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NOTATION

Lift constant of hydrofoil (lift force per unit attack angle per unit
velocity sauared)

Coefficients in frequency equation
Semichord length of foil

Linearized damping constant for the translational degree of
freedom at zero velocity

Theodorsen’s function of reduced frequency appearing in the
expressions for oscillatory lift and moment

Linearized damping constant for the rotational degree of freedom
at zero velocity

Routh discriminant of oscillatory stability

Damping ratio on the basis of unity for critical damping
(logarithmic decrement observed divided by 2 =)

Oscillatory lift force less the added mass effect
Frequency

Distance from the axis to the center of gravity (c.g.) of the rotating
assembly, based on mass plus added mass (positive if c.g. is
downstream)

Effective mass moment of inertia of the rotating assembly with
respect to its axis, including the added mass moment of inertia
of the hydrofoil

Spring constant of the rotational degree of freedom

Distance of the center of lift from the axis of rotation (positive if
the center of lift is upstream)

Length of the hydrofoil
Mass of the system which vibrates only in translation

Oscillatory hydrodynamic moment about the axis of rotation
less the added mass effect

Mass of the hydrofoil including the mass of the entire assembly
that rotates with it and the added mass in translation

Effective force on the nonrotating element
Hydrofoil speed

Displacement of the control-surface axis normal to the flow and
to the axis of rotation from the equilibrium position

Displacement of the center of gravity of the rotating assembly
in the Y-direction

Single amplitude of vibration in Y-direction
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Effective angle of attack of foil from the equilibrium position
Preset angle of attack of foil

Rotational displacement of the control surface from the
equilibrium position

Single amplitude of rotational vibration
Complex circular frequency of vibration

Real part of complex circular frequency indicating the degree
of damping

Kinematic viscosity of fluid
Mass density of fluid
Phase angle (defined on page 27)

Circular frequency






ABSTRACT

This study of control-surface flutter was initiated because of serious hull
vibration on destroyers of the DD 931 Class. The source of the vibration had been
traced to the twin rudders by the Boston Naval Shipyard.

For making experimental observations on control-surface flutter phenomena
in the towing basin, the David Taylor Model Basin constructed the TMB Control-
Surface Flutter Apparatus. With this equipment, a marked decrease in overall
damping was demonstrated when the downstream mass unbalance was increased
during underway tests.

A condition in which hydrofoil oscillatory motion results in low damping
without oscillatory instability is defined as ‘‘subcritical flutter.’”’ Such a condi-
tion, which greatly magnifies the sensitivity of the mechanical system to external
sources of vibration, may be quite significant in the field of naval architecture.
Analyses varying in complexity are explored and compared with experimental

results.

INTRODUCTION

The control-surface flutter study at the David Taylor Model Basin was undertaken be-
cause of an unusual hull vibration condition observed during the preliminary acceptance trials
of the USS FORREST SHERMAN (DD 981). The latter is discussed in considerable detail in
Reference 1.* The mode of vibration in question was identified as a 3-node horizontal mode
of the entire hull. The amplitude in this mode increased asthe speed increased above 25 knots;
the frequency, however, remained constant.

When the Boston Naval Shipyard! traced the source of this vibration to the twin rudders
and corrected the condition by changing the original 3-degree toe-in** angle to a 1%-degree
toe-out angle, the Bureau of Ships assigned to the Model Basin the task of explaining this
phenomenon. An investigation of flow conditions at the rudders which might contribute to the
vibration was made at the Model Basin.? As a result of a suggestion by the Model Basin that
this vibration could be a flutter phenomenon, a specific project on control-surface flutter was
authorized by the Bureau of Ships.® However, it was not assumed that the DD 931 problem had
been identified as a flutter phenomenon.

Flutter problems, with the possible exception of the singing propeller,*'5 have been
extremely rare in naval architecture. The possibility of rudder flutter was pointed out by

*References are listed on page 42.

**To avoid conflict with Reference 1, toe-angle will be used to refer to the trailing edges of the rudders. Toe-in
means toward the ship’s centerline. Ordinarily, it would be preferable to use toe-angle as defined by Saunders; 14
i.e., with respect to the leading edges.



Wilson, ® although he cited no specific case. However, the general impression has been that
flutter phenomena are not likely to occur in the marine field.

This investigation is of a preliminary nature. The results are presented at this time
because of the scarcity of experimental data and the lack of awareness that flutter phenomena,
in the broad sense of the term, are possible in the field of naval architecture. The aim was
not only to explore the basic phenomenon of control-surface flutter but also to expedite the
development of an analytical method for predicting flutter speeds in the marine field. The
experiments were initially planned on the assumption that critical flutter would be encountered.
As the basis for the design of the apparatus, a simplified analysis was used involving gross
assumptions as to the nature of the oscillatory hydrodynamic lift and moment. It was recog-
nized that the analysis might be oversimplified, and that critical flutter might not be obtained.
Therefore, the apparatus was designed for a maximum permissible speed considerably higher
than the critical speed predicted by the simplified analysis. The location of the center of
gravity (c.g.) and the zero speed damping could also be varied widely. Despite the versatil-
ity of the apparatus and the wide range of variables covered in the tests, critical flutter was
not obtained; that is, no unstable or self-excited vibration was observed. However, a vibra-
tory condition was obtained in which the overall damping had been severely reduced. This
oscillation consisted of a very large magnification of a small excitation. Since this phenome-
non is shown to be caused by the same mechanism which produces critical flutter, the defini-
tion of flutter has been extended herein for use in describing the observed phenomenon.

Inasmuch as the simplified analysis was shown to be overly conservative, computations
were made on the basis of two slightly more complicated analyses. Nevertheless, the limited
extent of this study does not permit an adequate evaluation of methods of flutter prediction
as applied to naval architecture at this time.

A vast amount of material on flutter, boththeoretical and experimental, has been pub-
lished in the aeronautical field. The classical theory of flutter in an incompressible fluid,
as treated in References 7, 8, 9, and 10, is transferable to the field of naval architecture
provided that possible effects of cavitation can be neglected. In spite of the work available
in the aeronautical field, it was considered necessary to conduct basic experiments on control-
surface flutter in the marine field for the following reasons. If flutter should occur, the
Strouhal numbers* are apt to be much higher in the marine field than in the aeronautical field,
since the foil chords and frequencies of vibration are of the same order whereas the speeds
of ships are about one-tenth those of aircraft. Even in the aircraft field, experimeﬁts have
shown that the fluid dynamic forces which cause flutter depart from the theoretically predicted

values at high Strouhal numbers.

wb
*The Strouhal number (also called the reduced frequency) is defined as the dimensionless ratio ——,
S
where @ is the circular frequency of oscillation,
b is some characteristic body dimension, and
S is the speed of undisturbed fluid relative to the body.

In flutter work, the characteristic body dimension is taken to be the half-chord of the foil.



Another important factor is the difference in fluid densities which makes the dynamic
pressures in the marine field greater than those in the aircraft field at operating speeds. For
instance, the dynamic pressure in air at sea level at 400 mph is about 400 psf, and in water
at 30 knots is about 2500 psf.

Viscosity effects may also differ considerably in the two fields (the viscosity of water
being about 60 times as great as that of air). The Reynolds numbers* applicable to the ex-
periments discussed in this report are of the same order of magnitude as those which apply in
airfoil experiments; namely, 10%. In the case of the DD 931 at high speeds, the Reynolds
numbers applicable to the rudders are of the order of 107.

