; radians
or deg and deg/sec, respectively

Angular velocity; radians/sec
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ABSTRACT

This report presents a theoretical analysis and computation of the "slamming"

(hydrodynamic) forces* acting on a ship, based upon an experimental knowledge of the
ship's rigid-body motions relative to the wave. These forces are considered to be
due to the time rate of change of fluid momentum and to buoyancy forces incident to
immersion of the hull. In addition, a computation is made of the transient elastic
response and associated hull girder stresses of the ship due to the total force exerted

by the fluid on the ship. A comparison between the theoretical and measured stresses

shows good agreement.

1. INTRODUCTION

Prior investigation has shown that large "whipping stresses" and motions occur in cer-
tain ships subject to "slam"* by hydrodynamic forces. 1 The analysis in Reference 1 indi-
cates that the magnitude of these stresses and motions is related to the immersion of the bow
flare, whereas the empirical evidence indicates that for rough seas the magnitudes of the whip-

ping stresses, for a ship of given length, are larger for ships with bow flare. For certain ships
bow flare may be the most significant single source of hull girder stresses. Therefore, large

magnitudes of slam may cause serious structural damage while small magnitudes of slam, occur-
ring frequently, may weaken the hull through fatigue. Avoidance of such deleterious effects by
reduction of speed imposes a serious restraint upon the ship designer wishing to extend the

operating speed range.

These facts suggest, as a worthwhile objective, the undertaking of an analytical inves-
tigation, the results of which can be used to predict the effects of the bow flare on the whip-

ping of ships. A well-devised theory could lead to an improvement in ship forms designed for
high speed from a knowledge of the slamming stresses on the bow predicted prior to construc-
tion of the bow. The theory could also lead to an improvement of existing ship form designs.

Accordingly, based upon an experimental knowledge of a ship's rigid-body motions
relative to the wave, this report presents a theoretical analysis and computation of the "slam-
ming"(hydrodynamic) forces-associated with rigid-body motions only-acting on a ship and an
evaluation of the transient stresses** of the ship due to the sum of the hydrodynamic and

*In this report, slamming is defined as a rapidly applied hydrodynamic force at the bow, and perhaps other
locations on a ship, created by the ship's forward motion through opposing seas. This force varies with time in
a complex manner and causes vibration of the ship's structure. It should be clear that we refer here to the time-
varying equivalent or integrated load force on each cross section rather than the detailed load distribution around
the cross section.

1 References are listed on page 90.

**The stress due to slam is superposed on the still-water bending stress. No allowance is made for the dif-

ferent damping in each mode.
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Smith-corrected buoyancy forces; for the stress computation the hydrodynamic forces are associ-

ated with rigid-body and flexural vibrations of the ship. The theoretical and measured hull

girder stresses are compared. The analysis comprehends the period which includes the immer-

sion and subsequent emergence of the bow flare.

The computation made in this report for the Dutch Destroyer represents the first attempt

to reconcile detailed computation procedures with experimental results for full-scale ships.

2. BACKGROUND

The severity of hull girder stresses incident to bow immersion was strikingly demonstrated

by observations and analyses of strains measured on USS ESSEX (CVA9) during a storm passage

around Cape Horn; see Reference 1. Heretofore most of the literature on slamming has been con-

cerned with bottom impact. A method for calculating the time-varying hydrodynamic forces, at

various ship sections, incident to bow immersion is given in References 2 and 3; this method is

the first step in an attempt to explain the mechanism generating the observed extreme whipping

of the ESSEX and the Dutch Destroyer, respectively. The total procedure for computing the

slamming force, response to slam, and the comparison of theoretical and experimental results,

which substantiates the validity of the theorized generating mechanism is given in this present

report.

3. THEORETICAL ANALYSIS OF PROBLEM

An analysis of the problem will be made prior to formulating a method for attacking the

problem.

3.1 MECHANISM OF FORCE GENERATION

When a ship moves through a sea disturbed by waves, it assumes rigid-body as well as

elastic, flexural vibrations. The pressure at a point of the hull acquires an appreciable vari-

ation with time, and the integrated pressures over the surface of the hull constitute longitudi-

nally distributed time-variant fluid forces which are the cause of the oscillatory response of

the ship to waves. The frequency ranges of the rigid-body motion and flexural vibrations are

quite distinct so that, although the rigid-body motions might be considered as fundamental

modes of vibratory response, it is more convenient to treat them independently. 2 ' 4 ',5

All the forces exerted by the fluid on the ship may be considered to be external forces.

These forces are due to the interaction of the rigid-body and flexural vibratory motions of the

ship and the total time-varying hydrodynamic mass (i.e., virtual or added mass) at any section

along the ship.S,6, 7 * For convenience in computation, that part of the total time-varying hydro-

dynamic mass for each ship section associated with flexural vibrations may be added to the

*A mathematical description of the relationship between these forces and the total motion of the ship is pre-

sented in Appendix F.

I II I I I I Il a I
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corresponding ship mass, s thereby removing the consideration of external vibratory forces on

the ship. The remaining fluid pressure-exciting forces are then rigid-body forces determined

by the characteristics of the seawaves and by the rigid-body response, both of which are

defined by the recorded observations.

The theory of the computation of forces due to the rigid-body motions of a ship in

waves is discussed in Appendix A. The theory is based on the cross-flow hypothesis similar

to that used by Munk 8 for airships and subsequently adopted for studies of seaplane landing

impact forces 9 and more recently for ship motion studies. 10,11 Thus the relative vertical

flow in a plane normal to the baseline of the ship is considered to account for the vertical

force imposed on the ship (in addition to the static buoyancy force with Smith correction for

the pressure gradient in the wave.) It is assumed that this flow is irrotational and can there-

fore be described by its velocity potential. In such a flow the principal hydrodynamic force

results from nonuniform motion and is associated with hydrodynamic added mass.

It is shown in Appendix A that the upward force per unit length on the hull at any trans-

verse section e ft forward of amidship is (see Figures 1 and 2):

dF a a

de at (my,) - (U-u cos 0,) (my,)+(g+v)pA [1]
= at(Jvp

where

Yr = v Yh -Yp + (U-u cos Os) [2]

The term pgA is the buoyancy force per unit length in still water and vpA represents the Smith

correction to the buoyancy force per unit length (at the surface) induced by the vertical accel-

eration of the fluid undisturbed by the ship (not wave) in a lamina;

m is the hydrodynamic added mass per unit length in slugs per foot;

Yr is the downward relative velocity of the hull with respect to the fluid undisturbed
by the ship (not wave) in feet per second;

yh is the vertical velocity due to heave in feet per second;

yp is the vertical velocity due to pitch in feet per second;

U is the uniform forward velocity of the ship along its heading in feet per second;

u is the horizontal component of fluid particle velocity normal to the wave crests;
in Equations [1] and [2] the particle velocity is taken at the surface in feet per
second;

0, is the ship's heading (angle the ship makes with the normal to the wave crests)
in degrees;

is the pitch angle in radians;

g is the vertical acceleration of the hull due to gravity in feet per second squared;

V is the vertical velocity of the undisturbed fluid; this is equal to the vertical com-
ponent of particle velocity at the surface in feet per second;

P is the density of sea water; 64.0 pounds per foot cubed;

3
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A is the cross section area in feet squared;

F is the upward force on the hull in kips (1000 pounds);

S( is the distance of any station n along the keel forward of the midlength in feet;

and

t is the time in seconds.

3.2 HYDRODYNAMIC ADDED MASS

Since the ship is on the surface, and the immersion at any transverse section is changing

continually with time and at any fixed time is changing continually with e, the mass is also

varying and cannot be considered constant during the indicated differentiation; see Equation

[1]. In fact, the rapid increase in beam at the waterline and, hence, of added mass when the

flared bow enters the water is responsible for the biggest part of the force exerted on the ship

at the forward sections.

It should be observed that the motions studied here are more extreme than those usually

considered, so that a very substantial rise of the water surface is to be considered. The hydro-

dynamic added mass m depends on the shape and size of the immersed section. The method of

computation, based upon Szebehely's 1 2 and Prohaska's 1 3 procedure for finding the added mass,

is given in Appendix B. It is necessary, therefore, to compute the immersion at any station.

3.3 IMMERSION

From Figure 2 it is evident that the immersion at any station* is

y = D + yw - yh - yp [3]

where y is the immersion in feet,

D is the draft in still water; 13.09 feet,

Yw is the elevation of the wave surface above the mean water level in feet,

Yh is the elevation of the keel due to heaving in feet, and

yp is the elevation of the keel due to pitching in feet.

Note that the relative velocity yr * = Yw - yh - yp, the immersion velocity (see Appendix A).

*The ship is divided into 20 sections of equal length; the locations of the ends of the sections, called stations,

are denoted by n = 0, 1, .... N starting from the stern, and their midstations, by n = V, 1 .... 19 .



4. METHOD OF ATTACK

Based upon the theory given in Section 3, the following procedure is used to compute

the rigid-body forces per unit length on a ship and the bending moments and stresses of the

ship for the period of one wave passage; i.e., for an arbitrary transient excitation.*

a. An evaluation is made of the time histories of the horizontal component of particle

velocity u and of the relative ship to wave (1) position y and (2) velocity yr at each section

of the ship. Forward velocity U and ship's heading 0s are known.

b. An evaluation is then made, from a knowledge of the ship to wave position y, of the

time history of the virtual mass per unit length m associated with rigid-body motions at each

section of the ship.

c. The time history of the hydrodynamic forces per unit length, associated with rigid-body

motions, at each section of the ship are evaluated from a knowledge of m, yr, U, u, and 0,.

The total time-varying rigid-body force per unit length at any section is the sum of the Smith-

corrected buoyancy and hydrodynamic (unsteady) forces per unit length; see Equation [11.

d. An evaluation is made of the ship parameters s to obtain a lumped parameter represen-

tation of each section of the ship for use in finite difference equations. 14 The total time-

varying rigid-body forces per unit length at all ship sections found in Item c plus the time-

varying elastic forces per unit length are used in these equations. The solution of the finite

difference equations by a digital computer represents the total motion (i.e., response) and

associated moments and stresses of the ship due to slam.

e. The stresses are computed.

f. A comparison is made of the theoretical and observed stresses.

5. RESULTS

5.1 CALCULATION OF THE FORCES

The photographs of Figure 3 and the experimental data of Figure 4 were used in the

computations made to determine the total force per unit length along the keel at regular time

intervals for Stations 0 through 20, inclusive.

For convenience in computation of the components of this force, a time scale was

adopted which started from zero at the beginning of the computation. The zero of "computa-

tion" time was taken at the instant when a wave crest is amidships. From an analysis of the

wave profile given in Appendix C, it was established that the wave crest is amidships when

t = 8.18 sec on the scale of time given in Figures 3 and 4.

*When a ship is subjected to slam, the deflection of a loaded ship section is permitted by the elasticity of the

adjacent structure. The impulse of the impact force is first absorbed by the momentum of the masses in its im-

mediate vicinity. After the impact impulse is expended, the structure is left in a strained state, and interplay of

elastic and inertial forces produce a state of vibration.

6





F40 O I- i I I 1HTS 4 20 21 22 23 2 7 2

6 ROLL ANGLE

TRNVERSE

S 4 s4 ACCELERATION-BOW :_ o 0ooo _
0970SGVETUDAL P

ACCELERATION0

(4 WTER PRESSURE

FR I9, STBD 9 s

8ATE ER SSUR

LE EU I I P

FR I6, STBD WTE PRSSSUR

WATER PRESSURECV R ' CA

-,e RIO SB ET I ti E

F , ESTBD 3,79 s

'7 p
TRES 'E

ME INS CO MPUTATON TIEFR,8, sB,/ ,,,_ __ .

Figure 4 - Ship Records for Period of Time Comprehending Time Period of Photographs of
Figure 3

naiiuu nlrltimlm ula llll.

I I I 'I I

,,I i m



To compute the force, the components of immersion are considered first; see Equation [3].

5.1.1 Immersion y

The draft D in still water was taken as 13.09 ft.

The contribution y. of the wave to the immersion at each station was obtained by estab-

lishing the wave geometry, wave kinematics, and location of each station on the wave at each

instant of time for which the computations are made, as discussed in Appendixes C, D, and E,

respectively. The function yw is tabulated* in Column 6 of Table 1 for values of 0, correspond-

ing to regular time intervals (integer multiples of 0.1096 sec), required in computations carried

out in Table 2. In Appendix D it is shown that

yW, = 7 cos 0 [4]

where, from Appendix E, the value of 0 at any station n is

t
0 = 0n = 0.1366 + 0.2732n - 2.732 [5]

0.1096

The method of determining the time history of the faired heave displacement Yh (Figure 5)

from a double integration of the heave acceleration record (Figure 4) is discussed in Appendix C.

Values of Yh taken from Figure 5 at regular time intervals are tabulated in Column 11 of Table 1.

The pitch displacement at each station was obtained from the equation

f7

= ilK # [6 ]
YP 180

where -= 11.69 ft is the distance of Station n forward of the position of the heave meter

(see Figure 2) and V is the pitch angle in degrees. The pitch angle I recorded during the

trials (Figure 4) is replotted in Figure 6 against the "computation" time. Values of , taken

from Figure 6 at regular time intervals are tabulated in Column 9 of Table 1. From these

values of f, the pitch displacement yp is computed and is tabulated in Column 10 of Table 1.

The immersion y was then computed and tabulated in Column 12 of Table 1.

*The tables in which the computations have been carried out for each station are too extensive for reproduction

in this report. Only sample computations for Station 20 (the bow) are given. The complete data are available in

the files of the Ship Dynamics Division of the Structural Mechanics Laboratory at the David Taylor Model Basin.