In view of the difference in construction and materials, the dependence of structural
damping on amplitude and frequency might be expected to be different in the marine field from
that in the aircraft field. Thus there were ample reasons for initiating a basic exploration of

the control-surface flutter problem in the marine field.

BACKGROUND

The control surface, as used in naval architecture, is essentially a hydrofoil attached
to a shaft passing intothe hull through a bearing and packing gland. The principal examples
of such devices are rudders, submarine diving planes, and activated fin stabilizers. It is ob-
vious without detailed analysis that, if the center of mass (including added mass) of such a
device is not on its shaft axis, an acceleration of the shaft in a direction normal to this axis
and to the direction of flow results in a tendency to twist the shaft, and hence to change the
angle of attack of the hydrofoil. A rudder assemblyis flexible in bending, torsion, and
shear, and it may have normal modes of vibration involving considerable torsion whose frequen-
cies fall in the range of frequencies of horizontal flexural modes of the hull. In the latter
modes, the rudder stock (being vertical) moves in a direction normal to the flow. If mass un-
balance** of the rudder exists, a change in angle of attack is to be expected under horizontal
acceleration. Thus, mass unbalance provides a coupling between the transverse and rotational
motions, in addition to any other coupling that may be present. If the rudder natural frequency
is near that of a horizontal mode of the hull, large rudder oscillations will occur under horizon-
tal hull vibration.

The oscillatory stability of a system (control surface coupled with a hull mode) with
two or more degrees of freedom will be considered. Classical flutter is a dynamically unstable,
self-excited vibration of an oscillatory system immersed in a field of fluid flow. Since the

2bS

*The Reynolds number used here is based on chord length and is
v
where 2}b is the chord length,

S is the speed of the foil, and
Vv is the kinematic viscosity of the fluid.

**Mass unbalance is used here interchangeably with the first moment of mass of the rotational portion of a foil
system, and includes an allowance for added mass effect.



vibration is unstable, the net flow of energy to the system is positive; that is, the overall
damping is negative. The dynamic stability of such a system depends upon its speed relative
to the fluid. The lowest speed at which the system is neutrally stable is called the ‘‘critical
flutter speed.”” At the critical speed, the net fiow of energy to the system is zero and the
overall damping is zero.

An important concept is that of neutral stability. Null damping and a balance of energy
flow are equivalent terms. To obtain some quantitative measure of the stability of the system
under investigation here, the experimental results are described in terms of damping and the
analytical results in terms of the Routh discriminant (to be discussed later). The damping in
a flutter mode can be referred to any degree of freedom since it vanishes simultaneously in
all degrees of freedom.

The forces involved in a flutter phenomenon are both structural and fluid dynamic in
origin. In linearized theory, they are proportional to acceleration, velocity, or displacement.
The fluid dynamic forces are functions of the speed of the foil. Ordinarily, fluid dynamic
forces exist which increase the damping with speed, thus tending to stabilize the system.

The essence of flutter action is that the oscillatory motions of the hydrofoil evoke
fluid dynamic forces which are so phased and of such magnitude as to reduce the overall
damping of the system. The term overall damping includes all effects contributing to the
rate of decay or buildup of a free vibration. In order for flutter action to occur, the motions
in the different degrees of freedom must have the proper phase and magnitude relative to one
another. It can be shownthat the coupling due to mass unbalance or fluid forces greatly in-
fluences the phase relation betweenthe displacements in the various degrees of freedom.

The term ‘‘subcritical flutter’’ is introduced here to designate a condition in which the
damping has been reduced (by the same mechanism which produces classical flutter) to such
a small (but positive) value that the system becomes very sensitive to external sources of
vibration. The resulting vibration is barely stable; hence a small, externally applied oscilla-
tory force causes a very large response of the system. Hereafter, the term ‘‘flutter action
will be used to apply to subcritical conditions, since the mechanism is the same as that which
produces classical critical flutter. The use of the word flutter in the terms flutter action and
subcritical flutter, as applied here to conditions in which an oscillation is not unstable and
not self-excited, is clearly an extension of the commonly accepted definition of flutter.

A graphical description of an actual aircraft condition which, in thisreport, would be
designated subcritical flutter, is given in Reference 11 by Fraser, Duncan, and Collar. Fig-
ure 12.1.3 on page 358 of that reference shows the variation of damping with speed computed
for an oscillatory system considered as having two degrees of freedom. The modes involved
vere an aircraft fuselage torsion mode and rotation of the rudder. It is similar to the case of
DD 931 in that the torsional motion of the control-surface member is coupled with a mode of

the main structure which involves horizontal displacement of the rudder axis.



TMB CONTROL-SURFACE FLUTTER APPARATUS

The TMB Control-Surface Flutter Apparatus, illustrated in Figure 1, was designed to
basic specifications prepared at the David Taylor Model Basin, and was built at the Model
Basin.

No attempt was made in the design to simulate an actual rudder-hull system. On the
contrary, the aim was to produce an ideal system of two degrees of freedom, the physical
constants of which could be experimentally determined and which could hence serve as a
basis for checking flutter analyses based on various assumptions as to the nature of the
oscillatory lift forces and moments.

The operational specifications were as follows:

1. Hydrofoil to be rectangular outline with 18-inch chord and 18-inch depth, the profile
being the NACA 0015 section.

2. Hydrofoil to be located directly below a surface plate, the latter fixed to the towing
carriage and the former free to oscillate torsionally about a vertical axis which could be
located either at the forward quarter-chord position or the half-chord position while the sup-
porting assembly could oscillate in translation in a horizontal direction normal to the direc-

tion of travel of the towing carriage.

3. Provision to be made for setting the hydrofoil at angles of attack of 0 degree, 2% degrees
right, or 5 degrees right when in rest position.

4. Natural frequencies in translation withrotation locked and in rotation with translation
locked, both tunable to 4.0 cps.

5. Towing speeds permissible up to 20 knots.

6. Mass unbalance of rotatable element adjustable by means of sliding weights, permitting
shifting center of mass either upstream or downstream.

7. Eddy current dampers to be provided for increasing the damping in either the transla-

tional or rotational degree of freedom.

8. Flutter speed predicted by formula (given on page 16) to be in lower half of permissible

speed range.

The following additional features are noted. The preset angles of attack of 0 degree,
2 degrees, and 5 degrees are nominal angles with no torque on the foil. The eddy current
dampers provide a controllable damping which can be varied by changing the current through
the windings in addition to the damping inherent in the apparatus. The uncoupled natural
frequencies in translation and rotation were chosen to be the same as the frequency of the
rudder-excited hull vibration encountered on DD 931. The apparatus was designed specifically
for mounting on Towing Carriage No. 5, a high-speed carriage illustrated in Figure 20 of
Reference 12. Although the 20-knot upper-speed limit was much below the maximum permis-
sible carriage speed, it was sufficiently high to permit adequate experimental determination












The limiting values of mass unbalance are —0.9 and + 2.0 lb-sec?, respectively. It should be
noted that this convenient arrangement for varying the mass unbalance is feasible only be-
cause in this design the shaft and hydrofoil are relatively rigid compared with the flexibility
of the torsion springs. The balance thus attained is not a dynamic balance as the term is
applied to continuously rotating bodies, since the axis of rotation is not a principal axis of
inertia of the rotating assembly. It was not presupposed in determining the specifications
for this apparatus that a similar balancing scheme would be feasible in an actual rudder
installation.

Wire resistance strain gages were installed on both sets of springs, and the strain
signals were fed to a Sanborn Recorder installed on the towing carriage. This gave both
steady and alternating rotational and lateral deflections in the apparatus. Strain gages on
the vertical shaft itself were intended only to verify stress levels and not to provide test
data.

The constants of the TMB flutter apparatus, as determined experimentally, are given
in Table 1.

TABLE 1
Constants of TMB Control-Surface Flutter Apparatus

o Numerical Dimensions in
Symbol Definition Value Inch-Pound-Second
System

A Lift constant of the hydrofoil (lift force per unit 0.034 Ib-sec2/in.2
angle of attack per unit velocity squared)

C Linearized damping constant for the transla- 0.375 Ib-sec/in.
tional degree of freedom at zero speed

c Linearized damping constant for the rotational 22.3 in-lb-sec
degree of freedom at zero speed

h Distance from the axis to the c.g. of the rotat- variable;
ing assembly based on mass plus added mass max. value
(positive if c.g. is downstream) 1.64 in.

1 Effective mass moment of inertia of the rotat- 62.3 in-1b-sec?
ing assembly with respect to its axis including
the added mass moment of inertia

K Translational spring constant 867 Ib/in.

k Torsional spring constant 37,300 in-lb

M | Mass of the apparatus that moves only in 0.23 Ib-sec/in.
transiation

m Mass of the hydrofoil including the mass of the 1.23 Ib-sec?/in.
entire assembly that rotates with it and the
added mass for translation




EXPERIMENTAL PROCEDURE AND RESULTS

These experiments by no means exhausted the possibilities of the TMB flutter appara-
tus. They are presented at this time because it is believed that significant results have been

obtained in a field in which there is a serious lack of experimental data.

DETERMINATION OF CONSTANTS

Before any test runs were made, all constants of the system that could be experimen-
tally determined were so obtained. These values are given in Table 1. It was particularly
important to calibrate the strain-recording system in terms of both rotational and translational
displacements of the hydrofoil. It was also important to determine the inherent damping of
the system, the mass unbalance for given settings of the counterweights, and the natural fre-
quencies of the system in rotation and translation with the carriage at rest.

‘The spring constants K and % were obtained as theratio of a static force or moment to
the corresponding displacement in each degree of freedom separately. The natural frequencies

“were obtained in air and in water for the separate degrees of freedom by reading the recorded
natural vibrations following an initial deflection at zero speed. The total mass (M + m) , in-
cluding added mass, which vibrates in translation was obtained as the ratio of the translation-
al spring constant to the square of the natural frequency in water. The total mass in air was
also obtained as the ratio of the translational spring constant to the square of the natural
translational frequency in air. The total translational mass in air was checked by weighing,
and less than 4-percent difference was found between the two values. The difference between
the translational masses in air and in water gave the added mass in translation. The mass m
was obtained by weighing the rotational portion of the apparatus and combining its mass with
the added mass in translation. The mass M of that portion of the apparatus which translates
but does not rotate was obtained by subtracting m from M + m. Since that part of the apparatus
which can move only in translation is entirely out of water, no added mass is involved.

The moment of inertia / was obtained as the ratio of the rotational spring constant to
the square of the natural frequency in rotation in water. Thus this value includes the moment
of inertia due to added mass at zero speed. This value agreed with the computed design
value.

To check the values obtained for the mass (M + m) and the mass moment of inertia /,
the counterweights were removed, thus changing the mass and the mass moment of inertia by
accurately known amounts. The natural frequencies were then measured and were found to
agree with the frequencies predicted on the basis of the changed inertias.

The first moment of mass or mass unbalance (mh), including the moment due to added
mass, was obtained by the following method. The position of the counterweights was varied
until no discernible beating occurred between the two degrees of freedom when both were ex-
cited with the foil in water at zero speed. It was assumed that this null beating condition
was obtained when the c.g. of the apparatus (including added mass and counterweight masses)

10



coincided with the axis of rotation, A = 0, Thus the mass unbalance mA was obtained for any
position of the counterweights simply by multiplying the mass of the two counterweights by
the downstream displacement of their common c.g. from the null position. It was assumed
that added mass effects are independent of speed.

The damping constants C and ¢ were obtained for each degree of freedom with the
other locked, by measuring the rate of decay of free vibrations in water. These constants
were slightly dependent on the amplitude. The values given are averages corresponding
to the observed amplitudes.

The lift coefficient of the foil was obtained by measuring the force on the foil at
various speeds and attack angles with the rotational degree of freedom locked.

In the tests in still water, the natural frequencies of the translational system with
the rotational locked and of the rotational system with the translational locked were both
tuned close to 4.0 cps. The computations made, up to this writing, were based on the values
of the parameters applicable to this test condition. It was predicted analytically and verified
experimentally that for this condition the two natural frequencies of the combined system in
still water were 3.7 cps (out-of-phase mode) and 4.5 cps (in-phase mode). The coordinate
system applied in this case gives phase relations which are the reverse of those found in the

ordinary rectilinear systemof two degrees of freedom.

OBSERVATION OF STEADY HYDRODYNAMIC MOMENT

An important observation made in the initial runs for calibrating the apparatus was that
the hydrofoil was not hydrodynamically balanced; that is, the line of action of the steady lift
force did not pass through the axis of rotation. Such balance had been assumed in the design
for the condition in which the axis was positioned at the forward quarter-chord point. As
pointed out in subsequent sections, the observation of hydrodynamic unbalance was important
in the attempt to correlate experimental results with analytical predictions. Although the
hydrofoil was set for a nominal zero angle of attack for certain runs, it was found on all runs
that steady components of both lift force and moment developed, once the carriage got under
way. It was also found that the center of steady lift was actually forward of the quarter-
chord position or axis location for all settings of angle of attack. The distance L of the
center of lift forward of the axis varied with the zero speed attack angle «, and was observed
to be practically independent of speed. The three values of L derived from the steady lift
and moment measurements are shown in Table 2, together with the distance from the leading

b/2)- L
edge of the foil as a percentage of chord length ( 100 (/"_)b) . Thus the length of the

-

hydrodynamic moment arm is considerable at small attack angles, and indications are that it
is a nonlinear function of attack angle. Such a condition produces a negative torsion spring
effect which increases with speed. At a high enough speed, this would lead to the torsional
divergence condition.

11



TABLE 2

Location of Center of Steady Lift

6/2)-L
a, L _
- . 25
Nominal inches

percent

0 2.8 9.4

2.5 0.6 21.7

5 0.6 21.7

CARRIAGE VIBRATION

The experimental procedure was complicated by vibration of the towing carriage itself.
However, extraneous sources of vibration would be encountered in any facility available for
experiments of this nature, and no attempt was made to utilize a different test facility. Al-
though methods were devised for taking account of the carriage vibration, they dre not dis-
cussed in this report.