TABLE 1

Computation Data for Immersion, Particle Velocity, Iydrodynamic Added Mass, and
Buoyancy Force at Station 20

S 0.1366 Cos 0 sin 0 1W 0- u € 9 YP Y m b
sec T.1096 radians ft /sec fsec de ft ft ft slus/ft kips/ft

sec I 0.1366 0.1096 radians cos e sin 0 ft ft/sec Jft/sec j deg j ft ft ft j stugs/ft kips/ft

0
0.1096
0.2192
0.3288
0.4384
0.5480
0.6576
0.7672
0.8768
0.9864
1.0960
1.2056

1.3152
1.4248
1.5344
1.6440

1.7536
1.8632
1.9728
2.0824
2.1920
2.3016
2.4112
2.5208
2.6304
2.7400
2.8496
2.9592
3.0688
3.1784
3.2880
3.3976
3.5072
3.6168
3.7264
3.8360
3.9456
4.0552
4.1648
4.2744

4.3840
4.4936
4.6032
4.7128
4.8224
4.9320
5.0416
5.1512

5.2608
5.3704
5.4800
5.5896
5.6992

0
0.1366
0.2732
0.4098
0.5464
0.6830
0.8196
0.9562
1.0928
1.2294
1.3660
1.5026

1.6392
1.7758
1.9124
2.0490
2.1856
2.3222
2.4588
2.5954

2.7320
2.8686
3.0052
3.1418

3.2784
3.4150
3.5516
3.6882
3.8248
3.9614
4.0980
4.2346

4.3712
4.5078
4.6444
4.7810
4.9176
5.0542
5.1908
5.3274

5.4640
5.6006
5.7372
5.8738
6.0104
6.1470
6.2836
6.4202

6.5568
6.6934
6.8300
6.9666
7.1032

2.7320
2.8686
3.0052
3.1418

3.2784
3.4150
3.5516
3.6882
3.8248
3.9614
4.0980
4.2346

4.3712
4.5078
4.6444
4.7810
4.9176
5.0542
5.1908
5.3274

5.4640
5.6006
5.7372
5.8738
6.0104
6.1470
6.2836
6.4202
6.5568
6.6934
6.8300
6.9666
7.1032
7.2398
7.3764
7.5130
7.6496
7.7862
7.9228
8.0594

8.1960
8.3326
8.4692
8.6058
8.7424
8.8790
9.0156
9.1522
9.2888
9.4254
9.5620
9.6986
9.8352

-0.91728
-0.96308
-0.99135
- 1.00000

-0.99044
-0.96149
-0.91775
-0.85336

-0.77857
-0.68338
-0.57482
-0.46390

-0.33574
-0.20101
-0.07233

0.06756
0.20612
0.33123
0.45966
0.57909

0.67989
0.77557
0.85607
0.91585
0.96292
0.99114
1.00000
0.99063
0.96270
0.91712
0.85409
0.77568

0.68222
0.57597
0.45982
0.33424
0.20337
0.06774

-0.09904
-0.20377

-0.33556
-0.46019
-0.57712
-0.68325
-0.77594
-0.85482
-0.91728
-0.96308

-0.99135
-1.00000
-0.99044
-0.96149
-0.91775

5.83 6.02 - 5.181
4.12 6.02 - 3.792
2.40 I 6.00

0.39824
0.26923
0.13121
0.0000

-0.13797
-0.27482
-0.39715
-0.52133

-0.62755
-0.73006
-0.81828
-0.88589

-0.94196
-0.97959
-0.99738
-0.99772

-0.97853
-0.94355
-0.88810
-0.81526

-0.73332
-0.63127
-0.51687
-0.40153

-0.26980
-0.13279

0.0000
0.13657
0.27058
0.39861
0.52013
0.63112

0.73115
0.81747
0.88801
0.94249

0.97910
0.99770
0.99508
0.97902
0.94202
0.88782
0.81666
0.73019
0.63081
0.51893
0.39824
0.26923
0.13121
0.0000

-0.13797
-0.27482
-0.39715

-6.421
-6.742
-6.939
-7.000
-6.933
-6.730
-6.424
-5.974

-5.450
-4.784
-4.024
-3.247
-2.350
-1.407
-0.506

0.473

1.443
2.319
3.218
4.054

4.759
5.429
5.992
6.411
6.740
6.938
7.000
6.934
6.739
6.420
5.979
5.430
4.776
4.032
3.219
2.340
1.424
0.474

-0.693
-1.426

-2.349
-3.221
-4.040
-4.783
-5.432
-5.984
-6.421
-6.742
-6.939
-7.000
-6.933
-6.730
-6.424

-2.289
- 1.547
-0.754

0.000
0.793
1.579
2.282
2.996
3.607
4.196
4.703
5.091
5.413
5.630
5.732
5.734
5.624
5.423
5.104
4.685
4.214
3.628
2.970
2.308

1.551
0.763
0.000

-0.785
-1.555
-2.291
-2.989
-3.627

-4.202
-4.698
-5.103
-5.416
-5.627
-5.734
-5.719
-5.626
-5.414
-5.102
-4.693
-4.196
-3.625
-2.982
-2.289
-1.547

-0.754
0.000
0.793
1.580
2.282

5.272
5.535
5.697
5.747
5.692
5.526
5.274
4.904
4.474
3.927
3.303
2.666
1.929
1.155
0.416

-0.388
-1.185
-1.904
-2.642
-3.328
-3.907
-4.457
-4.920
-5.263
-5.534
-5.696
-5.747
-5.693
-5.533
-5.271
-4.908
-4.458
-3.921
-3.310
-2.643
-1.921
-1.169
-0.389

0.569
1.171
1.928
2.645
3.317
3.927
4.459
4.913
5.272
5.535
5.697
5.747
5.692
5.526
5.274

1.70
1.20
0.70
0.10

-0.60
-1.25
-1.90
-2.45
-3.05
-3.50
-3.82
-4.05

-4.17
-4.20
-4.15
-4.00

-3.75
-3.40
-3.00
-2.57
-2.10
-1.65
-1.10
-0.60

0.00
0.50
0.95
1.52
2.05
2.57
3.00
3.54
4.02
4.52
5.00
5.50
5.94
6.13
6.45
6.56
6.54
6.35
6.14
5.80
5.35
4.80
4.15
3.40
2.75
2.10
1.30
0.80
0.0

0.34
- 2.06
- 4.29
- 6.52
- 8.40
-10.46
-12.01
-13.10
-13.89

-14.30
-14.41
-14.23
-13.72

-12.86
-11.66
-10.29
- 8.82
- 7.20
- 5.66
- 3.77
- 2.06

0
1.72
3.26
5.21
7.03
8.82

10.29
12.14
13.79
15.50
17.15
18.87
20.37
21.03
22.12

y, = 7 cos 0

0 = 0.1366 - +0.2732(20)- 2.732
0.1096

v =,=-5.74sin

u = -5.74cos0
- see Figure 6

/ 369 \ 369
P = -f + 11.69) = 3.43A; = T ft at Station 20 (the bow)

y - see Figure 5

y =D+y,- yh-yp;D= 1
3

.09 ft

m - see Figure 9

F ( + )pgA= (1-0.1466 cos ) pgA

pgA- see Figure 10

5.75
5.30
4.80
4.30
3.60

2.95
2.10
1.50
0.90
0.20

-0.50
-1.30
-2.00
-3.00
-3.75
-4.20
-4.67
-4.88
-5.00
-5.00
-4.98

-4.83
-4.50
-4.20
-3.95

-3.59
-3.22
-2.80
-2.30
-1.90
-1.35
-0.70

0
0.60
1.30
2.00

- 2.249
0
2.917
5.850
8.886

11.916

15.150
18.216
20.666
22.833
24.840
26.593
28.114
29.283
30.393
30.819
30.798
30.634
29.929
29.179
27.852
26.541

24.660
22.808
21.030
18.764
16.389
13.910
11.579
8.680
5.976
2.972

- 0.141
- 3.440
- 6.456
- 8.766
-11.723
-13.336
-14.689
-15.611
-16.210
-16.253
-15.692
-14.784
-13.261
-11.412

- 9.479
- 7.320
- 4.503
- 2.530

0.606

-- -- 10111

1 I0.0 0.00

22.50 2.50
22.43
21.78
21.06
19.89
18.35
16.46
14.23
11.66
9.43
7.20
4.46
2.74
0

3.00
3.70
4.20
4.67
5.00
5.43
5.70
6.10
6.20
6.21
6.20
6.15
6.06
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TABLE 2

Computation Data for Downward Relative Velocity Yr at Station 20

Time e- ~1, , 1 ', U f cos 1 0.01745 ~ dog 0.01745 (U- u cos .) k de ph fr
sec ft/sec deg/sec ft/sec ft/sec fV/sec radians ft/sec ft/sec ft/sec

0.0000
0.1096
0.2192
0.3288
0.4384
0.5480
0.6576
0.7672

0.8768
0.9864
1.0960
1.2056
1.3152
1.4248
1.5344
1.6440
1.7536
1.8632
1.9728
2.0824
2.1920
2.3016
2.4112
2.5208
2.6304
2.7400
2.8496
2.9592
3.0688
3.1784
3.2880
3.3976
3.5072
3.6168
3.7264
3.8360
3.9456
4.0552
4.1648
4.2744
4.3840
4.4936
4.6032
4.7128
4.8224
4.9320
5.0416
5.1512
5.2608
5.3704
5.4800
5.5896

-2.289
-1.547
-0.754

0.000
0.793
1.579
2.282
2.996
3.607
4.196
4.703
5.091
5.413
5.630
5.732
5.734
5.624
5.423
5.104
4.685
4.214
3.628
2.970
2.308
1.551
0.763
0.000

-0.785
-1.555
-2.291
-2.989
-3.627

-4.202
-4.698
-5.103
-5.416

-5.627
-5.734
-5.719
-5.626
-5.414
-5.102
-4.693
-4.196

-3.625
-2.982
-2.289
-1.547
-0.754

0.000
0.793
1.580

-4.19
-4.98
-5.53
-5.95
-6.17
-6.10
-5.80
-5.34

-4.75
-3.95
-2.75
-1.76
-0.72

0.05
0.80
1.70
2.70
3.15
3.78
4.18
4.38
4.59
4.70
4.78
4.84
4.88
4.13
4.92
4.88
4.80
4.76
4.66
4.51
4.30
4.10
3.80
3.34
2.71
1.98
0.70

-0.60
-1.82
-2.90
-3.90
-4.80
-5.65
-6.12
-6.38
-6.49
-6.50
-6.48
-6.37

-14.347
-17.052
-18.935
-20.373

- 21.126
-20.886
-19.859
-18.284

-16.264
-13.525
- 9.416
- 6.026

- 2.465
0.171
2.739
5.821
9.245

10.786
12.943
14.312
14.997
15.716
16.093
16.367
16.572
16.709
16.880
16.846
16.709
16.435
16.298
15.956
15.442
14.723
14.038
13.011
11.436
9.279
6.780
2.397

- 2.054
- 6.232
- 9.930
- 13.354

-16.435
-19.346
-20.955
-21.845

-22.222
-22.256
-22.188
-21.811

28.71

28.71

3.728
3.914
4.028
4.064
4.025
3.907
3.729
3.468

3.164
2.777
2.336
1.885
1.364
0.817
0.294

-0.274
-0.838
-1.346
-1.868
-2.353
-2.763
-3.152
-3.479
-3.721
-3.913
-4.028
-4.064
-4.025
-3.912
-3.727
-3.470
-3.152
-2.773
-2.341
-1.869
-1.358
-0.827
-0.275

0.402
0.828
1.363
1.870
2.345
2.777
3.153
3.474
3.728
3.914
4.028
4.064
4.025
3.907

0.0297
0.0209
0.0122
0.0017

-0.0105
-0.0218
-0.0332
-0.0428
-0.0532
-0.0611
-0.0667
-0.0707

-0.0728
-0.0733
-0.0724
-0.0698

-0.0654
-0.0593
-0.0524
-0.0448

-0.0366
-0.0288
-0.0192
-0.0105

0.0000
0.0087
0.0166
0.0265
0.0358
0.0448
0.0524
0.0618
0.0700
0.0790
0.0870
0.0960
0.1040
0.1070
0.1130
0.1140
0.1140
0.1110
0.1070
0.1010
0.0930
0.0840
0.0720
0.0590
0.0480
0.0370
0.0230
0.0140

0.742
0.518
0.301
0.042

-0.259
-0.541
-0.829
-1.080
-1.359
-1.585
- 1.759
-1.897
-1.991
-2.045
-2.057
-2.023
-1.932
-1.782
-1.602
-1.392
-1.152
-0.918
-0.618
-0.341

0.000
0.285
0.544
0.867
1.168
1.453
1.686
1.969
2.204
2.453
2.660
2.887
3.072
3.101
3.199
3.179
3.118
2.979
2.821
2.619
2.377
2.120
1.799
1.463
1.185
0.912
0.568
0.347

-0.35
-0.52
-1.50
-2.39
-3.25
-4.10
-4.87
-5.61
-6.25
-6.73
-7.00
-7.14
-7.11
-7.00
-6.76
-6.38
-5.80
-5.12
-4.46
-3.28
-2.18
-1.20
-0.23

0.53
1.23
1.94
2.43
3.01
3.52
4.02
4.46
4.88
5.21
5.50
5.74
5.93
6.02
5.98
5.88
5.72
5.46
5.08
4.63
4.14 h
3:58
2.98
2.28
1.55
0.87
0.28

-0.42
-0.93

v -y ,--5.74 sin0

ir(369 \

S = -' , 11.69 y 3.425

- see Figure 8

Scos 0, =a. cos 45 de= 0.707.
S - see Figure 7

f r i _h-p + 7-0 (U- UcosO,)

12.45
16.54
19.98
22.81
24.91
26.02
26.18
25.81
24.76
22.87
19.36
16.36
13.00
10.41
7.70
4.27
0.25

- 2.03
- 4.98
- 7.74
- 9.76
-11.81
-13.51
- 14.93
-16.25
-17.60
-18.77
-19.77
-20.62
-21.29
-22.06
-22.49

-22.65
-22.47
-22.22
-21.47
-20.01
-17.89
-15.18
-10.56
- 5.70
- 0.97

3.43
7.64

11.61
15.50
18.19
20.21
21.78
22.89
23.97
24.67
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Figure 5 - Time History of Faired Heave Displacement
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5.1.2 Downward Relative Velocity yr

Next, the components of the downward relative velocity yr are considered (see

Equation [21).

The method of determining the time history of the heave velocity Yh (Figure 7) from an

fa o
0

6

00042

0 -

-2

-4

o-6
-G___ ___ ___ ___ ___ ___

0 2 4 6 

COMPUTATION TIME t IN SECONDS

Figure 7 - Time History of Faired Heave Velocity

integration of the heave acceleration record is discussed in Appendix C. Values of Yh taken

from Figure 7 at regular time intervals are tabulated in Column 9 of Table 2.

The vertical velocity due to pitching is

= i1-80

The time history of the pitch velocity t

of the recorded pitch curve; see Figures

time intervals are tabulated in Column 3

of Table 2.

(Figure 8) was determined by numerical differentiation

4 and 6. Values of & taken from Figure 8 at regular

of Table 2. Values of yp are tabulated in Column 4



2
0U 3W.
(J 2-w
a.
tU)W
w
(.9

(D0z

>- -2 -

0 -
-)0)-3--- -
.JW
> -4 /
X~ 05

-6 _ - _

0 2 3 4 5 6
COMPUTATION TIME t IN SECONDS

Figure 8 - Time History of Pitch Velocity

In Appendix D it is shown that the vertical and horizontal components of velocity of

the wave at the surface are

S= -5.74 sin 0 ft/sec [8]

u =-5.74 cos 0 ft/sec [9]

Then from Appendix A and Equation [9], we have

f(O) =-- = (U-u cos 0s) = 28.71 + 4.065 cos 0 [101

where U is 17 knots per hour (28.71 feet per second),

0S is 45 degrees, and

0 is related to t by Equation [5] and has values corresponding to regular time intervals.

0 is tabulated in Tables 1 and 3 for time values increasing in increments of 0.1096 sec.

Values of v are tabulated in Column 7 of Table 1 and in Column 2 of Table 2 for values

of 0 or t required in the computations.

Values of u are tabulated in Column 8 of Table 1.