Measurements on the towing carriage revealed that it vibrated in two modes whose
natural frequencies fell in the range of frequencies observed in the records obtained from the
flutter apparatus. The first of these was the heaving mode with a natural frequency of 4.5 cps,
and the second was the transverse rocking or rolling mode with a natural frequency of 6.0 cps.
There was no reason to expect a coupling of the heaving motion of the carriage with vibration
in the apparatus, and it was found that such coupling was negligible. Special tests were con-
ducted with the carriage at rest, to determine how the natural modes of the carriage affected
the apparatus. When the carriage was excited by impact in its heaving mode, negligible appa-
ratus response ensued. Only the rolling mode affected the apparatus measurably. When the
towing carriage was under way and the frequency recorded from the apparatus was 4.5 cps,
the carriage, in addition to heaving, was executing a forced rolling at the same frequency. A
study was then made to determine the source of carriage excitation when under way. It was
found that transient vibrations of the carriage were excited by acceleration and deceleration
as well as by slight track irregularities. The drive motors which are connected to worm wheels
engaging gears on the drive-wheel shafts rotate at 0.9 rps per knot carriage speed. These
motors are a conceivable source of carriage vibration. However, it was observed that when
all frequencies picked up by the apparatus during steady-speed runs were plotted on a basis
of carriage speed, the points concentrated along lines radiating fromthe origin. The slopes
of these lines were found to be integral multiples of the slope of the line giving the drive-
wheel frequency on a basis of carriage speed. This plot is shown as Figure 4, where the
frequency f is given incps. The excitation was apparently due to the slight out-of-roundness

of the drive-wheel surfaces. The drive wheels have rubber tires filled with water.

12
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Figure 4 — Correlation between Recorded Frequencies and Drive-Wheel Harmonics

At a towing speed of about 9.3 knots, the amplitudes of carriage vibration, as measured

directly, were as follows:

Heaving: 13 mils double amplitude at 4.5 cps;
Rolling: 1.2 x 1075 radians double amplitude at 4.5 cps (nonresonant);

Rolling: 1.4 x 10™* radians double amplitude at 6.0 cps (resonant).

On certain runs, signals from vibration pickups that were attached directly to the struc-
ture supporting the flutter apparatus were recorded directly on the oscillograms, giving the
strain signals from the apparatus. Although these indicated the horizontal vibration to be
predominantly of a frequency of 6.0 cps, the signal that could be obtained with this recording
system was too small for quantitative measurement. Horizontal vibration at the carriage
walkway level was below the sensitivity (0.5 mils double amplitude (d.a.)) of a TMB two-
component pallograph at 9.3 knots. It isclear that under such circumstances caution must
be used in analyzing the test data. It was obviously necessary to adopt a somewhat arbitrary
background or ‘‘noise’’ level of recorded amplitude of the translational motion of the appara-
tus below which the vibrations recorded would not be considered significant. This level was
taken as 20 mils d.a.
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TEST RUNS

One of the objectives in the experiments was to determine the overall damping of the
apparatus as a function of speed. Two quite independent methods of determining the damping
of mechanical systems are in common use. One is to observe the resonance magnification of
forced vibrations, and the other is to observe the rate of decay of free vibrations. Therefore,

aside from the calibrations, two principal series of test runs were made:

Series A. Runs at different speeds with various settings of the mass unbalance and the
nominal angle of attack, during which there was no external stimulus aside from the normal
carriage vibration. The translational and rotational displacements were recorded on the

oscillograph.

Series B. Impact tests in whichthe apparatus was excited by striking with a heavy
timber while the towing carriage was under way, building up speed at a very slow rate (not

exceeding 0.15 knot/sec), and the subsequent vibrations were recorded.

In all of these tests the elastic axis (axis of rotation) coincided with the forward
quarter-chord position of the hydrofoil. The eddy current dampers were not used.

A tabulation of the test data is given in Appendix A. Examination of Series A data
shows that the largest apparatus response (70 mils d.a.) was obtained at 9.3 knots for
mh = 2.0 lb-sec2. Figure 4 indicates that the third drive-wheel harmonic evoked this re-
sponse. The rolling double amplitude of the carriage at the recorded frequency, however,
was only 1.2 x 1075 radians, as measured. Figure 5 shows plots of damping ratios DR on
a basis of towing-carriage speed, with mass unbalance mh as a parameter as derived from
the Series B tests. In the cases of low mass unbalance, the decay rate in the translational
degree of freedom only was measured. A value of unity for DR indicates critical damping.
The steady-run data suggest the possibility that the damping at 9.3 knots and mA = 2.0 1b-sec?
was reduced to a value less than was obtained from the Series B tests at any speed.

In view of the known excitation from the carriage, the Series B data shown in Figure 5
were examined for possible correlation of low damping values and presence of carriage-wheel
harmonics. In a number of cases, the impact occurred at a speed at which a drive-wheel
harmonic frequency was close to the apparatus frequency. However, at many points this was
was not the case so the large differences in overall damping ratios for different mass unbal-
ance settings could not have been caused by carriage vibration. It was indicated that the
low values at about 5.5 knots, 7.6 knots, and 9.6 knots for mA = 2.0 lb-sec? were influenced
by carriage drive-wheel harmonics. However, this meant simply that if the carriage vibration
had not been present a smoother plot would have been obtained.

‘A check on the possibility of cavitation indicated that it would not occur below
22 knots for the largest permissible angle of attack (5 degrees). See Reference 2.

A check of vortex shedding frequencies gave a value of about 400 cps at 9 knots for
this hydrofoil at the relevant Reynolds number. See Reference 14.
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Figure 5 — Damping Ratios Derived from Impact Tests

ANALYTICAL PREDICTIONS

In deriving the dynamical equations, it was assumed that the structure supporting the
translational flexures (K in Figure 8) had no motion in the direction of translation. Since
there actually was carriage vibration in that direction, it is necessary to consider whether
this could invalidate the analyses used.

The amplitudes recorded in the steady runs were definitely affected by the carriage
vibration. This produced an effect similar to that caused by a vibration generator in aircraft
flutter testing in flight. Such vibration, if appreciable, would require a modification of the
analyses, since the values of displacement recorded would not indicate the true displacements
normal to the flow direction. It was not considered necessary to modify the analyses because
the carriage vibration amplitude in this direction was less than 0.5 mils d.a., whereas the
adopted noise nevel was 20 mils d.a., and the recorded amplitude from impact tests was above
35 mils d.a.

SIMPLIFIED ANALYSIS

The design of the TMB flutter apparatus was based on a simplified analysis involving
the assumptions:

1. that the two degrees of freedom were tuned to exactly the same natural frequency;

2. that the hydrodynamic moment due to circulation was zero (hydrodynamic balance); and
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3. that the oscillatory lift force followed the steady lift force versus angle-of-attack

relation.

It is generally recognized that in such a system flutter requires relatively close tuning of the
separate degrees of freedom. This analysis is discussed in Appendix B. It yielded the direct

formula for the critical flutter speed:

c c? c [ m2h2e?
S = + + C+ ——
2mh 4m2p2 Amh c

where S is the flutter speed. This formula predicted that the system would be stable up to a

critical speed of 9.5 knots and unstable for all greater speeds for mh = 2.0 1b-sec?.

EXTENDED SIMPLIFIED ANALYSIS

As shown in Appendix C, the introduction of a term for hydrodynamic moment due to
circulation, by the expedient of assigning an appropriate value to the distance from the axis
of the hydrofoil to the center of lift, yields the following pair of simultaneous linear differ-

ential equations:
16+c6+ (k- ALS?) 6 - mhY + ALSY =0
—mhO - AS20+ M +m)Y +(C + AS) Y + KY = 0

where Y is the displacement of the axis of the hydrofoil in translation,
6 is the angular displacement of the hydrofoil, and

L is the distance from the axis to the center of lift (positive if center of lift
is upstream).

The other symbols were defined previously.