ValesofUucs adf(o)1/O (Ulcos 0s)¢,°j
Values of U, u cos 0., and f (0 V 0=( UCs,0are tabulated in Columns 5, 6,

S 57.3 57.3
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TABLE 3

Computation Data for Total Upward Force on Hull at Station 20

e 0 F4  , - aS.~, (computed) mt. (corrected) - ( -) (m0) f(F) . (Mr)

sec radians kips/ft ft/sec slugs/ft slugs/sec slugs/sec Ikrps/ft kips/ft ft/sec kips/ft kips/ft

0
0.1096
0.2192
0.3288
0.4384
0.5480
0.6576
0.7672
0.8768
0.9864
1.0960
1.2056
1.3152
1.4248
1.5344
1.6440
1.7536
i.8632
1.9728
2.0824
2.1920
2.3016
2.4112
2.5208
2.6304
2.7400
2.8496
2.9592
3.0688
3.1784
3.2880
3.3976
3.5072
3.6188
3.7264
3.8360
3.9456
4.0552
4.1648
4.2744

4.3840
4.4936
4.6032
4.7128
4.8224
4.9320
5.0416
5.1512
5.2608
5.3704
5.4800
5.5896

2.7320
2.8686
3.0052
3.1418
3.2784
3.4150
3.5516
3.6882
3.8248
3.9614
4.0980
4.2346

4.3712
4.5076
4.6444
4.7810

4.9176
5.0542
5.1908
5.3274
5.4640
5.6006
5.7372
5.8738
6.0104
6.1470
6.2836
6.4202
6.5568
6.6934
6.8300
6.9666
7.1032
7.2398
7.3764
7.5130

7.6496
7.7862
7.9228
8.0594
8.1960
8.3326
8.4692
8.6058
8.7424
8.8790
9.0156
9.1522
9.2888
9.4254
9.5620
9.6986

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.20
0.40
0.70
1.10
1.60
2.20
1.80
3.40

4.00
4.30
4.30
4.20
3.70
3.40
2.70
2.20
1.60
1.10
0.75
0.50
0.30
0.10
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

12.45
16.54
19.98
22.81
24.91
26.02
26.18
25.81
24.76
22.87
19.36
16.36
13.00
10.41
7.70
4.27
0.25

- 2.03
- 4.98
- 7.74
- 9.76
-11.81
-13.51
-14.93
-'16.25
-17.60
.18.77
-19.77
-20.62
-21.29
-22.06
-22.49

-22.65
-22.47
-22.22
-21.47

-20.01
-17.89
-15.18
-10.56
- 5.70
- 0.97

3.43
7.64

11.61
15.50
18.19
20.21
21.78
22.89
23.97
24.67

0.1366s
0 0- + 0.2732(20)- 2.732

0.1096

Fb . (1+ . -PA=(1-0.1466 cos 0)PsA

pgA - see Figure 10
r - see Table 2

- _ see Table 1
myr (corrected)- see Column 7 of this table

f(0) - - cos 0e, - 2.75+ 4.065 cos 0

d Ba
dd

Fr5

F Fb + 7

22.88
77.44
98.16

162.50
208.20
231.00
175.00
14.25

- 81.20
-199.20
-286.20
-302.30
-319.00
-256.30
-224.00

- 162:50
- 88.00
- 75.08
- 19.77

22
72

122

172
216
239
184
28

-135
-312
-456

-478
-449
-377
-272
-193
-124
- 73
-39

0.456
0.438
0.461

0.445
0.360

-0.085
-1.017

-1.522
-1.582
- 1.568
-0.771

0.092
0.475
0.860
0.872
0.669
0.553
0.359
0.236

-0.0352
-0.0378
-0.0508
-0.0577
-0.0602
-0.0540
-0.0321
-0.0124

0.0153
0.0464
0.0702
0.0865
0.0845
0.0796
0.0724
0.0657
0.0634
0.0528
0.0374

25.93
26.36
26.83
27.34
27.87
28.42
28.98
29.52
30.06
30.57
31.04
31.47
31.85
32.17
32.42
32.61
32.72
32.76
32.72

1.369
1.434
1.824
2.023
2.038
1.450

-0.087

-1.156
-2.042
-2.986
-2.950
-2.630
-2.216
-1.701
-1.475

-1.473
-1.521
-1.371
-0.988

0.20
1.769
2.134
2.924

3.623
4.238
3.250
3.313
2.844
2.258
1.314
1.250
1.070
1.184
0.999
0.725
0.127

-0.421
-0.621
-0.488

0.30
0.10
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0

and 8 of Table 2, respectively, where 57.3 = V radians is obtained from the tabulation in

Column 7 of Table 2. i and 0 correspond to the same time t for a particular calculation of

y,. f(0) is also tabulated in Column 10 of Table 3.

Now Yr = v - Yh - yp + (U- u cos 0s) V, is computed and tabulated in Column 10 of Table 2

and Column 4 of Table 3.

5.1.3 Added Mass m

The procedure for determining the added mass per unit length m at any station as a

function of the immersion is given in Appendix B. The resulting values of m are plotted in

Figure 9 for the stations designated, against both y and y"(labeled "in" and "out," respec-

tively), the increasing and decreasing immersions or drafts, respectively. Values of m read

from Figure 9 for Station 20 are tabulated in Column 13 of Table 1 and Column 5 of Table 3.

5.1.4 Force F

The product my r was computed and, since a numerical differentiation is to be performed,

it was plotted and faired. The computed and faired values are tabulated in Columns 6 and 7,

respectively, of Table 3. a
The partial derivatives - (my,) and (my r ) required in Equation [1] were computed

numerically by means of Stirling's formulas and Newton's interpolation formulas i s and are
d

tabulated in Columns 8 and 9, respectively, of Table 3. The total derivative d (myr,.), which

is the "unsteady force" (see Appendix A), is tabulated in Column 11 of Table 3.

The section areas A at various immersions were determined from the body plan of the

ship by means of a planimeter. From these values of A, the function pgA was computed and

plotted in Figures 10a and 10b against the immersion. The values of pgA were read from these

figures, and by the use of the equation

'V
- = -0.1466 cos 0 [11]
g

derived in Appendix D, the Smith-corrected buoyancy force per unit length term

Fb = 1+ pgA in Equation [1] was then computed. This term is tabulated in Column 14 of

Table 1 and Column 3 of Table 3. Curves of buoyancy force per unit length versus computation

time are plotted for Stations 0 through 9 and 10 through 14 in Figures lla and lib, respectively.

The total rigid-body force per unit length F corresponding to Equation [1] is tabulated in

Column 12 of Table 3 in units of kips per foot of length along the keel, and is plotted for

Stations 15 through 20 and Stations 1, 3, 6, 10, and 13 in Figures 12a and 12b, respectively.

For comparison, the buoyancy force per unit length for Station 15 is also plotted in Figure 12a.

(Text continued on page 24.)
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Figure 9 - Curves of Added Mass as a Function of Immersion
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Figure 13 - Position of Ship on Wave at Several Instants

As an aid to visualization of the processes involved and evaluation of the results, the

position of the ship on the wave is shown in Figure 13 for several instants including zero

time, the time the inthe "unsteady force" is a maximum at Station 19, t = 0.086 sec, and the

time when the total rigid-body force reaches a maximum at Station 15, t = 2.521 sec.

5.2 CALCULATION OF THE RESPONSE

The calculation of the transient elastic response of the ship to slam was made by the

following procedure. 14 The total time-varying rigid-body plus elastic forces per unit length

at all (20) ship stations,, and the ship's parameters f s lu, El, and KAG (see Notation)

evaluated for 20 or 21 sections of length Ax are tabulated in Table 4.** These data were

used in the finite difference equations given in Appendix F, which is an extension of the

method used in Reference 14. dy
Solutions of these equations by the IBM 704 digital computer were obtained for i,dt

(angular velocity of a section about a horizontal axis), w, ea , Yh Yp, M (bending moment on

hull), V (shearing force on hull), and other variables as functions of time at the stations or

midstations (see Notation and Appendix F). f One of these solutions, the time history of the

bending moment at Station 10, iis plotted in Figure 14.

*Forces at Stations 0, 2, 4, 5, 7, 8, 9, 11, 12, and 14 were obtained by interpolation of the forces computed

for Stations 1, 3, 6, 10, 13, and 15 through 20 in Section 5.1. Forces at half stations were then obtained by

straight line numerical interpolation. For purposes of computatin on the IBM 704 digital computer, the final

forces at each half station were obtained b so e tined subtracting the final forces at computation time 0 from the forces

at succeeding times; thus at computation time t = 0 the force at each half station was taken as 0. This approach

seemed reasonable because the recorded motions for the Dutch Destroyer indicate negligible oscillations at

computation time 0. Hence, spurious impulsive forces incurred through the method of analysis, which may give

rise to large oscillations, are eliminated. If, in a given problem, vibrations exist at time t = 0, this procedure

can still be used but these vibrations should be superposed upon the calculated results.

**[L = f(x, t) is the sum of the time-varying added mass per unit length and the constant mass of the hull per

unit length for a particular ship section of length Ax.

y = Y + Yh + Yp is the total displacement which includes a vibratory component yE as well as rigid-body

components yh + YP ; see Appendix F.
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A method of computing the forces on a ship by means of a digital computer rather than

manually, as was done in this report, is also described in Appendix F.

6. COMPARISON OF DYNAMIC THEORETICAL
AND EXPERIMENTAL STRESSES

The time history of the theoretical and experimental dynamic wave-induced stresses,*

which are due to the combined elastic and rigid-body motion6 of the Dutch Destroyer, at the

keel, amidships (i.e., Section 10), is shown in Figure 14a. The theoretical stress curve is a

plot of the IBM 704 tabulations of solution data for the time-varying bending moment at

I
Station 10 multiplied by the reciprocal of the section modulus - = 64,116 in. 3 at this station;

C

see Appendix F. The experimental stress curve was obtained from a strain gage measurement,

amidships, at the keel which is 10.88 ft below the neutral axis; this curve is a replot of the

stress curve for the keel shown in Figure 4. Figure 14b shows the time histories for a -0.16-sec

translation of the theoretical curve of Figure 14a. Figure. 14c shows time histories correspond-

ing to variations of the bending flexibilities El and/or ship mass m.

7. DISCUSSION

Figures 14a and 14b show that the three largest theoretical and corresponding experi-

mental peak stresses agree to about 3.0 percent, 1.0 percent, and 13.0 percent, respectively.

The periods of the oscillatory portions of the curves are nearly the same, ranging from 0.8

sec to 1.0 sec.

The general character of the theoretical and experimental response curves of Figure 14

are similar with regard to the manner of variation, period, and peak magnitudes of whipping

oscillation. The faster rise time of the computed curve and the difference in phase and peak-

to-peak variation of the theoretical and experimental curves are due to the fact that the com-

puted distributed forcing functions are somewhat in error. Consideration of the accuracy with

which the basic data were obtained from the oscillographs and photographs (see Appendix C)

yields the following estimates of the errors involved:**

a. Wave height estimate, ± 15 percent.

b. Longitudinal position of shiv relative to wave crest, ± 5 percent.

c. Relative velocity of immersion near bow, ± 15 percent.

*The total stress at any section of the hull is the sum of the dynamic wave-induced stress plus the still-water

stress. The latter stress is due to the difference between the buoyancy force when the immersion equals the draft

and the lumped hull weights acting at the half stations of the ship. Note that, although the total buoyancy and

weight forces are equal, they are not in equilibrium all along the hull.

**UJse of a wave height recorder would lead to a more accurate time history of the wave profile and, therefore,

of the immersion. Such a meter was not available at the time the records were obtained.

0I
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Thus the resultant error in force due to the error in wave height and relative velocity is

[(1.15) (1.15) -1] x 100 percent = 32 percent. The error in longitudinal positioning would be

reflected in part in a time difference between the computed and measured stress variation,

i.e., 5 percent of the period of encounter.

The source of additional errors lies in the:

a. Method for determining the wave length and heaving and pitching displacements.

b. Method for determining the added mass.*

c. Assumption that the forcing functions used in the computation of the response are zero

at computation time t - 0, whereas the actual forces are varying somewhat at computation time

t - 0; hence the effects on the computed stresses of the time history of the forces prior to

t = 0 are not included in the computation.** Although in this problem the initial conditions

are known very approximately, a more realistic rise time subsequent to computation time t = 0

can be obtained by starting the computation at some suitable time t < 0. Impulsive effects at

computation time t = 0 will not then enter the computations, while such effects at the moment

of starting the actual computation (i.e., at t < 0) will have small effect at t = 0 because the

limited memory of the vibrating system makes it less responsive to events farther away in time.

d. Omission of consideration of the effect of the hull's presence in altering the shape of

the incident wave.

e. Various assumptions and approximations not mentioned above entering into the analysis

and computation.

The study of the effect of the changes in mass and El (Figure 14c) indicates that these

changes are not sufficient to account for any significant part of "experiment-theory" discrep-

ancies.

These considerations suggest that the differences between the measured and computed

response could, for the greater part, be accounted for by the errors in the basic input data; a

more accurate check on the theory requires a more accurate definition of the input data which

can be obtained by controlled model tests. Thus comparison of calculation and experiment is

considered to be good (at least within the range of accuracy of the basic data) in the main

aspects of the response, although there are deviations in some details. It appears that good

predictions, within 30 percent, can be made of whipping and wave frequency bending moment

amplitudes.

Significantly, despite all the assumptions and approximations made in setting up and

carrying out the computations, the results show that the mathematical representation of the

physical mechanism assumed to be underlying the creation of the slamming forces is reasonably

accurate.

*Determination of the added mass per unit length as a function of immersion may be achieved with greater

accuracy if ellipses rather than flat plates (see Appendix B) are fitted to the wetted portions of the ship. 16, 17

**The major stress at time t < 0 is due to the ordinary wave-induced stress associated with the heaving and

pitching motions of the ship, the stress due to flexural vibrations, and the still-water bending moment
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If whipping were due to a step function load, the oscillatory bending moment would be

the same for nearly all cases in Figure 14c, i.e., its magnitude would be the same but its

periodicity would be that of the natural 2-noded mode. If the triplet phenomenon 1 8 were the

major excitation, the magnitude of the whipping moment would be rather sensitive to the natural

period of the 2-noded mode. Figure 14c indicates that the whipping moment is not very sensi-

tive to the natural period. It is, therefore, concluded that the main excitation is associated

with a fairly sudden change in the applied forces, the triplet contribution being small.

The procedure used in this report for computing the forces on the hull and the use of

these forces to calculate the elastic response of the hull may be improved by resorting to the

refinements shown as Method 2 in the following chart. The wave profile, ship parameters, and

other input data are considered available.

Ship Motion Ship Motion Utilized
Utilized in in Calculating Virtual

Method Quantity To Be Computed Calculation Mass at Each Station
of Force or for Use in Force or
Response Response Calculations

Force on Hull Rigid-Body Rigid-Body Motion*
1 Motion

(Present Method) Response Rigid- and Rigid-Body Motion*
Elastic-Body
Motions

Force on Hull Rigid- and Rigid-Body Motion or
Elastic-Body Rigid- and Elastic-

2 Motions** Body Motions+
(Improved Method) Response Rigid- and Rigid-Body Motion or

Elastic-Body Rigid- and Elastic-
Motions Body Motions+

*Virtual mass varies with the instantaneous value of the rigid-body waterline.

**For this computation (yr total - drrigid body + a component of velocity due to the elastic-body

motion.

+For this computation (m)total = (m)rigid body + a component of mass due to the elastic-body

motion; similarly for (L)total.

If the theory of slamming and the method of computation of slamming forces (and stresses)

are verified for similar computations on other ships, and if for a given sea state the rigid-body

motion can be predicted, /* then for an assumed sea state the girder stresses for any section of

the ship still in the design stage can be predicted. This prediction would lead to an improvement

in ship forms designed for high speed.

*See, Andrews, John N., "A Method for Computing the Response of a Ship to a Transient Load," David Taylor

Model Basin Report 1544 (in preparation).
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8. ANALOG AND DIGITAL METHOD OF SOLUTION
FOR PREDICTING FORCES ON AND RESPONSE

OF A SHIP DUE TO WAVE MOTION

It is desirable to reduce the complexity, expense, and time required in making numerical

computations* for predicting the forces on and the dynamic (elastic- and rigid-body) response of

a ship girder, i.e., bending moments, shearing forces, vibrations, heaving, and pitching moments.

This can be accomplished by an analog or high-speed digital computer which uses basic input

data.

One particular analog scheme, devised by the author, for performing the mathematical

operations is discussed in Appendix G.

Another analog network, devised and constructed by Dr. R.H. MacNeal, was used for

obtaining solutions of the bow slamming problem for ESSEX; see Reference 18 and Appendix G.

The equations used in devising this analog are reformulations of the equations given in

Reference 19 for convenience of electrical simulation.

A digital computer (IBM 7090) is presently being coded at the Applied Mathematics

Laboratory of the David Taylor Model Basin to give solutions for the excitation forces and

response when certain basic data are furnished; see Appendix F.

9. CONCLUSIONS

The following conclusions may be drawn from the analysis given in this report:

a. The girder stress in any section of the destroyer under study can be calculated from

the ship's rigid-body motions in a heavy sea by utilizing integrated slamming loads per cross

section which are derived as hydrodynamic and Smith-corrected buoyancy forces; specifically

the theoretical and experimental time-varying girder stress midships show good agreement.

b. The bow flare immersion in heavy seas is a significant source of large stresses in the

hull girder which may lead to hull girder damage.

c. The computed hydrodynamic and Smith-corrected buoyancy forces may be used to evalu-

ate the transient response of the ship girder in heavy head-on seas, that is, moments, girder

stresses, shearing forces, and angular rotation for any section of the ship.

d. There are many indications that, if the rigid-body motion can be predicted, the method

used in this report will permit, for an assumed head-on sea state, the calculation of girder

stresses for any section of a ship still in the design stage.

*Note that the computation of the forces in this report was manual. This computation can be performed

automatically by an analog or a digital computer.
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10. RECOMMENDATIONS

1. The approach described in this report and previous studies on ESSEX* resulted in good

agreement between calculated and observed hull girder stresses. This method therefore offers

promise for evaluating various hull shapes in the early design stages. It is therefore desirable

to:

a. Extend the confidence limits for the method by checking observed and predicted
girder response for several ship types of drastically different hull form.

b. Establish a reliable method for predicting the rigid-body motion of a ship in a
head-on sea.

2. Examples of specific recommended studies are:

a. Theoretical and experimental virtual mass (forces) for large motions of the bow and
for large and small deadrise angles of a ship section.

b. Effects of changes in bow flare and of bulbous bows upon the forces on and response
of a ship.

c. Determination of significance of higher order effects in the theoretical treatment
in order to simplify, where possible, the theory for a particular class of a ship.

3. Slamming studies of ships operating in oblique and confused seas and of local impact

type hull damage are necessary supplements to the recommended extension of previous work,

11. ACKNOWLEDGMENTS

Mr. E. Hoyt, under contract to the David Taylor Model Basin assisted the author in

developing the detailed procedure for and calculation of the wave forces. In the Structural

Mechanics Laboratory, Mr. T. Dowd gave valuable assistance to the author on various phases

of this project, Mr. J. Andrews assisted in making independent computations, and Mrs. B.H.

Gesswein assisted in tabulating the data for the digital computer. Dr. Elizabeth Cuthill and

Mr. Edward Osten of the Applied Mathematics Laboratory of the David Taylor Model Basin

established and coded the finite difference equations given in Appendix F. Miss Susan Strand

of the latter laboratory assisted in devising a method for computing the hydrodynamic force by

means of the digital computer (Appendix F).

.33

*See footnote on previous page.

~, r- ~r ~n~ ~~u~n*vr*~ r-mn~~"~~llp ~~"~C "-CIII --

MIBYI



.ml I

I I---

, I Wil w, Nii'lliliallillill all I I I



APPENDIX A

COMPUTATION OF FORCES DUE TO MOTION OF
A SHIP IN WAVES

The computation of the hydrodynamic forces due to the motion of a ship in waves is

based on the cross-flow hypothesis. 8 - 1 1 In applying this hypothesis, the hydrodynamic

force per unit length at any cross section is considered the same as that experienced by an

infinitely long cylindrical ship having an identical cross section. The basic statement of

this hypothesis given by Fay is: 1

"Consider a thin sheet of fluid in a plane normal to the direction of motion of the

vessel, which is pierced by the vessel as it moves forward. The flow of fluid in such a plane

is assumed to be the same as the transient two-dimensional motion which would result from a

cylindrical surface (with generator normal to the plane) which moves in time such that it

occupies at each instant the same position as does the perimeter of the ship cross section

lying in the plane in question at the same instant."

To justify and show the limitations of the cross-flow hypothesis, Fay considers an

oscillating ship on a free surface whose length I > D, its draft, and whose draft D - -B, its

breadth; i.e,, the ship is considered as a slender body. He shows that, on or near the ship,
two-dimensional solution of Laplace's equation

a2o a2 o

S+-4Y2 4a 2

gives the pressure distribution correct to order D/l, justifying the cross-flow hypothesis to

this extent. If - < 1, the flow in any plane will be two-dimensional, and the trans-

verse exciting forces are obtained in the same way as the pressures. Thus, due to the

presence of the ship, the perturbation of the original waveform is predominantly transverse

despite the fact that the undisturbed wave-particle motion is in the x-y plane; see Appendix D.

The cross-flow assumption is shown by Fay to be applicable when

x
U+vw,>- lUI

where U is the velocity of the ship in feet per second,
V is the wave velocity in feet per second,

X is the wave length in feet, and

I is the length of the ship in feet.

Note that U is negative in following seas.
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We now formulate the problem of finding the hydrodynamic forces acting on a ship moving

with uniform velocity U, at a heading Os, to the normal to the wave crests; see Figure 1. Since

the waveform is assumed to be cylindrical, it is sufficient to locate a point on the ship by its

coordinate x, measured from wave crest 1.

The force acting at a transverse section, or station, of the ship, whose distance forward

of amidship is e, is equal and opposite to that exerted by the ship on a fluid lamina of differential

thickness de instantaneously coincident with the section of the ship.

The lamina considered will consist always of the same fluid particles. In reality, such a

lamina can be neither plane nor fixed in space. This is the case because the fluid particles

describe circular paths about fixed centers with uniform angular velocity and the radii of these

orbits decrease exponentially as depth increases (see Appendix D); the particles which were

originally in some vertical plane sway to and fro with the passage of the wave. Consequently,

a lamina consisting of the particles between two such originally plane surfaces separated by an

infinitesimal distance de will also oscillate and become nonplanar. However, to avoid excessive

computational detail, the effect of the exponential decay of the particle velocity with depth is

ignored (i.e., the fluid motion at all depths is considered to be uniform), and the planes defining

the lamina are taken to be vertical. Thus, the lamina or flow plane oscillates horizontally and

always contains the same fluid particles at the surface.

Let 17(x) denote the velocity vector of a particle at the surface whose position with

respect to the ship, flow lamina, and wave crests is shown in Figure 1. The vector 4w(X) is

directed at an angle to the x-y plane equal to the slope of the particle path in the x-z plane

for any corresponding value of t and x. The horizontal and vertical components of " (x) are

u and v, respectively; see Appendix D. The velocity components normal to and in the flow

plane are u cos Os and u sin Os, respectively. The latter component will be ignored, since

its effect on the vertical forces is expected to be insignificant.

The components of fluid velocity are also shown in Figure 2, which is a view of the

ship's center plane. The figure also shows the components of immersion D, yw,, Yh, and yp
of the cross section of the ship at the flow lamina.

The velocity of all points on the ship in the flow plane are nearly the same, differing

only by a small normal component due to pitching, which may be ignored. The velocity of

one point is taken as representative and designated as s(, since it varies for different

sections. The horizontal component of qs() is U; the ship's forward velocity and the vertical

component are the sum of the heaving and pitching components of velocity Yh + Yp"

To compute the transverse hydrodynamic forces on the ship, we consider the motion of

points on a ship which penetrate the fluid plane relative to the motion of the fluid in this

plane. These motions are:

a. The relative horizontal velocity U - u cos 0.

b. The relative vertical velocity (positive upward) yh + yp - v plus a component generated

by the velocity of advance (de/dt)sf of the ship through the flow plane when the ship is

"~ IC I r I I



pitching at an angle ,. (Subscript s - f means ship relative to the fluid.) This latter compo-
nent of relative vertical velocity - i (de/dt)s 1f (positive upward, illustrated in Figure 15a, is
seen to be equal to V/, [-(U-u cos Os)], since the velocity of advance (de/dt),_f is also the
relative horizontal velocity of the point at which the keel pierces the flow plane, i.e.,
(U-u cos 0,).

A vector representation of the velocities 4s, Vfluid,, and the relative ship-fluid velocity

(s()- Vfluid) and their horizontal and vertical components are shown in Figure 15b. It is
desirable, however, to resolve the relative velocity vector into a vertical component yr plus a

U - u cos OS
vector Cos = U - u cos Os along an oblique azis lying along the pitching keel. Then

we can ignore this oblique component, since the transverse force resulting from the variation
with time of the velocity along the keel is considered to be negligible* (i.e., the velocity com-
ponent parallel to the keel produces no change in momentum in the flow plane).

In accordance with the cross-flow hypothesis, we consider, therefore, the flow which
would be produced in a flow plane by the motion of a cylinder whose shape at every instant is
that of the cross section of the ship, with downward relative velocity

yr = v- YA - yp + (U-u cos 0,) V

into fluid moving upward with velocity v. It is assumed that the relative flow, at any instant,
can be described by the impulse my r necessary to establish that flow instantaneously from
rest by impulsive pressure. 20 Here m is the hydrodynamic added mass per unit length associ-

ated with the motion of the body.

Now we show that the downward force on the fluid and, hence, the upward force on the
body in such a flow is

dF d *
d- - (myr) + (g+v) pA

d5 dt

per unit of length e along the keel, where

dF
dF is force per unit length,

m is added mass per unit length,

Yr is downward relative velocity of the body with respect to the undisturbed fluid (i.e.,
undi'sturbed by ship, not the wave),

*The motion of the keel through the water at constant immersion and with velocity U causes a small change of
trim with respect to the trim of the ship at rest. As a steady-state phenomenon, it is not of interest in the slam-
ming problem. The additional forces along the keel resulting from the variation with time of the immersion and
velocity along the keel are also neglected.

,111111
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-dy

Ship's Position at t= tI  a dy d_(

b =- sf P[ (U-u Cos Os 1

1 df

4 Ship's Position at t= ti At

Figure 15a - Velocity Component Due to Forward Motion of Pitched Ship

U-u cosOs
Co U-u cos0

Figure 15b - Vector Relationships

Figure 15 - Components of Relative Velocity

Note: In time At all points on ship have been translated an amount d with respect to the fluid, and the point
"a" at which the keel pierces the flow plane has moved downward an amount -dy to point "a "'; similarly

"b" has moved downward to "b' the same amount
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g is the acceleration of gravity,

v is the vertical velocity of the undisturbed fluid,

p is the density, and

A is the area of the cross section.

The Smith-corrected buoyancy force term, Fb = (g+ :v)pA, due to the motion of the fluid

particles vibrating under the action of gravity g can be derived by applying Newton's laws to

an element of fluid; 2 1 the ship is, for the present, considered stationary. The dimensions of

the small fluid element are Ax, Ay, and Az; see Figure 16. Let u, v, and w be the components

of velocity parallel, respectively, to the x-, y-, and a-axes of a fluid particle of mass m per

unit length at point P(x,y,s,t) of the element. p(x,yz,t) is the pressure at P at time t. Then

the equation of motion of this particle is as Ax, Ay, and As all approach zero: 2 2

dv a d v d v wdw\ dp
m -= pddyda +u- + w =-pddz + p--dy dxdsz -pgdxdydz

dt OSt dx y as dy

or

dv 8v Ov dV 1 Op

at ax ay azs p y
y

Si a v av Ov
Since '-, I -are known to be relatively

Tx ay az
small, the equation simplifies to

P

p-p dy-pg d y+ C

' 1~Ay

) Bu-
Pt xyzt) I Ov 0 so that v f(y); hence,

z P (xIy~zjt, Sy

S m,p zv = * f(y), and p = -(v+g)py + C. At/ az t

/ the surface y = 0, p = 0; therefore C = 0. Also,
ax the downward force on the fluid is

0p - dy
SFfluid = ffpddz = -(v+g) pff ydzdx

Figure 16 - Element of Fluid in = -(-+g) pA dx
Vertical Equilibrium

x, y, z are positive along directions shown, and

forces are taken as positive upward.
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Therefore the downward force per unit length on the fluid is

dFfluid dfluid

S -(v+ g) pA
de d(

The Smith-corrected buoyancy force Fb per unit length acting upward on the body is

dFfluid

F - = (v+ g) pA

Now let the ship move down with a velocity y,. relative to the fluid. Then the force per

d
unit length on the fluid due to this motion is - dt(my,.), and the corresponding reaction force

d
per unit length on the ship is d- (myr). The sum of this force and Fb is the total force per

dF
unit length - acting on the ship.

d
The derivative is to be taken with respect to the flow plane. The force is wanted,

however, at stations fixed in the ship and it is most convenient to tabulate myr for such

stations. Hence the impulse my r in the flow plane is expressed as a function of the time t

and the position of the station along the keel. That is,

Myr =/(fM 0

and
d a d a

S(mnyr) - (myr) + dt I6j (myr)

where
de d -(U-u cos 0')

dt dt

so that finally

dF ad- = (myr) -- (U--u cos 0,) . (myr) + (g+,v)pA
d6 at

where the term pgA is the buoyancy force in still water and vpA represents the Smith correc-

tion* (at the mean waterline) induced by the vertical acceleration of the undisturbed fluid in

the lamina.

*See Appendix D for a more accurate expression for the Smith correction.
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APPENDIX B

METHOD FOR DETERMINATION OF ADDED (VIRTUAL)
MASS PER UNIT LENGTH AS A FUNCTION

OF IMMERSION*

The method used to determine the added mass per unit length m can be described by

reference to Figure 17. This figure shows one section of the ship immersed to a depth y below

Water Surface( Immersion)

Mean Water Level

Water Surface (Emersion)

(Keel)

Figure 17 - Immersed Ship Section during Impact

Water surface (immersion) refers to elevation of water surface near ship due to

increasing immersion. Water surface (emersion) refers to depression of water surface

near ship due to decreasing immersion.

the surface of the water in the flow lamina undisturbed by the presence of the ship. The half

breadth at this immersion is designated by c'.

When the immersion is increasing, the fluid flow results in an elevation of the water

surface near the ship. The water surface then meets the ship at a height y' above the

baseline,** where the half breadth is c. Conversely, when the immersion is decreasing, the

surface near the ship is depressed to a point where the height is y" and the half breadth is

*Alternative methods have been suggested in Section 7.

**The baseline lies along the keel of the midship section; see Figure 17.
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c ". The problem is to first compute the half breadth corresponding to the immersion* and

then to compute the virtual mass which varies as the square of the half breadth.

The amount of elevation can be estimated on the assumption that the half beam of the

ship is increased during immersion in the same ratio as that of a wedge of slope equal to that

of the point on the ship section profile at immersion y. This estimate is based upon the fol-

lowing equations given by Szebehely 1 2 for large deadrise angles P.

C a tanS
' 2K

r 1- cos p
(2*

[B11

[B2]

where, in accordance with the assumption, tan B is the slope of the tangent at y; similarly,

when the immersion is decreasing, the half breadth decreases in the ratio

C" C

C" C
[B3]

Equations [B1] and [B2] show that c/c'is a function of / only. A curve of c/c'

versus /3 is plotted in Figure 18 for values of / ranging from 0 deg to 90 deg.

Water Surface

C,

1,6

1.4

. 1.2

1.0

0 10 20 30 40 50
Bottom Angle 0 in degrees

60 70 80 90

Figure 18 - Curve of c/c'as a Function of Deadrise Angle 8

*That is, for increasing and decreasing immersion.
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From the body plans of the ship the values of c' were obtained at regularly spaced
drafts y and corresponding angles /3. The value of c corresponding to these values of c' was
computed from Figure 18. Finally, c", corresponding to the values of c'and c, was computed
by means of Equation [B3. The values c', c, and c " evaluated for regularly spaced drafts y
are tabulated in Table 5. Curves c and c " versus y may now be constructed; see dotted curves
in Figure 17.

TABLE 5

Data for Computation of Added Mass at Station 20
Values of P corresponding to immersion are not tabulated here; however, these values were obtained and

used in the computation of C and C".

Immersion
ft c" c c" c y" 2c B [c mft [ -6

y y- ft c' c" ft ft y'-6 d slugs/ft

8 0 x
12 0.2 1.02 0.204 12.0 0.068 0.5 0.735 0.1
16 0.6 1.025 0.615 16.0 0.123 0.735 0.9
20 20.45 1.11 1.035 1.15 20.15 0.1625 0.74 3.06
22 22.6 1.48 1.04 1.54 22.30 0.189 0.74 5.5
24 25.0 1.92 1.06 2.04 24.40 0.222 0.74 9.4
26 27.15 2.50 1.07 2.68 26.50 0.262 0.74 16.6
28 29.5 3.25 1.085 3.53 28.66 0.316 0.745 29.0
30 31.9 4.20 1.115 4.68 30.80 0.378 0.745 50.9
32 5.48 1.15 6.30 33.02 0.466 0.745 92.3

For a particular draft y and corresponding value c the elevation of the water surface
near the ship for increasing immersion is then obtained by projecting a line vertically upward
through the point (c,y) until it intersects the ship profile at point (c,y'), as shown in Figure 17.
Similarly, the depression of the wave surface due to decreasing immersion is obtained by pro-

jecting a line vertically downward through the point (c",y) until it intersects the ship profile
at point (c ", y"'). In general, the elevation and depression of the water surface may be so
obtained for all drafts y.