These simultaneous equations can be solved by means of an analog computer such as
REAC, or, if they are converted to algebraic form by the assumption of harmonic solutions,
the determinant of the coefficients of 6 and Y yields a frequency equation. This equation is
a quartic in the complex frequency and in this case has real coefficients. Various ways of
finding the roots of complex polynomials are discussed in Reference 7. However, the particu-
lar method used herein is discussed in Appendix C. The, speed, frequency, amplitude ratio,
and phase angle between the two degrees of freedom at the critical flutter condition and the
value of the Routh discriminant at any speed could be calculated by the method used. Since
the value of the Routh discriminant becomes zero at the speed of neutral stability, its numeri-
cal value is taken as a measure of the stability of the system. This point will be discussed
further later. A method by which the exponential decay rate can be computed by use of the

Routh discriminant is given in Reference 15.
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MODIFIED THEODORSEN ANALYSIS

In the equations so far discussed, the alternating lift force due to the varying angle of
attack has been treated as though the variation were at such a slow rate that the relation
between the steady lift force and the steady angle of attack applied. This assumption was
also applied to the corresponding moment. These assumptions effect greater simplifications
than the quasi-steady assumptions used by aerodynamicists, and discussed in References 7,
8, and 9. By use of these assumptions, certain lift and moment terms which occur in the
quasi-steady expressions are omlt.ted Those terms which are omltted would be written in
this notation as a lift force 3/2 Ab SO and as a moment —1/2 Ab2 SG Since these terms are
proportional to the angular velocity, this lift force provides additional coupling between the
degrees of freedom, and the moment term provides additional angular damping.

Theodorsen ® and others have considered the problem of the forces and moments acting
on oscillating airfoils using potential flow theory. Those studies arose in connection with
the problem of flutter of aircraft wings, and the treatment included consideration of the angu-
lar deflection of an aileron relative to the wing. Theodorsen considered the idealized prob-
lem of a thin, rigid hydrofoil of infinite aspect ratio in a field of two-dimensional flow in the
absence of structural damping. However, it is helpful to consider the TMB flutter apparatus
as a special case of the problem considered by Theodorsen with the aileron locked at zero
angular displacement relative to the wing. Modifications of Theodorsen’s lift-force and
moment expressions were made for application to the TMB flutter apparatus. The first modi-
fication is similar to the quasi-steady assumption sometimes made when the reduced frequency
is small. In the quasi-steady assumption, Theodorsen’s function is replaced by unity.® In
the case of the TMB apparatus, the reduced frequency is relatively high, however, and
Theodorsen’s function is assumed to be equal to one-half. The second modification made
was to include a hydrodynamic moment due to circulation. This analysis is described in
Appendix C. Since the above modifications yield real coefficients in the equations of mo-
tion, the method of calculation used was the same as in the extension of the simplified
analysis. It can be shown that the simplified analysis can be established as a special case

of Theodorsen’s analysis.

COMPARISON BETWEEN EXPERIMENTAL RESULTS
AND ANALYTICAL STUDIES

In comparing the experimental results with analyses, it is essential to keep in mind
two important aspects of the situation. The first of these is that flutter action, in the sense
of the extended definition given in this report, can take place without causing unstable
oscillations. When this happens, the reduction in overall damping may be sufficient to cause
vibrations that are severe, from the naval architect’s point of view, even though the absolute
amplitudes may be far below those encountered in aircraft flutter. The other aspeect is that
the tuning of the rotational degree of freedom can be greatly affected by hydrodynamic
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unbalance. This point is emphasized in Reference 6.

First the critical speeds will be considered. As was previously stated, no unstable or
self-excited vibrations were observed. Thus the only analyses which can be said to agree
with experiment are those which yield no critical speeds over the range of speeds and mass
unbalance covered in the tests. Thecalculated critical speeds are shown for wide ranges of
values of mh and L in Figure 8. It is to be recalled that the critical speeds are those at
which the overall damping is zero. The critical speeds predicted from the simplified analysis
are shown in Figure 6a as the curve marked L = 0. Since the frequencies in the two degrees
of freedom are nearly in tune, the critical speeds predicted by means of the extended simpli-
fied analysis for L = O coincide with the values given by the formula on page 186.

The predicted critical speed curve and critical frequency for the value L = 0.8 in. are
almost identical with those obtained for L = 0 and therefore are not shown. The curves
marked L = 2.8, 6.41, 8.9, and 10.0 in. in Figure 6a are other predictions based on the extend-
ed simplified analysis. The critical frequencies are tabulated in Appendix C. The addition
of the hydrodynamic moment due to circulation results in stabilization of the system at some
speed higher than the lowest critical speed. Apparently, this stabilization is due to the de-
tuning effect of this hydrodynamic moment. For L sufficiently large (L = 10.0 in.), the lowest
critical speed is reduced considerably. No critical speeds were indicated by the extended
simplified analysis below 20 knots and below mA = 2.0 lb-sec? for L between 6.5 and 8.5 in.
In this respect, this analysis agrees with the experimental observations.

Calculations based on both the extended simplified analysis and the modified Theodor-
sen analysis were made for values of L up to L = 10.0 in., to establish the trend for large
values and because high values of this effective moment have been observed. That is,
the apparent center of lift can be forward of the leading edge of the foil. 16

The computations based on the modified Theodorsen analysis indicated somewhat
higher critical speeds. These occurred in a smaller range of large values of mh. No critical
speeds were indicated below 20 knots and below mA = 2.0 1b-sec? for L between 8.1 and
10.0 in. Thus this modified-Theodorsen analysis also agrees with the experimental observa-
tions, as far as critical speeds are concerned. (The critical frequencies predicted with the
use of this analysis are shown in Table 6, Appendix C.)

The computed variation of the Routh discriminant with speed is compared with the ex-
perimental damping variation, since both are indicative of the stability of the system. Inas-
much as the lowest apparatus damping was observed for mA = 2.0 1b-sec?2, the discriminant
variations with speed are shown for that case. It seems obvious that the numerical values
of the discriminant D (S) alone have little significance, and that they must be compared with
some reference value. The most obvious reference value is the value of the discriminant at
zero speed D (0). Therefore the ratios D (S)/D (0) were computed and used to indicate the
variation of stability with speed. Curves of Routh discriminant ratios are shown in Figure 7.
These are to be compared with the damping ratios shown in Figure 5. '
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Figure 8 — Computed Critical Flutter Speeds
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These calculations show that the stability of such a system can vary drastically for
relatively small changes in the values of the parameters mA and L. This clearly indicates the
possibility of a combination of parameters that will yield only a condition of subcritical
flutter. It can be seen that the experimentally determined damping variation of the apparatus
for mh = 2.0 lb-sec? and nominal zero preset angle of attack has the same trend as the dis-
criminant ratio variation given by the analyses where larger values of L than those given in
Table 2 were used. The discriminant ratio curve for L = 6.5 in. in Figure 7a and the curve
for L = 10.0 in. in Figure 7b most nearly correspond to the experimentally determined varia-
tion of damping with speed.

The influence of preset attack angle on the amplitude of vibration in steady runs is
indicated by the variation of the amplitude in translation with attack angle for a fixed value
of the mass unbalance, as shown in Appendix A. For instance, for mA = 2.0 lb-sec?, the

maximum amplitude (2 Y ) is:

0 at 9.33 knots

0.070 in. for ag
0.031 in. for a,

2Y% deg at 9.1 knots

0.020 in. for @y = 5 deg at 9.0 knots
In all these runs, therange of speed from 9.0 to 9.5 knots was covered.
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All curves are for mh = 2.0 lb-sec2.