To simplify the computation of the added mass per unit length, use was made of the
fact that the point (c,y') corresponds both to the elevation of the water surface when the

W IU 111MINNIN1IYIYYI= 1 0

u- li- l ,nr~-~,r~-a-ar**l -c~--~--s~ Ila~ ----- araa~a~l-mr~Illr~~wl n



draft is y and to the depression of the water surface when the draft is y". That is, in Figure 17,

y and y " are corresponding particular values on the c and c " curves, respectively. Therefore,

the added masses per unit length at draft y for increasing immersion and at draft y " for decreas-

ing immersion (i.e., for c"= c at draft y) were simultaneously evaluated by considering the im-

mersion to be at y. For example, at Station 19 of Figure 9, the same value of mass per unit

length, 200 slugs/ft, was computed for a draft of 25.4 ft when the immersion was increasing

and for a draft of 29.2 ft when the immersion was decreasing.

The added mass per unit length at any section was evaluated by a procedure suggested

by Prohaska. 13 In particular, for hollow sections, i.e., sections of marked concavity, and for

a particular draft y, a line is drawn from the point (c,y') tangent to the profile below, as

shown in Figure 17. The added mass coefficient (Cv)y corresponding to the proper value of

77 and 2c/y'is then read from Figure 19.* (Cv),Y.- is called the virtual mass coefficient and

depends on the form of the section. In

Figure 19 the section area coefficient 77

of the section is the ratio of the area A of

the underwater section to 2cy'. These 1.0 - 1 .-. Ts
values are tabulated in Table 5,** along

with the added mass per unit length, com- 0o

puted by Szebehely's (and also Prohaska's) 0.9

formulas 1 2 , 1 3 as: .o.05
0.8 1.00 (cv),. 1.00

0.8.95

m = pc 2C [B41 ]

0.7 o s

In general, c = c or c 9o

The resulting values of m for 0.6o

Station 20 are plotted in Figure 9 against

both y and y ".' 0.5 0 I 2 3 4 5
Thus m was first calculated and 2c

plotted for various immersions. This y

stored graphical information was then Figure 19 - Curves for Estimating Coefficient

available for use (i.e., was read out) in (Cv), - for Use in Computation of
Added Mass

the dynamic problem.

*The curves of Figure 19 were taken from Figure 16 of Reference 13.

**Since the baseline lies 6 ft below the keel at Station 20, y' is replaced by y '-- 6 for the computation at this

station only.
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APPENDIX C

PROCEDURE FOR OBTAINING WAVE PROFILE

The profile of the wave of encounter is determined from the photographs and data shown

in Figures 3 and 4, respectively. Figure 3 shows a series of photographs of a destroyer in

rough seas taken at known time intervals from two other ships steaming abreast, one to port

and one to starboard. Figure 4 consists of time histories of the destroyer's heave acceleration,
pitch, roll angle, and other data which comprehend the time period of the series of photographs.

In attempting to obtain directly a wave profile from Figures 3 and 4, the following ob-

stacles are encountered:

1. The two-dimensionality of any single photograph does not permit good spatial percep-

tion. This coupled with the very low background contrast for a wave profile makes it impos-

sible to trace a complete wave profile from any single photograph.

2. The series of photographs was taken from a moving platform at variable time intervals.

Therefore, the determination of a continuous wave profile from a series of photographs requires

compensation for the pitch of the platform (errors due to the heave and roll of the platform are

negligible).

3. The wave profile is obscured by spray.

4. The wave surface is distorted by the passage of the ship and introduces an error that

is impossible to eliminate. Probably this distortion and the resulting error are a minimum at

those points where spray is absent. In particular, the intersection of the stem with the water

surface is probably most dependable in view of the fineness of the bow.

To make tractable the problem of finding the shape of the wave, in view of the above

difficulties, it has been deemed feasible to base the procedure for obtaining the wave profile

upon the following assumption: There is a time-stationary cylindrical water surface profile

which is propagated without distortion and with constant velocity throughout the period of

the series of photographs. Reference axes are then established; points on the wave profile

of all the photographs may be measured relative to these axes. In each photograph, these

reference axes lie in a vertical plane containing the side of the ship. The intersection of

this vertical "trace" plane with points on the wave profile which are unobscured by spray

may be discerned in each photograph and marked off. The wave profile is traced through

these points.

Using this concept gives the following details of the actual procedure used in obtaining

the profile of Figure 20:

1. A reference point is established on the ship. It is located at the point of intersection

of the line of the G deck (extended aft) with a transverse plane tangent to the utmost extremity

of the cap of the forward smokestack; see Figure 21. This point, marked on the photographs,
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VERTICAL REFERENCE LINE f-I15 FTA
MOVING WITH VELOCITY v0
RELATIVE TO REFERENCE POINT

U-

S| | I II .i ,=ZLU
P P __________

P0 23

19 20 21 22 2

P IP

3 0
0

0
3 24 O 25

S18
Is'

a I IN FIGURE 115 FT MASURED ALONG
NORMAL FROM CREST I TO CREST 2
OF ACTUAL OBLIQUE WAVE PROFILE

AUXILIARY LINE

REFEENC LIN
-4-& - F ,- 27 REFERENCE LINE

ESTIMATED DISTANCE
LINE FROM HORIZON
HEAVE ONLY) OBTAII

27 28 PHOTOGRAPHS

Figure 20 - Wave Surface 45-Degree Oblique Profile for Starboard Side

Scale: 1 in. = 115 ft

Crest 1 to Crest 2 = 3.6 in.

0 is the reference point

X= 414 cos 45 deg = 293 ft

on drawing = 414 ft

(approximately 300 ft)

G-Deck

Figure 21 - Reference Point on Ship

Point A is intersection of vertical line tangent to aftmost point on smokestack and horizontal line which

is an extension aft of G-deck.

is used to locate the horizontal and vertical reference lines in the trace plane of each photo-

graph. These reference lines are necessary for "tracing" the whole wave profile.

The horizontal reference line passes through the reference point when the ship is on

an even keel and at the position of zero heave. (The latter position is not absolutely deter-

minable since no absolute reference is available. An arbitrary zero for heave is used.)

The vertical reference line is taken as the vertical line through the reference point on

the ship in photograph 19 of Figure 3. This line is assumed to be moving with the wave

profile.

2. Figure 1 shows that the apparent velocity of the ship along its heading with respect to

the vertical reference line is

Vw
a= + cos 0

IjP/OF REFERENCE
(ALLOWING FOR
NED FROM
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where V = is the wave velocity in feet per second (see Equation [D16]),

A is the wave length in feet,

U is the ship's speed in feet per second, and

0s = 45 deg is the ship's heading in degrees.

From Figure 2 the period of encounter P is evidently

PVw, + U cos 0,
S+ U cos s

Hence

2 - (f +2P Ucos 0), X+p2U2 COS 0= 0
27r

With P = 5.25 sec (estimated from the records of Figure 4),

U = 28.71 ft/sec,

g = 32.2 ft/sec 2 , and

0s = 45 deg,

the solution for A of the above equation is A = 300 ft (approximately). Then Vw = 39.2 ft/sec

and Va = 84.14 ft/sec.

3. The apparent velocity Va and the time intervals between the photographs, which are read

from the time scale of Figure 4, permit the longitudinal position of the reference point on the
ship relative to the moving vertical reference line to be computed for each photograph. These

positions were laid off on a transparent overlay sheet; see Figure 20. The horizontal reference
line was also drawn, at arbitrary height, on the overlay sheet.

4. When the ship heaves, pitches, or rolls, the reference point on the ship will no longer
lie on the horizontal reference line. The actual position of the reference point, relative to
the horizontal reference line, is obtained by making corrections for the rigid-body motions;

see Figure 20. The method for determining these corrections is now explained.

a. To correct for heave,* the heaving acceleration record is integrated twice. The
resulting heaving velocity and displacement curves shown in Figures 7 and 5, respec-
tively, require the determination of the:

(1) Line of zero acceleration. This is not marked on the record. An error
results in the addition of a parabolic component to the heave displacement.

*By scaling the sketch of Figure 1 in Reference 23 and by using the plan of the shell and deck plating and

inboard profile of the ship being analyzed, the heave meter was estimated to be 27.6 ft aft of the "reference

point" used to determine the wave profile. From the plans, the reference point was found to be 15.91 ft forward

of amidship.
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(2) Line of zero velocity. This is an arbitrary constant of integration. An

error results in a slope to the heave displacement curve.

(3) Line of zero heave displacement. This is an arbitrary constant of inte-

gration. An error is immaterial since it merely shifts the horizontal reference

line up or down but does not affect the relative heights of the ship in the sepa-
rate photographs.

To obtain the velocity and displacement curves of Figures 7 and 5, respectively,
let us consider the curves of Figures 22a and 22b which show the final unfaired heave

velocity and heave displacement curves and their corresponding baselines. These

curves were obtained by first planimetering the original heave acceleration curve

shown in Figure 4 and the resultant velocity curve about arbitrary baselines. The

resultant heave displacement curve was then examined to determine the correction

to be made to the acceleration and velocity baselines that would reduce the parabolic

and slope components in the heave displacement curve. Several corrections and sub-

sequent integrations were necessary before the heave displacement waveform was

considered acceptable in the region for which the slamming forces were computed

(t = 0-6 sec). In drawing the displacement curve, Figure 22b, no attempt was made
to reproduce the high-frequency component associated with the whipping, since it

is small in the second integral. For the same reason, it was decided to eliminate

the whipping component of the heave velocity. This was done by recomputing the
velocity by a numerical differentiation of the heave displacement. The results

are shown in Figure 7. Figure 5 is identical with Figure 22b for computation time

t = 0-6 sec.

b. To correct for pitch, the product of the distance from the accelerometer to
the reference point on the ship (27.6 ft) and the pitch angle in radians is added to
the uncorrected reference point, bow up pitch being taken as positive; see Figure 23.
Note that the horizontal component of pitch displacement which corrects the hori-
zontal position of the reference point is neglected. The value of this correction is
negligible compared to the length of the wave along which it would correct.

c. The correction for roll is made on the assumption that the accelerometer is
on the centerline of the ship. Reference points are taken port and starboard at

beam
one-half the beam off centerline. The height correction is computed as T 22

times the roll angle in radians, roll to starboard being taken as positive and the
minus sign being used for the downward displacements of the reference point on
the starboard side; see Figure 24.

The height of the reference point above or below the reference line, for
each photograph time, is computed as the sum of the heave, pitch, and roll cor-
rections.

5. The corrected height of the reference point on the ship for the time of each photograph

is laid off on the overlay sheet along the appropriate vertical line. The overlay sheet is then

superposed upon a photograph with its appropriate corrected "reference point" in coincidence

with the corresponding one in the photograph. The horizontal reference line is then brought to

the correct height by rotating the overlay sheet until the horizontal reference line is parallel

to the horizon. This is accomplished with the aid of an auxiliary line drawn on the overlay

sheet parallel to the horizontal reference line and at such a height above it as to fall nearly

on the horizon.
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COMPUTATION TIME t IN SECONDS

Figure 22a - Unfaired Heave Velocity Curve

S2 6 8 10 12 14 16 18

ACTUAL TIME t IN SECONDS

Figure 22b - Unfaired Heave Displacement Curve

Computation time zero seconds corresponds to 8.18 seconds of actual (recorded) time.

Figure 22 - Time History of Unfaired Heave Velocity
and Displacement Curves
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o Pitch Angle 0

Scaled from sketch n St. Denis-Wornsinck report.

Figure 23a - Position of Reference 'oint ana Accelerometer on Ship during Pitching Elevation of Bow

Pitch Displacement d#

Reference Point

4 "  Heave
Reference L4ne

Accelerometer 27.6' e Ln

Heave

Figure 23b - Vector Relationships

Figure 23 - Pitched Ship and Vector Diagram Showing Correction for Pitch

Roll
splacemen'

B/2p/onI Reference Line

Reference
Point

,P

SAccelerometer

Figure 24 - Vector Diagram Showing Correction for Roll

B
Roll displacement = - p
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6. With the overlay sheet in position over a photograph, points of intersection of the ship's
side with the wave profile that are truly discernible are marked off on the overlay sheet. The
procedure is repeated for all the photographs, a separate overlay sheet being used for the port
and starboard photographs because the scales are different. Points on the wave profile fall in
their proper relative positions on the overlay, and the continuous wave profile may be drawn on
the overlay by fairing through these various points. The wave profile traced for the starboard

side is shown in Figure 20. From Figure 20, the length of the ship, the relative velocity, and
the position of the reference point relative to the midship position, it was established that the

water crest is amidship at t = 8.18 sec on the scale of time of the trial records (Figure 4). This
time was then taken to be the zero of "computation" time.

7. The construction of the wave profile is such that, if the assumptions are correct, all the
points should lie on a fair and continuous curve which is an oblique (45 deg) profile of the
time-stationary cylindrical wave surface. The results for the starboard side are quite good.

From Figure 20 a wave length of approximately 300 ft and a wave height of 14 ft were obtained.

The resulting trace shows that a satisfactory approximation can be made to the wave profile at

the time of the significant slam (about t = 8.6 sec or just before Photograph 23) by taking a

regular wave of 300-ft length and 14-ft height; see Figure 20.

The results for the port side are incomplete; the whole of the wave crest into which

the ship is entering at the time of slam is missing. These results are not shown. The compu-

tations in this report are based upon the foregoing dimensions.

8. The relative phase may be obtained by noting, from the wave profile on the overlay

sheet, that the reference point is at a node before a crest in Photograph 26.
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APPENDIX D

KINEMATICS OF FLUID PARTICLE MOTION

For the case of plane gravity waves in deep water, appropriate equations for y., u, v,
V

and - are now derived; they are based upon kinematic relationships between fluid particles.
g

For ease in readability, some fundamental classical relationships are reproduced first.

Consider the behavior of an inviscid, incompressible fluid vibrating under the action

of gravity. Since the motion is irrotational, a velocity potential 0 exists which must satisfy

the Laplace equation

a2€ _ 2
Ox2 0y 2 [Dl]

throughout the interior of the fluid. For a plane cylindrical wave, 0 depends only on two

spatial coordinates x and y. In Figure 25, the axes are at the undisturbed surface of the

fluid and y is positive upward. The time dependence can also be included in the definition

of the velocity potential 0 since Equation [Dl] defines the spatial but niot the temporal be-

havior of 5. Therefore, if we assume that the wave is periodic (i.e., a sinusoid with angular

velocity o) and if we express the time dependence for a wave moving to the left in the form

e i t , then one possible solution of Equation [Dl] is 2 4 ' 2 5

.rN A1 300'-II

II

A V Mean Water Level

x

Figure 25 - Sign Convention for Sinusoidal Wave Propagating with Velocity VW
toward the Left
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S(x, y,t) = Re: f(x-iy) ei" = Re: AeK(ix+y)eijt = Re Aei(Kx+O)e+Ky

where A, in general, is a complex quantity.

We note that the right member of Equation [D2] is also the solution in complex notation

a2o 1 a2o
of the wave equation - - - - = 0, which has the same form as Equation [D11. There-

ax 2  c 2 at 2

fore
2 4

21 2y
k= o,; -X I

or

A
V w  [D3]

where k is the wave number,

X is the wave length,

ir is the period, and

V, is the velocity of wave propagation.

If -A' is the y-coordinate of the ground, then for infinitely deep water

2,h'
ky = - - o, which satisfies Equation [D2].*

The equation of the surface profile can now be derived from Equation [D2] and the

generalization of Bernoulli's equation for nonsteady motions, which relates the pressure p

and the potential o. Bernoulli's equation is

-a8 1 1- +- (vO) 2 + - (p+ U') =c(t) [D4]
at 2 p

In Equation [D4] let the atmospheric pressure p = 0 define Ehe condition for the free surface.

The quadratic term (VO) 2 can be neglected, since the velocity of the water particles is small

(i.e., A is small) and the fluid density p is a constant because the fluid is incompressible.

Also the gravity potential per unit of volume taken at the surface is U'= pgy, and the only

function of time which will not destroy the periodicity and uniform advancement of the wave

is c(t) = 0. With these conditions, Equation [D4] simplifies to

do
- = gy [D5]at g

*Another possible solution of Equation [D1] 0 = Re: f(x+iy) = Re: Ae i (kx +<t) e-ky would not be usable,

since an infinite value of 0 would be obtained at the ground.
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Let y = yw (x, t) be the equation of the surface profile. Then from Equation [D5] it is

apparent that yw, will have the form of a progressive wave similar to the one set up for 0. That

is,

yw = aei(kx+wt) [D61

where a is, in general, complex since it includes the amplitude and phase of the surface

function. Like A it is a small quantity.

Substitution of Equations [D21 and [D61 into Equation [D5] yields

kyw
iaAe = ga [D7]

Upon expanding ekyw in powers of ky w an, neglecting Ayw, Ay 2, etc., as small quantities of

higher order, Equation [D71 becomes*

icoA = ga [D8]

which gives the relationship between A and a. If A is chosen real, then a is a pure imaginary.

Now writing Equations [D2] and [D6] in real form e have

4 = 4cos (kAx+ eot)e+ky [D9]

YW = -- A sin (kx+ot) [D101]
g

Where for mathematical convenience y and yw are used interchangeably.

It is evident that A determines the amplitude of the wave for y = 0 and that both A and

the circular frequency a depend upon the particular form of the excitation. In Equations [D91

and [D10] the wave number k is related to a (so far) only by the ratio given in Equation [D3].

Since X is unknown, Vw, = - is unknown. Therefore, a direct relation between k and a is

desired. It can be obtained by stipulating a further kinematic condition that the motion of the

surface must coincide with the motion of those fluid particles that happen to be at the surface

at this time. Then the normal component (V,) n of the velocity of the surface Vs is equal to

the normal component vn of the particle velocity v at the surface; that is,

*Th.At is, the exponential variation of the wave form with depth is ignored.
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an(V,)a c k - [Dl]

But for a wave sufficiently flat (i.e., A small), = a and (Vs) n = , the "sinking
an ay at

speed" of the surface. With these approximations, Equation [D111] becomes

a(yW) a9
at= [D12]

Substituting Equations [06] and [Dl] into Equation [D12], we obtain (ignoring products Ay.,

Ay., etc., after the differentiation - -9 is performed)
ay

- ima = kA [D13]

Equations [D81 and [013] yield the relation between k and a, namely

A g i)
-= - . [D14]
a io k

or

a 2 = gk [D15]

Also

2 g gX
V 2= = "= - V = [D16]

Now let the reference frame defined by the coordinate axes x-y move with the wave so

that the origin is always a crest. This second reference frame, with origin at 0" is obtained

by translating the original y-axis 90 deg to the left; see Figure 25. Since now Equations [D9]

and [010] are no longer time-dependent, the velocity potential and surface profile become

= Aeky cos (kx--900) = AekY sin kx [D171]

6) CO

yW =..- A sin (kx-90 ) - A cos kx [D18]

g g

but

iao o A k A 2r
A= - =-iaV ; - A= -ia= ; k= -

k W 9 Oa 2

where A is the wave height.
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Therefore

2try

- Ve Asin - [D191
2W

A 2f[z
yW = - cos x [D201

2 X

The fluid particle velocity components u and v in the z- and y-directions are obtained with
respect to a new (third) reference frame fixed in space* which is coincident with the above

moving x-y coordinate system at a particular instant t = 0. These components are

2r
d4 h 2n e 7 2nz

u . - 2 V. e cos - [D21]ax 2 X

2r90€ h 27r -Y 27

v = - - Ve sin - [D22]
9y 2 X k

If the exponential variation of u and v with respect to depth is ignored, i.e., u and v

are considered independent of depth,

A 2r 2rz
u= -- - Vw cos [D23]

2 X X

A 2f 2n[z
v= - - - V. sin - [D24]

2 X~ A

We now designate t = 0 as the time that a particular particle is under the crest of the

wave which lies above the origin. The horizontal displacement of that particle at any time t

with respect to the third reference frame fixed in space is x = Vt. Hence, from Equation [D24]

the vertical velocity of that particle which is also the velocity of any point on the surface

profile is

h 27 21r
v = y. = - V. sin - V.t [D25]

*The fixed reference axes will also be designated by x- and y-coordinates for convenience.
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The vertical acceleration is*

h 27 2 21z= - V  cos X [D26]

since
X = 300 ft

h = 14ft

then

V = = 39.209 ft/sec

and

h 27r h nV 2 - 5.74 ft/sec
2 w" 2

and
1 A S( \2 A 2w
I - -h 2 -

W  2 -f =0.1466
g 2 X 2 X

*More accurate computations for 0 ure obtained if its derivation is based upon the equations for a and v which

include an exponential variation of these variables with depth. The expressions for a and v including time de-

pendence are then (see Equations [D21 and [D22]:)

h
u=- . kV ekY cos(kx+wt)

ax 2

¢ h k
V=- = kVw e k y sin (kx+ a)

d y 2

where

X v
w

since
v = v(x, y, t)

dv av av 4v.... +U + v_
dt d ay

Substitution of the equations for a and v and its partial time and two-dimensional space derivatives into the latter

equation yields h h kl
v=-- (k V) 2 eky cos (kx+at) - kek

2 2

and at the mean waterline, ignoring time variations,

h h
()y= =  (kVw) 2  os kx- -0.1466 g [cos 0 - 0.1466

Actually 6, at all points at which particles are in contact with hull, should be used, but the additional computa-

tional complexity does not warrant the relatively small increase in accuracy of the complete expression for

buoyancy force.
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For convenience write 0 = -= kx

V
The results obtained for y,, u, v, and - are9

YW = 7 cos 0, ft [D27]

u = - 5.74 cos 0, ft/sec [D28]

v =- 5.74 sin 0, ft/sec [D29]

- = -0.1466 cos 0 [D30]
g

For use in Appendix A, it is convenient at this point to find the path of a particular

particle disturbed by wave motion. Let 77 and e now represent the vertical and horizontal

displacements, respectively, from the rest position of a particle at arbitrary depth y. Then

for an x-y coordinate system fixed in space with y positive upward

e&= x'-. ; 7 = y'-.y [D31]

where x and y are the particle coordinates of the particle at rest and z'and y', the particle

coordinates of the particle disturbed by wave motion. The components of the particle velocity

obtained by differentiating Equation [D9] with respect to x and y, respectively, are*

u= = = +Ak sin (kx+ t) eky [D32]
(9x
ao k

v= 7 = - = - Ak cos (kx+ ot) eky [D33](9y

Integration of these equations with respect to t gives

=AK
= --AK ekY cos (kx+ot) [D34]

*More exactly, ( should be differentiated with respect to the variable coordinates x ' and y also Equations

[D32] end [D333] should contain x '= x + , y '= y + 77 rather than x, and y. However, the difference would be of

second order in , 77 and is therefore neglected.

wa, 10011011RUNIMII

,,IJr,*~aa uan~ - - 111~ - - - -L ---I I I



77 AK ek y sin (kx+ (ot) [D35]

Hence, we obtain

27r 2 2r 2

' 2+7 2 - = - e [D36]

2r
h Y

Equation [D36] defines the path of any particle at depth y as a circle with a radius - e ;
2

The radii of the circles decrease rapidly and in an exponential manner as the depth increases.

Note also that

u2 + 2 = (Ak) 2 = ( ) [D37]

2(
where h = 14 ft and a) -2 = 6.98 radians/sec (see Section 7, first paragraph).
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APPENDIX E

METHOD FOR LOCATING EACH STATION ON THE WAVE
AT REGULAR TIME INTERVALS

2n
To reduce the number of computations, a formula for 0 = k = k - is derived which

makes the computed and tabulated values of 0 at any station, as a function of time, repeat
themselves at all other stations but at later or earlier times. For example, Table 6 shows
that the tabulated values of 0 for Stations 19 and 20, which were calculated from the formula
for 0 derived below, are the same but are displaced in time an amount 2At = 0.2192 sec,
where At = 0.1096 sec is a regularly spaced time interval.

From Section 5, the zero of "computation" time is taken at the instant when the wave
crest is amidships. Therefore, consider an x-y axis invariant with respect to the wave, and
Station 10, corresponding to e = 0, to be at the crest of the wave, where a = 0 at time t = 0.*
To locate the nth station on the wave,** we first note that the velocity of Station 10 in the
.- direction relative to the y-axis is (V + U cos 0 ). Then the i-coordinate of Station 10 at

any time t is

Xo10 = (Vw + U cos 0S) t

and for the nth station

Xn = (Vw,+ U cos 0,)t + n.cos 0,

From Appendix D, 0 = thus

2 r
On T[(Vu + U cos 0,)t + 4a cos 0,]

1
The station designation measured with respect to Station 10 is n- 10; - is the

20

distance between stations equal to the section length Ax. Therefore the distance from Sta-
tion 10 to Station n is

- (n-10)
20

*Thus Crest 1 in Figure 1 is located at the centerline of the ship (e = 0) at t = 0.

**n = 0, 10, 20 at the after, midship, and forward perpendiculars, respectively.
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TABLE 6

Tabulation of 0 for Stations 19 and 20

t
S 020 019 t 1 20 019

sec sec

0
0.1096
0.2192
0.3288
0.4384

0.5480
0.6576
0.7672
0.8768
0.9864

1.0960
1.2056
1.3152
1.4248
1.5344

1.6440
1.7536
1.8632
1.9728
2.0824

2.1920
2.3016
2.4112
2.5208
2.6304

2.7400
2.8496
2.9592
3.0688
3.1784

2.7320
2.8686
3.0052
3.1418
3.2784

3.4150
3.5516
3.6882
3.8248
3.9614

4.0980
4.2346
4.3712
4.5076
4.6444

4.7810
4.9176
5.0542
5.1908
5.3274

5.4640
5.6006
5.7372
5.8738
6.0104

6.1470
6.2836
6.4202
6.5568
6.6934

2.4588
2.5954
2.7320
2.8686
3.0052

3.1418
3.2784
3.4150
3.5516
3.6882

3.8248
3.9614
4.0980
4.2346
4.3712

4.5076
4.6444
4.7810
4.9176
5.0542

5.1908
5.3274
5.4640
5.6006
5.7372

5.8738
6.0104
6.1470
6.2836
6.4202

3.2880
3.3976
3.5072
3.6188
3.7264

3.8360
3.9456
4.0552
4.1648
4.2744

4.3840
4.4936
4.6032
4.7128
4.8224

4.9320
5.0416
5.1512
5.2608
5.3704

5.4800
5.5896

6.8300
6.9666
7.1032
7.2398
7.3764

7.5130
7.6496
7.7862
7.9228
8.0594

8.1960
8.3326
8.4692
8.6058
8.7424

8.8790
9.0156
9.1522
9.2888
9.4254

9.5620
9.6986

6.5568
6.6934
6.8300
6.9666
7.1032

7.2398
7.3764
7.5130
7.6496
7.7862

7.9228
8.0594
8.1960
8.3326
8.4692

8.6058
8.7424
8.8790
9.0156
9.1522

9.2888
9.4254

- ""'
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Since the computations are made for regularly spaced stations on the ship designated by

numbers n = 0, 1, 2 ... 20 from the after perpendicular, it is convenient to write

On - (Vw + U cos 0Os) + (n - 10) cos 0

It is convenient to make computations of 0 for regular time intervals At and to make

the values of 0 for any station n at regular times t 1 , 2t,, 3t 1 ... repeat themselves at adja-

cent stations at succeeding regular times t1 + KAt; 2t 1 + KAt; 3t 1 + KAt (see table 6); here
t

K = - is the number of regular time intervals which separate the repetitive values of 0 atAt

any two stations. To achieve this let

1 1
(V + U cos 0o,)t+ I (n-10) cos 0, = (V + U cos O0) (t+KAt) + I [(n-l1)- 10] cos 0

from which

-cos 0
20

At =

In this problem K(V + cos O)

Os = 45 deg

I = 369 ft

V. = 39.21 ft/sec

U = 28.71 ft/sec

and K = 2 was arbitrarily chosen since the value

369 x 0.70711
At = 369 x 0.70711 0.1096 sec

40 (39.21+ 28.71 x 0.70711)

was found to be a satisfactory interval for use in the calculation.

The formula for 0n then becomes

t

n = 0.1366 + 0.2732 n - 2.732
0.1096

On is tabulated in column 3 of Table 1 and Column 1 of Table 3 for increments of 0.1096 sec.
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APPENDIX F

DIFFERENTIAL AND FINITE-DIFFERENCE EQUATIONS
FOR OBTAINING RESPONSE OF SHIP

TO SLAMMING FORCES

The differential and finite-difference equations used to obtain the transient response of

a ship to slamming forces are derived in this appendix, and a method for computing the forces

on a ship by means of a digital computer, rather than manually as was done in this report, is

described. This method is presently being coded by the Applied Mathematics Laboratory of

the David Taylor Model Basin. For further details on the differential and finite-difference equa-

tions and the method for evaluating the parameters used in these equations, see Reference 5.

FI. DIFFERENTIAL EQUATIONS

The damped vertical response of a ship's hull of length 1, i.e., 0 - x - 1, assumed to

act like a free-free nonuniform beam, to transient forces can be calculated by solving the fol-

lowing system of partial differential equations: 14,26

a2Y ap av -
• -- o + Pz~t)[Fl]

JA at at ,ax P(, )[1

M = El [F2]ax

atamI 2Y + V 0aM3z +V--=0 [F3]

V = (KAG) y - (KAG) [F4]
ax

where for present and future use we define:*

t Time; sec

X Distance coordinate along longitudinal centerline axis of ship's hull; the
independent variable x as used in the equations lies along the same axis as

a a
4, hence dx = de and = . Note, however, that this is not the same x

used in Figure 1 and other parts of the text where x is normal to the wave-
front; ft

*For more complete definitions, see Reference 5.
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STotal vertical displacement of point of beam (hull) initially on z-axis, i.e.,
displacement of point from equilibrium position in still water; ft

yI Elastic (flexural) component of 3; ft

y Rotation of transverse section of hull about an axis through the section normal
to the x-y plane; radians

M Bending moment; ft-tons

V Net shear force in y-direction; tons

I Apparent mass per unit length including allowance for virtual mass of surround-

ton-sec
2

ing water;
ft2

c Damping force per unit velocity per unit length; ton-sec

ft 2

P Total force per unit length acting upon ship's hull; tons/ft

lJz Mass moment of inertia of hull per unit length with respect to an axis normal
to the x-y plane; ton-sec 2

El Bending rigidity; ton-ft 2

KAG Shear rigidity; tons

y Vertical component of displacement of point on hull due to flexure; ft

W = mg Gravity load per unit length where m, is the ship mass per unit length; tons/ft

For convenience in solving for the variables, these partial differential equations are

rewritten as*

*To include the elastic (Le., flexural) component of the hydrodynamic force in a manner convenient for compu-

tation by a digital computer, Equation [F1] was modified to Equation [F6] by means of the following derivation:

( 2 y
Newton's law for a differential section of the ship yields ms - = sum of rigid-body and flexural hydrodynamic8t 2

av 05 d [ Ye1 av a7forces on hull section-- -c- - W= - - + (g+)pA - --- - c - - W. Substituting
ax at dt a ax at

a d (ah p d av a
=yh ( gives: m + -(myf,)=-m + t + (mflr)+(g+ )pA- -- c (y+y+y

When the total derivative is written in terms of partial derivatives, the left member becomes

a, -+ [ m ( dx
m -+ m I + t + - fe ) -Sd 85 S L : di x di

oi r m ad d(m +) - ) - +mat t + x
dx dm dx

dt dx dt
( a h  dp

at at

d ap
+ - (mfr) + (g+ b)YpA - -

dt ax

dyE_ (dyh_ y\- 0 --. ( +--P --- W
[Footnote continued on bottom of page 67]
[Footnote continued on bottom of page 67]

hence,
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adYe

at= y e [F5]

aye _ dx aye _ V -
A t + ye +m- - + - = P  [F6]

a t dt ax ax

1 am ay-=0 [FT]
El at dx

dy dm
I - - + V = 0 [F8]at dx

1 dV .
+ - - y = 0 [F9]

KAG at aW

Since

= y + h + Yp

then

-- + + -a aye as a
ax ax x ax

and since

ayp ayh
- ='/; - =0

O 0
ax ax

Equation [P9] can be rewritten as

1 dV Oy .
A + - -y=- [F9]'

KAG at ax

Moreover, the rigid-body motions yp, Yh, and t can be determined by means of the

[Footnote continued]
Defining

II =ms (x, t ) + r (x)

dm am dx
C =C++- +

Ot dx dt

- d
Pe (x, ) - (mir) + (g + t ) pA - W

dt

_h Ip h yp

P =P-(,t) m + - --- +-

gives Equation [F6]. Equation ]F7] is obtained by differentiating Equation [F2]
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following equations if ms (), Pe (x, t), Yh (0), and / (0) are known.*

1f ms xdx

Xc.g. = [FlIo

f ms dx

yP (, t) = V(x- .g.) [Flla]

where

ayp (X,t)

t = ('-Xc.g.) [Fllb]

Ot

Yh (t) Yh (t) dt + Yh (0) [Fl2a]

where

dyh 0t Pe dx

d [F12b]
dt o ms dx

0t

f(t) f /(t)dt+ #(O) [Fl3a]

0

where
1-

f Pe(x-xc.g.)dx

(t) = [Fl3b]
I

f m, (X_-z.g.) 2 dx

dx
Thus given c, m, - , and Pe as functions of x and t, and ms as a function of z, as

well as t (0), Yh (0), we can compute P(x, t) and V(x, t); note that Pe constitutes numerical

terms which are entirely predetermined from the analyses of the oscillograph, whereas the

remaining terms in P(x, t) associated with rigid-body motions, as well as other variables, are

determined by the differential equations, as will be explained presently.