DISCUSS!ON OF RESULTS

The striking reduction in damping produced in the TMB flutter apparatus by increasing
the mass unbalance, illustrated in Figure 5, can only be explained as due to subcritical flutter
action. In these experiments, the harmonics of the drive-wheel frequency fell near the appara-
tus frequency inthe speed range in which the damping was reduced by subcritical flutter ac-
tion. This, rather than a high level of carriage vibration, accounted for the consistently large
amplitudes measured in the apparatus at a speed of 9.3 knots for mh = 2.0 Ib-sec?. It would
naturally be supposed that such a subcritical condition would develop into a critical condition
as the speed was further increased, but the analysis shows why this is not always the case.

A detuning action on the torsional degree of freedom due to hydrodynamic unbalance can
cause the overall damping to rise again beyond a certain speed, thus preventing a true critical
flutter condition.

The carriage vibration was helpful in revealing the subcritical condition after assurance
had been obtained that the amplitude of carriage vibration was very low.
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It is clear that a more painstaking analysis is necessary to definitely forecast a sub-
critical flutter condition than to estimate a critical flutter speed.

Although the critical flutter predicted by the simple formula was not obtained, the
subcritical condition demonstrated could well be more significant in the field of naval archi-
tecture than could acritical condition. It is true enough that subcritical flutter is not a self-
sustaining phenomenon, but a ship under way is subject to numerous sources of excitation,
so that if there is a marked reduction in damping in a certain mode of the system this mode
will probably be excited.

Although the naval architect has heretofore considered that flutter speeds were outside
the range of ship operating speeds, there was at least a feeling that flutter could occur if
ship speeds should ever be sufficiently increased. The phenomenon of subcritical flutter,
however, was not generally recognized in the aircraft field, and an analysis that explores
only for critical flutter would give little or no indication of such a possibility.

The data presented on page 20 show that the amplitude produced in a sub-critical
flutter condition in such a system depends on the preset angle of attack.

RECOMMENDED METHOD OF CONTROL-SURFACE
FLUTTER ANALYSIS

The aim in building the flutter apparatus and conducting the control-surface flutter ex-
periments was not only to explore the basic phenomenon of control-surface flutter but also to
expedite the development of an analytical method for predicting flutter speeds. It now appears,
however, that methods of predicting subcritical flutter speeds warrant serious consideration in
the field of naval architecture. Obviously, the ship designer desires the simplest analysis
that will yield predictions consistent with experimental observations. The simplified analy-
sis based on the assumption of hydrodynamic balance at all speeds does not agree with the
experimental results. However, it was shown to be conservative and, moreover, yielded a
direct formula for the flutter speed. It predicts a flutter speed for perfect tuning but, in
general, the two degrees of freedom are not in tune and the critical flutter speed is likely to
be higher. It requires, of course, that all the constants of the system be previously deter-
mined. The estimates should be made for a series of reasonable variations of the parameters
A, mh, C, and c¢. If neither critical nor subcritical conditions are found for speeds up to
50 percent above the maximum operating speed, it is believed that a more extensive analysis
is not necessary.

Clearly, a shipboard installation is vastly more complicated than this apparatus, but
it is shown in Reference 17 that in any one of its normal modes a hull may be approximated
by an equivalent system of one degree of freedom. Since the apparatus has more or less
ideal characteristics, caution must be used in drawing conclusions as to what predictions
can be made in actual shipboard installations by this method. However, it is recommended
that, as a first step in exploring the possibility of a flutter condition involving the interaction
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between & control-surface member and a hull, the control-surface member be reduced to an
equivalent rigid-body torsional system.

The torsional stiffness of the shaft system must then be evaluated, and this, of course,
may require considerable judgment as to the degree of fixity at the upper end of the shaft.
The next most important consideration is the determination of the mass unbalance, and this
must be based on a computation which includes an allowance for added mass. According to
the simplified analysis, a flutter condition is to be anticipated only if the center of mass

falls downstream. If this is the case, the torsional frequency should then be estimated by

/k
w=y—
I

If this frequency falls in the range of the significant hull modes involving displacement

the elementary formula

normal to the axis of the control-surface member, then an estimate must be made of the fre-
quency of the nearest mode. The entire hull isthen reduced to an effective mass, spring,
and dashpot for this mode by the method discussed in Reference 17. This then yields a
lumped system of the type that can be treated by the equations applicable to the TMB
apparatus.

What is most important is to be able to predict a lower limit for the overall damping
of the system in the range of speeds in which the torsional oscillations of the control surface
could be in tune with a flexural mode of the hull. This can be done by plotting as a function
of speed the four terms appearing in the coefficient of Y in the equation on page 33, Appen-
dix B. A standard of comparison then could be the value of C' which represents the damping
which the hull would have in the mode in question in still water with the rudder locked. It
would be the value determined by a vibration generator test in still water in which the rudders
are well out of tune with the hull.

Clearly, any assignment of avalue to the overall damping of the coupled system below
which the condition would be considered one of subcritical flutter is quite arbitrary. Although
Figure 5 shows a striking reduction in overall damping between the balanced and maximum
unbalanced conditions of the TMB apparatus, it does not show speeds at which the damping
dropped below the zero-speed damping. The analyses shown in Figure 7 and in Figure 12.1.3
of Reference 11, however, clearly indicate such a possibility without ever reaching a con-
dition of actual oscillatory instability. In practice, of course, the criterion would be whether
the vibration resulting from the condition combined with external sources of disturbance pro-
duced ‘‘intolerable’’ levels of vibration.

The next question to consider is whether the control-surface member in its mean posi-
tion is to operate at a small or a substantial angle of attack. If this angle of attack is sub-
stantial and the member is a hydrodynamically balanced hydrofoil, then the formula derived
from the simplified analysis will yield a direct estimate of the flutter speed. If this speed
is well above the highest operating speed, flutter is not to be anticipated, since the

23



assumption of coincidence of the torsional frequency with a frequency of the hull generally
lowers the predicted flutter speed. If the flutter speed thus calculated falls in or near the
operating speed range, a second estimate should be made by means of the more advanced
methods given in Appendix C, with no assumption as to coincidence of the natural frequencies.

The assumption of hydrodynamic balance appears to be untenable if the mean angle
of attack is very small. Then an estimate must be made of the position of the center of lift
for this angle of attack, and one of the analyses given in Appendix C should be tried with the
hydrodynamic moment due to circulation included.

The simplified analysis would not be directly applicable to torsion-bending flutter of
a control-surface member itself in which the hull did not play a significant role. This type of
flutter might be encountered with activated antirolling fins. To apply the same basic analy-
sis to such a system, the torsional and bending modes of the member must be reduced to an
equivalent system of the apparatus type and the distributed forces and moments must be re-
duced to effective values which apply to the equivalent system. This method is frequently
used in torsion-bending flutter of an aircraft wing in which the fuselage is considered fixed.

It appears feasible to develop a method of computation based on mechanical impedance
of the hull as derived from digital calculations without using the normal concept. This meth-
od has not been explored up to the time of this writing.

Three-dimensional flow effects have been neglected in the analyses presented herein.
The effects of finite aspect ratio on flutter are complex. Therefore three-dimensional flow
effects are only occasionally used in flutter prediction. Discussions of these effects can be
found in the references. The prevailing opinion in the aircraft field appears to be that three-
dimensional effects are conservative and that the flutter speed is about 15 percent higher than
that predicted by two-dimensional theory for moderate aspect ratios. The effect increases
with small aspect ratio and decreases with large values of the reduced frequency (dw/S).
However, the possibility that three-dimensional effects could be nonconservative.cannot yet
be ruled out.