1
*For the present problem xc. g. =- - 11.69 (the position of the heave meter being 11.69 ft aft of the midship

position). Hence Xc.g. = (18.439) (10)- 11.69= 172.7 ft.
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ay
In working with Equation [Fo61, it proves convenient to eliminate by using Equation

[F9]'. Thus the system of equations to be actually solved will have the form:

ayt (z, t)

at Y f (X, t)

ay (,' t)
a (, t) +
at

av(z, t)

dx (x, t)
dt

1

KAG ()

- dx(x, t)=P(X, t)+ m(, t) d(, (t)
dt

1 aM(,t)
El(x) at

a,(x, t)
a 0

ay (z, t) aM(,t)lg (Z) at m + V(X,t)=0

1 av (X, t)
KAG at

ayf (X, t)
+ - Y(@,t) = -4(t)

[F14]

av (, t)
at I

[F15]

[F161

[F171

[F181

In these equations, the following restrictions are imposed:

lz (x) 0

10 > 0
KAG (xz)

p (x, t) > 0

1
>0

El (x)

The ship is assumed to have free ends. Therefore, the end (boundary) conditions imposed

for all time 8 t are:

V (0, t) = V (1 t) -=0, M(t) =- M (1 t) = 0 [F191

dy
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The initial conditions required are:

y' (X, 0 ); ye (, 0 ); y (X, 0 ); M (X, 0 ); V (X, 0)

The initial conditions actually supplied are

ye (s, 0); ye (-,o ); y (, 0); y (X, 0)

Then the required M (x, 0) and V (x, 0) are obtained by using

m (z 0 )=yE(m,0
M(x,0) = EI(x) y (X)

V( ,0) = (,0
ax

In addition to end

supplied:

dt ( t) (, t)

conditionis and initial conditions, the following quantities are

d 1 1
dt (m y r ) + (g+ v)pA; ms(x); KAG(x) El(x) ;lz(x);

#f(0); YAh(0)

These quantities furnish all the coefficients required in Equations [F16] and [F17]

directly. In addition to coefficients given directly by these quantities, Equation [F18] has a

quantity V (t), while Equation [F15] has coefficients L(x, t), ;(x, -t), and P(x, t) as well as a

quantity (t). These can all be computed by using the above quantities and the relations just

given. First, I(x, t) and 6(x, t) are given by

ft(x, t) = m (X, t) + ms (x)

Om~zt ) m(s, t )Z(x, t) c(x, t) + am(X9t) am(x t)

at ax

ax(x, t)

at

Then i (t) is obtained by using Equations [F101, [F13], and

Pe (x, t) = Pe(X, t) - gm.(x)

[F201

[F21]
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where
d

Pe(X t) d (my,) + (g+v) pA

yP(x, t) dyh

P(x, t)= Pe(, t) - m 8  - ((,t) ( (, t)+ Yh(X m (at dt 1

where, in addition to Equations [F10] and [F13], we use Equations [F111 and [F12].

Thus Equations [F14] to [F181] are solved subject to end conditions [F19], using as

input values supplied for initial conditions listed below Equation [F19] as well as the quanti-

ties listed after Equation [F21]. Equations [F20] and [F21] are used to compute initial values

of M and V. Then, as explained in the preceding paragraph, the coefficients and quantity

(t) appearing in Equation [F15] are computed from input quantities. The quantities computable

as output, then, are

y" (, t); y, (, t); y (, t); y (z, t); V (t); ' (t); M (, t); V (,t)

and the displacement

W(7 0) = yE (x,t) + Yh(z, t) + yp(x, t)

and each of its rigid-body components and their derivatives.

F2. FINITE-DIFFERENCE EQUATIONS

The set of' equations, [F14] to [F18] specifying the equations of motion used for the

ship hull together with initial conditions and end conditions, are incorporated into the set of

implicit finite-difference equations which follows. Thus we are now dealing with discrete

rather than distributed parameters and variables; see Figure 26. The solutions to these equa-

tions have been programmed and carried out on the IBM 704 at the Applied Mathematics

Laboratory, David Taylor Model Basin. The final results are a set of printed tables giving

for each station or midstation s the value of the variables (y, , V, M, etc.) subsequent to the

initiation of the transient excitation.

The interval 0 - x - 1 is subdivided into N subintervals* of lengths (Az) 1 /2, (Ax) 3 / 2 , ... ,

(Ax)N_1_, respectively, by thecoordinates (stations) x0 , zl, ... , <rN = 1; see Figure 27. The

following notation is used:**
1

anw= 2 - n*#n1

*N= 20 is usual although N = 40 gives somewhat more accurate results.5

**This notation is in accord with the Jasper-Theilheimer representation of a beam. 5
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Figure 26a - Ship Hull Showing Excitation Forces; F = F (x, t)

z
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Figure 26b - Equivalent Nonuniform Beam Divided into 20 Sections

tF

V+AV

Now.M M+A

xi x i + l

Figure 26c - Free Body Diagram of Ship Section of Length Ax
Subject to Forces and Moments during Transient Vibrations

Figure 26 - Representation of Ship Hull by Nonuniform Beam Divided into 20 Sections
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Figure 27 - Subdivision of the Interval (0, 1)
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for n = 0, 1, ... , N - 1. In addition, definitions

_V = Xo

and
zN+% O "N

are made so that for n = 0, 1, 2, ... , N

(Az)n = -rn+ - xn-

can be used.

In the set of difference equations which follows, each approximation to a function of

space and time, say f(x, t) at position = .n and time t = t(m) is represented by f(m), i.e.,

subscripts, in general, refer to station indexes and superscripts to time indexes.

We approximate Equation [F14] for the nth section and mth time interval by approximating

the following equation:

S1 (m+ ( -t1)

2 J( L; Y (X, t) dtdx = 0
n t(m) a t

using

()+ + ) r I(At) (AX)n+ =0

For convenience, we rewrite this equation as

y(m+n1) y ( f+l) = (m) + al(m)+
e, n+ %-aye, n+% , n+% t, +% [F22]

for n = 0, 1, ... , N - 1, with

At
2

[F23]

Next, the following equation derived from Equation [F15] is approximated:

t(m+l)

x + t(m) { , ay( e (X, t) t)(Xt) at + -(, t) y (w, t) + (s, t)
da (x, t) ,

dt y(a, t)

V(, t) V(Xt) - dx(x, t) ddt = 0
t +ax - P(c,t) - m(X, t) dt i(t)

[F24]

m(,, t)
KA (4)

dx(x, t)
dt
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The difference equation used to approximate this equation is of the form:

(A) (m+%1)(+) .(m) )(m+%)(m+) ) ) At
n+% M2 e, n+% - Y n+%) n+% Y, n+% + y, 4n+%) 2

('(n +X)+ (m+ ) + (m) . (m) At(Ax)+% (Yr,+ n m + -+ ) -2-

[( (iV (+1) +nVm)( (V(M+1) V (m
nna

At_(m V(.m)At - (
+ (Vn+ ) - Vn(m+1) + n( o ) -n ( m ) At (PA.)(m+%) At -

d) (m+ )
(Az)n+ /(m+ ) At = 0

[F251

for n = 0, 1, ... , N - 1. For convenience, we rewrite this equation as follows:

(M+) (+ ) &Vm+% (M+ +1) ) + ,(+ +S.(m+%) (m1+ 1) +g(m+%) V (M(+A Y(;n+% +% Yn+ I a +% n+ +%) n

g(m+%) +,(Mr+%) '+ (M+%) (MI + )+J(M+%) V (M (M+

-Wl+% + % E n+%+ n,-+% + n) .,+ n ++% n(+> [F26]

a =- At
2

S(m++) (+A().CA,)+( m%)

(M+%) = (IAzX)(M+ %) _.(Ax)n (MI)a

1
, M+%) = 1

,("+ % 2

do )(m+%)

dtn+%

(m+%)(

(Ax)n+% t

AX
KAG) +

( KAG(+ ) - m)I+ ( , d
T +d

g(,,+%) 1 (m do
n+% 2 d 

(m+ %) SAx
KAG)-

B

+ I m
(m+%)

n+%

dx (m+%)

dtn+%

where
[F27]

[F28]

[F29]

[F30]

=-- (m
2~dt, [F311

-
A+1

[F32]

[F33]
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(rn%)1 /dx (m+ )
n+% = - -

n+M
AxKAG +a [F34]

and

A) = [(P- n + ( dx (m+ / (m+%)
n(+ + m (Ax)n+ I(m+) At [F35]

n+% dt n +% n+II

where the values of K- n are obtained from the input data, while values of

( ,(m+ . -)); (dAX), ) 1 m+ ) n(m+V2) _
d)t+ ) n(+ ) +(m+2 [F36]

are obtained at the required times t(m+') by interpolation, using the set of three values obtained
at the nearest times from a set of key values precomputed at a set of uniformly spaced times

described as follows:

Each of the time-dependent input quantities

can each be supplied at a different sequence of time intervals. These time intervals need not

be uniform. The program first interpolates these input quantities to a key set of uniformly
spaced times using three-point interpolation formulas. At each time t(v) of this key set, the

quantities [F36] are computed by using the following set of equations:

At'= t ( + ) - t (V ) [F37]

[F38](jIAx) ,+ = (mAx) + + (msAx)n+%

=+(V)

1' n+%

(IL x~f+ + (rnA x-) 1 ') - (mAx)~~ 7 )
(I~)+ +2A'J

(m ) 3 - (m)( 2 )n+3/12 -(2)n-V2 dx (v)
+ - d (A")'A

(Ax)n + (AX)n+ 1 ( dt )n+A A +

a

[F39]
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[F40
n % m+ *t n+

V = (PAXz) ( At +,+% -n+% (m
dx \ (v)

n+%
(AX)+ i) At

(PAx)(+) = (Pe ) ) - g(mAx)n+h - (msAx)n+ [(Y)(xn+V2 - Xc.g.) +

- (cAx),+ [(V ) (ax+ - xcg )]

N-1

c.g. =
n=0

X5+n (m0'X)n+% (ms AXz) n +%

[F42]

[F431
n=o

I(PeAx)( - g(msAz)n+%] (xn+ - Xc.g.)

(v)

N-1

n=o [F44]
N,1

z (msAx)n+ (xn+ -
n=o

At"
(v) (v-1) + A2' (>-12

Xc. g.)
2

[F451

N-1

[(PeAx)n( - g(mAx)n+ ]

N-1

n=O

[F461

(mAxz)n+

S (V1) + At W ( v-))
Yh Yh2

In addition to the time-dependent input quantities already described, the following set of time-

independent input quantities is required for the calculations in Equations [F37] to [F47]:

dt

where

[F41]

[F47]

ami iso InE II 1,0nhi
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(A)n+ ; (msAz)n+; ~o0); and (0)

Returning now to obtain a finite-difference equation using [F16], we approximate

t(m+l)

tM  f 
x n+ 1 I

f(m) x El
n

kE n+%
(MM+)- MO ) * M'1) _ yCM+1) _* ( m)

dM(z, t)
at

y(, t)
dt d. = 0 [F48]

[F49]

Rewriting this equation in a more convenient form, we obtain for n = 0, 1, ... , N - 1:

hr n+% e n+ -n n+% M +  m [F50]

where

[F51]

which is supplied as input, directly.

Similarly, to replace Equation [F17], we approximate

t(m+1)t(m+) fXn+ [I () ty(t) - dM(at)

(m) at da
+ V(, t)] ddt= 0

([IzAX)n (Y(m+1) l) () (M(m 1) - (% 1) ( ( + (Vam + + Vm) 2

This equation can be rewritten in the form:

, j+ (+, .+ v(.+1)_ I "")+ (M(> "M('))f sv(-)
9 E(m+1)_a(Mm 1)-m n))+B IV (m+)nm) + (m + -Mr nVm)

[F52]

where

9, = (IlzAF)n

using

using
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At
a = (Ax) 2 [F54]

These quantities are available in the input data.

Finally, in a similar manner we obtain the following finite difference-equation to replace

Equation [F18]:

[F55]+ +1 1 n+ +- n- - n m+1)

(m+ ) + S , v o) - a -), + fin

where

S Ax
= kKAG

n 2

[F56]

[F57]

with 3n given by Equation [F54] and (m+n ) by Equations

The end conditions imposed will be

V(m) = V(m) = 0

[F43] to [F45].

[F581

as well as

*om) = *(M;m) *v)= *n)

for all m.
Equation [F59] is used to replace

M(m)= Mm) = O0

since only Mn+A% for n = 0, 1, ... , N - 1 will be available.

The initial conditions to be specified include values of

y(0o); (o) for n = 0, 1, ... , N

and

() ' n+ for n = 0, 1, ... , N - 1.
Y , n+/2 Y for+

[F59]

[F601
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From these we compute (see Equations [F20] and [F21]

(0) (0)
M (0- = for n = 0, 1, ... , N - 1 [F61]n'n+h

4n+%

and

M (0) - M (0)n+% n-
V (O) += for n = 1, 2, ... , N- 1 [F62]n (Ax),,

The conditions [F58], [F59], [F61], [F62], together with initial values for Yn, Yn, 'yn+

y ,n+ and Equations [F22], [F26], [F501],. [F52]; and [F55] will be used to determine the state

of the system at a specified set of times beyond the initial time.

For further details on the coding, refer to the Applied Mathematics Laboratory of the David

Taylor Model Basin.

F3. COMPUTATION OF HYDRODYNAMIC (SLAMMING)
FORCES BY DIGITAL COMPUTER

To reduce the labor and expense involved in computing the response of a ship to slamming

forces, it is desirable to compute the forces by means of a digital computer. A method is now

described for carrying out such computations on a computer, currently being used to establish a

code for the IBM 7090 by the Applied Mathematics Laboratory.

In this new coding, Equations [F141 through [F21] are again used to describe the motion

of a ship. To solve these equations, the following data are to be supplied (as input):

C
(x, t), where a is damping constant; El(x); 1 ,z(x); KAG(x); ms (x) initial values; end

conditions; time intervals; and quantities, described below, necessary to compute Pe. Now,

however, the digital computer will calculate Pe"

Recall that

d
Pe (myr + (g+ v)pA

is a part of the force

dy cByh
P = Pe -,g -- m, 8+ T ( + yh)

2Chere* rnm_ = added mass per unit length = - pcC V
2

Yr = downward relative velocity = v - Yh -Y p + (U-s cos 0 s)

g = acceleration due to gravity

*In t'e equation for 4r is in radians, whereas in the equation for yp which follows, i is in degrees.
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v = fluid particle vertical acceleration = - (2 cos

VW = wave velocity = g2

p = density of fluid

A = cross-sectional area

A = wave length

h = wave height

For the digital computer to calculate the needed Pe, the following quantities must be
supplied in numerical form:

p, V, 0,, g, or k, A, A, c(x) (half-breadth), (t), Yh (t)

and the number of sections or stations to be used in solving the finite difference-equations.

Using these data, the computer calculates

A 2 r 2z
V = -- V sin

h 21r 21rzA 2ff
t- = Vw cos

P 180

where -= k = distance from heave meter located at center of gravity to any ship section,

k being the distance from the heave meter to the midship section; see Figure 2.

From Appendix E,

2 rfx 2v
0= - (V + V cos 0S) t + cos 0]

The quantities c (x, t), Cv (x, t), and m (x, t) are determined by the computer using the

following procedure:

a. The Applied Mathematics Laboratory is supplied with a description of each ship section
in the form of a finite number of breadths c'(x) at regularly spaced drafts y(x);* see Appendix B

*It is important to note that c'(x) rather than c'(x, t) (a time-dependent quantity) is being furnished here.
The latter quantity is to be determined by the computer for corresponding input immersion data y (x, t), using
the data stored in accordance with this procedure.
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y' or y "

Figure 28 - Hypothetical Ship Section Profile

i= 1, 2, ..., N

and Figure 17. This would actually describe a polygon similar in form to Figure 28. However,

intermediate values of c'(x) and the corresponding y(x) can be found by interpolation, which

is a part of the coding. Thus, although the data is stored at a discrete number of values, an

approximate value for c'(x) can be calculated for any x supplied.* More accuracy in the deter-

mination of m(x) may be expected if more c'(x)'s are provided and/or if the slope (or angle/3)

of the ship line at each c'(x) is given. If 0 is not given, it can be computed; see Item b.

b. For each value of c'(x) and corresponding y(x), the half-breadths c(X) and c"(X) cor-

responding to the immersion y' and the emersion y"', respectively, -which would occur in the

dynamic case,** are determined from the coded Equations [Bi] to [133]; see Appendix B and

Figure 17. The quantity/3, used in these equations, at any point (c'(X), y) on the ship section

*That is, c '(x) is effectively or practically (though not actually) a continuous function of y (x).

**That is, when slamming occurs and there is a time-varying half-breadth, immersion, and virtual mass.
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Yj -Y.
profile is precomputed from the coded equation , (c'j, yj, and c'-, yj being values atc --c,

predetermined points, on the profile, above and below the point in question); as explained in

Item a., continuous values of c'as a function of y areavailable. Where required, Newton's

method of interpolation rather than linear interpolation will be used to find 1i.

c. For each value of c(x) and its corresponding immersion y'(x), the code permits the de-

termination of:

the ratio of half-breadth to draft, and

2 ciy i

___A (x) i=o

2c (x) y (x) 2c (x) y '(x)

the section area coefficient. Here 77 corresponds to thesection with immersion y'(x).

Similar quantities are found for c"(x) corresponding to the emersion y"'(x).

d. For any value of (c, y') or (c", y"),CV is then obtained from Prohaska's equation given

in Reference 13 (French version) which is coded for the computer. Note that the functional

relationship between C V and the quantities in Item c. supersedes Prohaska's curves hitherto

used to find CV; see Figure 19.

e. The coded equation m =-7 pc 2 Cv is then used to determine the virtual mass for any

value of c (or c'. Hence an added mass at each draft for immersion and emersion can be

calculated. It is possible that the immersion level y'at one draft y will equal the emersion

level y'" at another draft y; see Appendix B and Figure 9.

Thus the calculation of c (x), c"(x), C y (x), and m for any value of immersion and

emersion can be carried out in a separate routine on the computer, and the resulting values

of m (two for each draft; see Appendix B) can be stored for use (and interpolation) in a problem

of a dynamic nature; i.e., when time-varying immersion y(x, t) is fed into the computer as

input data.

Note that the equation

de dx
dtd - (U-u cos OS)
dt dt

is also coded for the computer, the equation for computing u being given on page 80.
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APPENDIX G

ANALOG METHOD OF SOLUTION FOR PREDICTING FORCES ON AND
RESPONSE OF A SHIP DUE TO WAVE MOTION

G1. GENERAL

It is desirable to reduce the complexity, expense, and time required to make numerical

computations for predicting the forces on and dynamic (elastic and rigid-body) response of a

ship; i.e., bending moments, shearing forces, vibrations, and heaving and pitching motions.*

This can be accomplished by an analog computer called the "Seaworthiness Computer and

Predictor,"** illustrated in schematic and block diagram form in Figure 29 for one section

of a ship.

This computer has been designed by the author to satisfy the equations used hitherto.
It is stressed that the analog shown in Figure 29 represents one particular scheme for per-

forming the mathematical operations giving the forces and response-it is not the only nor

necessarily the desirable method. Moreover, even if the concept of a computer as shown in

Figure 29 were adopted for development it is likely that many modifications of the details

would be made for practical reasons. Some design considerations and the basis for design

are discussed in G3.

Finally, we note that such a computer has utility for:

1. The prediction of the response of a given ship in a given seaway.

2. The calculation of the bending moments and shearing forces, both static and dynamic,

leading to the evaluation of the suitability of a given ship design as to the (a) structural

strength of the ship in waves and (b) severity of response of the ship due to slamming. t

3. The prediction of the motion of the flight deck of an aircraft carrier several seconds
ahead of time. This information would be extremely valuable when applied to the automatic

landing of aircraft.

G2. DESCRIPTION

The analog computer generates the current equivalent of the forces acting upon each

section of a ship's hull, due to the relative motion of the ship with respect to the waves, and
gives the response of the ship to this motion. The computer represents, as will be shown,

*Static forces due to the weight of the hull are also included in the computations. Static buoyancy forces are

already included in the Smith-corrected buoyancy force term.

**Dr. N.H. Jasper originated the conception of such a computer and, upon completion of the theoretical analysis

and computer design given in this report, established an additional computer design feasibility study; 19 this study

involved the reformulation of the theory for the purpose of simplicity and economy of components. Finally, upon

recommendation by the author, Dr. R.H. MacNeal of Computer Engineering Associates, Incorporated, Pasadena,

California, was given a contract requiring the further reformulation of the problem for the purpose of devising a

practical analog for ESSEX. 18 
The author acted as liaison for the David Taylor Model Basin on this contract.

tFigure 29 does not give static results. These results can, however, be obtained on a passive analog computer

and superposed on the dynamic results.
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the differential and finite difference equations used previously for the numerical computation

of the forces on and response of a ship moving through a specified seaway (train of waves).

The ship, considered as a beam, is divided into n = N sections (or n = N + 1 stations)

and its mechanical properties are represented by lumped electrical parameters.*S, 27 In Fig-

ure 29 the immersion of the ship at any station is represented by the distance from the mean

water line on Plate P2 to the base of the template drawn on Plate Pl. The total immersion

(Ytdn-. of P2 is a function of the response (displacement) of the ship, the draft, and wave

elevation; see Equations [G1], [G4], and [G5] which follow.** A time-varying virtual mass

at any station corresponding to the immersion and direction of immersion at that station may

then be generated;t the details of generation are shown in Figure 29. The time (partial) de-

rivative of the product of this mass and the generated ship to wave velocity (including the vi-

bratory component) is then obtained for that station. This term plus the generated transport

momentum term,tt Smith-corrected byoyancy force term, and hull weight force term are then

injected as the current equivalent of the force into the beam analog s at the appropriate sta-

tion; see Equations [G9] and [G101]. Clearly, then, a feedback system has been devised which

represents the interaction of the ship and the fluid medium.

The method of electromechanically generating the virtual mass as a function of the

breadth, area, total immersion, and direction of the velocity of immersion of a section of a

ship will now be explained.

For each of the N sections a plate, P1, is made on which the cross section of the ship

is drawn; see Figure 29. The base of this cross section represents the keel. The area A

within the cross section is made transparent and the remainder of the plate is made opaque.

A similar Plate P2 is constructed, the upper half (portion above the still water line) of which

is opaque and the lower half of which is transparent. The two plates are set side by side

*N = 20 to 40, depending upon the accuracy desired. 5 In Figure 29 ') andy)n are voltages representing

the linear velocity at Station n - % and the angular velocity at Station n, respectively; (V)n1 and (M) _n- are

currents representing the shear force at Station n - 1 and bending moment at Station n - , respectively; currents

injected at Station n - 1/ represent forces acting at that station (ms)n/2, , , and (Imz)' represent- 'KAG El n- n

respectively, the total mass of the section of the beam between n - 1 and n, thel mean value of the reciprocal of

1
the shear rigidity or - between n - % and n + % multiplied by Ax, the mean value of the bending compliance

KAG

() between points n - 1 and n multiplied by Ax, and the effective mass between n - /2and n + multiplied( El

by the square of the radius of gyration of the cross section at n.

**In Figure 29, (yt)n-% is a distance, whereas (yt) is a voltage.

t Generation here means electrical generation corresponding to equivalent mechanical quantities.

tt This is the product of the space derivative of momentum and the relative horizontal ship to wave velocity term.
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into a movable carrier and Plate P2 (or P1) is adjusted so that initially the immersion equals

the draft. A voltage proportional to the instantaneous immersion less the draft drives a motor

and its gear train which displaces the mid or still water line position of P2 with respect to the

keel a proportional distance. A light source located behind P2 transmits light uniformly through

the time-varying area An - of Plate P1 which is below the still water line. This light is

collected by a photocell, located on the near side of P, which generates a current (or voltage)

proportional to the amount of light (lumens) transmitted through A n _ - and therefore to the

area An_1 at any time.* Thus we have obtained [y,(t)]n-, and [A(t)]n_, . The breadth

-dA n-

[2c'(t)] may be obtained by means of differentiating and
n- d n

function divider circuits as shown in Figure 29. The terms and L are
-InY n -

then electrically generated and the corresponding term [Cv(t)]' is also generated as a

function of these two terms variables; see Figure 29. A suitable generator of a function of

two variables can be purchased from Mid-Century Instrumatic Corporation. To take into

account the rise of water due to increasing immersion, the area A and breadth 2c can be modi-

fied in accordance with the theory previously presented; see Appendix B. A similar trans-

parent area A 1 modified to take into account the depreased -surface due to decreasing immersion

can be drawn on P1 next to A. The virtual mass at any time is then generated as a function

of either An -~,etc., or (A)n- , etc., depending upon the direction of the velocity of im-

mersion as shown schematically in Figure 29 by dotted and undotted arrows and phototubes;

area (A)n-, is not shown in the figure.

The current (voltage) equivalent of the Area A (or A 1) is also used in obtaining the

Smith-corrected byoyancy force.

Examination of Figure 29 shows that the computer design satisfies the following sys-

tem of differential and algebraic equations used previously (at least in equivalent form) in

making the numerical computations:**

= + +[G1]
(')n = ()Y, )n-% + (?/p)n '% + (yh)n'% [Gi]

*Because of the large inertia of the servo system, in practice a vertically deflected field of uniform light

(obtained say from a scanning cathode ray oscilloscope (CRO) or a vidicon tube) could replace P2 and the light

source behind P2 ; a template of An- can be pasted on the CRO. A photoformer or diode function generator

could also be used to generate the virtual mass.

**Here the primes denote electrical quantities; note that v=v surface = yw; see Equation [D25].

1/1
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Differentiation gives

( ~) -= (Y )n- +* (;)_' + (Yh)n2

(n" )- = - - (nh- /

[G2]

[G3]

The total immersion (Y)n_ is

= (D) I + (yw) % - (F)n- [G4]

Differentiation gives

(Y)-- = ( )- - (ii )n-- = (Yw)n'-. - (Yh)- -(Y p)n-. - (y )n-" - (Yw)n*-- - (Mn-%

[G5]

Also

(/r)n' - (y )n- = (V).'-w - (yh)n-' % p-. + [(U-u cos O) o ]'... 0 -(Ye )n'"-%

= (I)._ + [(U--u cos 0 ) ] ' - (~ _ = (V) + [(U-u cos 6) I

Addition of Equation [G2] and [G6] gives

()n' + (Y'7') = (v),' + [(U-u cos 0_) A]

or

S = Y -(j + (V),_'. + [(U- u cos 0,) V1 ,

[G6]

[GT]

[G8]

Finally

S2 d [ - E
L at 2  - dt 'dta r

- n-77 n-a

-(m, g)n-% 
XI)

+[(g+v)PAn-.A (a- ) __ - (cp
at n-%

[G9]
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where mg is the static force due to the mass of the ship

and

d Ye =y[m ayey+ d[( .a/ (ey a] [in( a) 0[n( - (L
[G101]

a
where = - and de= dx.de ax

For the purpose of illustration, y. is assumed to be a sinusoidal waveform. Treatment

of y as a complex waveform should involve only slight modifications in the computer design.

In Figure 29, the tape recorder output (yw)'is a voltage which may be obtained from an

instantaneous wave height measurement, by a wave meter at the bow (Station 20) of a ship,

i.e., a voltage proportional to wave height is stored on tape. Assuming that the wave does not

change shape as it propagates the length of the ship, delay lines can be incorporated in the

computer to give the values of y. at all other stations.

The pitch angle 0 may also be the voltage output of a measured and stored signal.

Sprung bodies may also be included in the computer, using the methods of Reference 5.

G3. BASIS FOR DESIGN

Some important technical considerations in the details of and general procedure for the

final circuit design of this computer are discussed.

The proper functioning of the computer requires that a time (or frequency) scale be de-

vised to yield practical values for the electrical parameters 5 , 27 of the beam and, at the same

time, permit the servo or an equivalent electronic system to operate effectively.

Damping in the ship can be simulated by either inserting resistances in the beam ana-

log, the values of which may be developed by test data, or by injecting currents proportional

to the damping forces at the appropriate terminals; see dotted current arrow and component

in Figure 29. If resistances are used, the inherent dissipation in the other electrical elements

of the beam analog has to be considered.

Since the signal output of an electronic differentiator is directly proportional to the

frequency of the input signal, this device tends to amplify the relatively high-frequency noise

which may develop in the circuits or contacts or gears etc., out of proportion to the desired

signal output. Thus the noise may mask the desired signal. Further, special precautions

may be required to prevent high-frequency oscillations in the computer due to the inherently

high frequency response of the differentiator. However, satisfactory results may be obtained

by using an approximate differentiating circuit whose output signal can be made to approach

as arbitrarily close to a true derivative as the noise level and stability requirements will

permit. Alternatively, since integration is a smoothing process which tends to iron out

irregularities caused by high frequency noise, it may be preferable to rewrite the set of

3 Nit
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differential equations so that integrating circuits rather than differentiating circuits are used
in the computer.

The accuracy and dynamic range of the computer must be specified if good results are

to be obtained.

Prior to the design of the computer, the performance requirements of the computer must

be clearly specified. The computer should then be dynamically synthesized according to

accepted procedures in computer engineering.* Then a detailed mathematical analysis of the

synthesized computer should be made to demonstrate that the final design not only meets

specifications but also gives optimum performance; i.e., sinusoidal and transient response

curves describing the performance and stability conditions of the computer should be

given.28, 29, 30 Investigation of these curves is sufficient to supply all the required infor-

mation indicating whether or not the specifications are satisfied by this design. The com-
puter developed in accordance with this design should then be tested to show that the actual

operating performance approximates the design performance and meets the specifications.**

*The use of purely cut-and-try procedures as a basis for the design and development of the computer is
inadequate.

**The selection and design of the components performing the mathematical operations requires careful
consideration.
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