SUGGESTIONS FOR FUTURE INVESTIGATIONS

A possible reason for the opinion that control-surface flutter effects are unlikely in
the marine field is that naval architects are thinking in terms of classical aircraft wing
flutter. Since it now appears that control-surface flutter phenomena, in the broad sense of
the term, may be encountered in naval architecture, various aspects of flutter deserve further
exploration.

On the hydrodynamic side, it is clear that much more information is needed on both the
lift forces and moments on oscillating hydrofoils. Not only is an investigation of the validity
of the steady, quasi-steady, or the classical (Theodorsen’s) relations required; it is also
important in this field to explore the region of small angles of attack and the range of Strouhal
numbers much higher than those so far investigated in the aircraft field, It is particularly
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desirable to establish the oscillatory hydrodynamic moment. Since the hydrodynamic moment
arm L, as defined in this report on page 16, is indicated to be a nonlinear function of the
angle of attack, the moment must also be a nonlinear function of attack angle.

The extent to which cavitation may affect such phenomena as occurred on DD 931
should be further investigated. Experimental flow studies on a series of foil shapes would
be required, since the effects of cavitation can vary considerably with foil sectional shape,
taper, and sweep.

As far as the rudder problem is concerned, this question must be answered: Does the
use of a fixed skeg or horn forward of the rudder supporting a pintle bearing significantly
raise a critical flutter speed?

On the structural side of the problem, it is important to establish the normal mode
patterns of control-surface members in service and, particularly, to determine the relative
magnitude of torsion and bending in their fundamental modes. If the trend in design is toward
the spade-type rudder, thenit would be helpful to investigate those features of the structural
design which contribute to raising the critical speed. On the basis of the present study,
there appear to be the following possibilities: (1) attaining mass balance, which is difficult
because of the very large virtual mass effect; (2) increasing the torsional rigidity, which is
determined only in part by the torsional stiffness of the rudder stock itself; and (3) using

damping devices.

CONCLUSIONS

Control-surface flutter action has been demonstrated with the TMB flutter apparatus.
Both the experiments and the analyses indicate that such a system may have a large variety
of response characteristics for moderately small variations in the values of the design param-
eters. Thus, critically unstable and subcritical flutter action as well as stable conditions
all appear possible in such a system. The same basic equations may be applied to a rudder-
hull system, as pointed out on page 22.

With specific reference torudder-hull systems (such asthat of the DD 931 class), both
the experiments and analyses indicate that the combination of downstream mass unbalance,
close tuning of the two degrees of freedom, and ship speed can result in such a marked reduc-
tion in overall damping in the particular hull mode involved that usual sources of ship vibration
produce intolerable hull amplitudes.

A complete flutter analysis of a control-surface system coupled with a mode of vibration
of the entire hull would involve elaborate calculations based on the most advanced methods
of structural mechanics and hydromechanics. However, simplified methods of analysis could
well be used to obtain a preliminary indication of the possibility of either a critical flutter

condition or a significant subcritical condition.
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APPENDIX A
SUMMARY OF TEST DATA

The tests with the TMB Control-Surface Flutter Apparatus were of two types:

Series A. Runs with various settings of the mass unbalance and the nominal angle of
attack during which there was no external stimulus aside from the normal carriage vibration,
and the translational and rotational displacements of the apparatus were recorded on the

oscillograph.

Series B. Impact tests in which the apparatus was excited by striking with a heavy timber
while the towing carriage was under way, increasing speed at a very slow rate (not exceeding
0.15 knot/sec), and the subsequent vibrations were recorded.

The data obtained during the steady-speed runs (Series A) are summarized in Table 3.
This summary includes all cases in which the amplitude in translation exceeded the noise
level and without any adjustment for carriage vibration. A few cases with amplitudes less
than the noise level are shown, to illustrate frequency variations. The double amplitudes in
translation and rotation are 2 Y, and 2 6, respectively. These are the maxima observed in a
given condition without correction for beating which occurred. Also in this table, ¢ is the
phase angle by which the rotating time vector representing 6 leads the vector representing Y.
The values of ¢ tabulated are mean values and not values for specific cycles. Both the ac-
curacy and the significance of the phase determination obviously increase with the extent of
coupling, mh, of the two degrees of freedom.

In Table 4 are summarized the damping data derived from the impact tests (Series B).
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TABLE 38 — Summary of Test Data Obtained during Steady-Speed Runs

Run | e | mb s t |2y, | 26, S [JRun | g [ m s f| 2y, | 26, ¢
No. | geg {1b-sec? | knots | cps | in. | radians | deg || No. | deg | tb-sec? | knots | cps [ . | radians | deg
mlo | o3 487 [ 373 | o041 [ 00010 | 180 s9 [ 5 | 20 | 7.05 | 452 0028 | 0.0025 | 10
487 | 3.94 | 0.050 | 0.0m5 | 180 90 | - | o020 | o001 | 45
12 03 | 490 | 3.95 | 0.027 | 0.0008 | 180/ 60 18 | 66 | 4.27 | 0.020 - -
491 [ 3.95 | 0.03¢ | 00010 | 170 9.05 | 445 | 0.0%0 | - -
491 | 3.95 | 0.043 | 0.0012 | 170 9.33 | 453 ] 0020 | - 2
1 1.8 | 9.5 [ 4.02 [ 0.0a8 | 0.0046 w|[ e 16 | 84 | 412 ] 0021 | 00018 | -
16 1.3 | 8.69 | 431 | 0.038 | 0.0038 60 9.00 | 4.38 | 0.019 | 0.0020 | -
) i - X 00024 ol o2 13 | 872 | 415 0021 | 0.0017 | 45
:: g : : :(3) : i: g z:z 0.0016 45 5.7 | 445 | 0024 | 0.0014 0
—t . - - 63 | 11 8.65 | 4.25| 0.021 | 0.0013
20 0.2 | 4.78 | 3.88 | 0.051 | 0.0013 | 180 ooe | 4a5] 0023 | o000 | -
21 0.0 | 485393 [ 0038 | o.oo0 | 180 T Tio Toon Tonn T =
2 0.2 | 4.60 | 3.75 | 0.031 | 0.0009 | - %0 8.09 | 40 | 0028 | 0.0009 | -
23 —04 | 271 3.86 | 0.040 | 0.0025 | - 60| 66 03 | 43 | a1 | 0039 | 00012 | -
3.37 | 3.80 | 0.027 | 0.0015 | - 90 8.02 | 40 | 0.026 | 0.0008 | -
4.83 | 3.85 | 0.033 | 0.0018 | -10 | g; 0.2 49 | 400 ] 0.034 [ 0.0023 | 180
n 0.6 | 2.5 | 3.83 | 0.025 | 0.0023 | - %0 8.10 | 40 | 0.019 | 0.0009 | 180
4.81 | 3.90 | 0.027 | 0.0016 | - 60 g 0.0 7.56 | 3.72 | 0.024 | 0.0008 | - 90
7.70 | 3.75 | 0.023 | 0.0014 | —120 000 | 50 | 0023 | 0.0008 | 120
75 0.3 | 235 | 3.81 | 0.027 | 0.0029 [ - 80| g a7 36 oo Tooonr T2
260 1 3.80 | 0.030 | 0.0031 | - 50 8.44 | 40 | 0.027 | 0.0012 | 180
3.40 | 378 | 0.027 | 00022 | - 60
272 | 382 | voss | ooes0 | —sofl 70 -0.8 55 | 3.55 | 0031 | 0.0018 | -
7 20 | 5.60 4'45 0.027 | 0.0038 5 7.24 | 369 | 0030 | 0.0018 -
. 40 | 459 | 0.0 | 0.0080 ol 1 0.9 | 45 | 3.6 | 0.049 | 0.0030 | - 60
10.40 | 462 | 0.032 | 00037 | 1 730 | 3611 0027 1 0.0015 | -
761 | 370 | 0.019 | 00017 | -
28 4.07 | 463 | 0.025 | 0.0035 | - .
540 | 437 | 0.0 | ooo4s ol 82 [0 [ oo [ 80 |40 | o020 | 00015 -
5.47 | 4.50 | 0.038 | 0.0055 0] 83 20 | 465 | 4.48 | 0.024 | 0.0037 25
9.30 | 4.60 | 0.051 | 0.0055 | 60 5.58 | 4.48 | 0.042 | 0.0061 20
9.33 | 450 | 0.070 | 00077 | 70 70 | 449 | 0.036 | 0.0039 2
9.36 | 4.55 | 0.067 | 0.0056 | 60| 95 | 457 | 0.039 | 00038 | 20
39 | 2% | 20 | 28 | 446 | 0.021 | 0.0028 off s 2.0 | 9.05 | 4.40 | 0.0a1 | 00050 | 60
44 | 395 0.020 | 00027 | 90 9.25 | 4.50 | 0.037 | 0.0041 30
56 | 4.45 | 0.034 | 0.0031 0 9.38 | 453 | 0.068 | 0.0067 | 30
6.85 | 4.45 | 0.035 | 0.0031 0 100 | .64 | 0.039 | 0.0041 15
91 | 44 | 0031 [ 00028 5 104 | 457 ] 0.03¢ | 0.0037 3
%0 18 | 21 |40 [o019 | 0.00 | - s 8 20 | 1375 | 45 | 0064 | 0.0027 | 30
3.18 | 45 | 0.026 | 0.0030 10 12.35 | 4.3 | 0.068 | 0.0027 45
4.6 | 4.45 | 0.028 | 0.0024 01M 89 18 9.00 | 443 | 0.023 | 0.0026 50
9.35 | 4.55 | 0.039 | 0.0040 | 20 ous | a5 .oos7 | ooost | 90
a 16 | 46 | 44 [ 0.032 | 0.0033 0|5 6 500 ve [ oos
8.55 | 4.25 | 0.032 | 0.0024 | 50 : 000 | 435 0’058 3331: :g
¥ X . ) )
875 [ 45 | 0032 | 0.0028 9.02 | 4.36 | 0.050 | 0.0040 | 60
7] 13 | 365 .22 | 0.027 | 0.0030 5( o1 3 | sa2 | 023 | oost | oooss | <
44 )4 0028 1 0002 |10 9.17 | 4.40 | 0.03 | 0.0050 | 70
54 | 423 | 0033 | 00028 | 30
68 | a1 | oo | 0o02e ol 92 1.1 | 888 | 437 0.021 | 0.0022 | -
9.0 | 435 | 0023 [ 00022 | sof 94 0.6 | 867 | 4.2 | 0.024 | 0.008 | 130
13 11 | 375 | 428 | 0.039 | 0.0031 | 25| 95 03 | 859 | 422 [ 0.025 [ o001s | 90
48 | 395 | 0.022 | 0.0021 | 110 [ g5 p .03 ~
s | 422 | oo | Coons p 3 | 1253 [5.8/5.29 0.0024
6.65 | 44 0029 o001 | sof 8 | S | L8 [199 130 | 0025 - -
M 0.8 3.7 4.20 | 0.029 0.0025 2 100 1.6 8.88 4.36 | 0.033 | 0.0028 -
6.44 | 418 | 0.030 | o.0014 | 105{[ 101 13 | 881 426 | 0.033 [ 0.0018 -
6.47 | 4.22 | 0.040 | 0.0020 | 50 |75y 11 | 885 | 430 ] 0028 {00018 [ 110
15 0.6 | 3.67] 40 |o0022 | oo | eof| 103 11 | 159 [13.2 | 0.023 | 0.0005 | 180
4351 40 1 0.081 | 0.0012 | 30 |70 L1 [ 1595 [3.20 [ oor7 [ - -
485 | 4.0 | 0.030 | 0.0013 75
ol e : 19.20 |12.45 | 0.014 | - -
52 | 421 0028 | 0.0013 | 60 2000 {13.00 | o018 | - -
I3 0.3 | 3.86) 3.9 |0.03 | 0.0008 | 150 =
vos | 39 |oos | ooons | wsfl 05 ] © 20 | 396 | 45 | 0.054 | 0.0038 0
54 | 4.02 | 0.031 | 0.0014 110 |} 107 2.0 9.35 | 4.5 | 0.049 | 0.0049 -
47 0.1 455 | 3.66 | 0.033 | 0.0008 - || 109 0.0 49 | 4.0 | 0.047 | 0.0010 180
T} 0.0 | 47 |39 |o0.027 | o001 ] 14 0.0 | 3.93 | 3.84 | 0.041 | 0.0010 -
8.15 | 4.0 | 0.024 - - 8.50 | 4.30 | 0.031 | 0.0021 | 180
s8] 5| 20 | 397 43 | 002 | o003 o |15 20 | 9.28 | 45 | 0.05 | 0.0052 20
7.0 | 45 | 0.035 | o0.0040 o || 116 20 | 9.3 | 453 ] 0.058 | 0.0064 10
X 117 20 | 9.32 | 449 | 0.050 | 0.0055 2

*The translational and rotational frequencies differ.
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TABLE 4 — Summary of Damping Data Derived from Impact Tests

a -
0= 0 degrees.

Run mh Translational S f DR ¢
No. [ Ib-secZ | or Rotational | knots | cps deg
13 0.3 Translational 3.9 4.0 | 0.064 120
49 | 391 0.075 120

6.1 4.1 | 0.082 165

6.9 - | 0.081 -

8.1 - | 0.095 -

8.9 4.0 | 0.110 175

9.7 4.4 | 0.122 160

109 0.0 Translational 4.0 4.0 | 0.086 -
6.3 4.0 | 0.126 -

9.1 4.1 | 0.141 }-170

10.0 - | 0.143 -

105 2.0 Translational 4.2 | 45 0.011 0
Rotational 4.2 | 4.5 | 0.011 0

Translational 4.7 | 45 | 0.012 0
Trans!ational 49 | 45| 0.012 0

Rotational 4.9 | 4.5 | 0.011 0

Translational 55 | 4.5 | 0.008 0

Rotational 5.5 4.5 | 0.009 0

Translational 6.0 4.5 | 0.013 0

Rotational 6.0 4,5 | 0.013 0

Translational 6.4 | 4.5 | 0.015 0

Rotational 6.4 45 | 0.014 0

Translational 6.6 4.5 | 0.022 0

Rotational 6.6 | 4.5 | 0.022 0

Trans!ational 6.7 4.5 { 0.019 0

Rotational 6.7 4.5 | 0.019 0

Trans!ational 6.8 4.5 | 0.020 0

Rotational 6.8 4.5 | 0.022 0

Translational 1.2 4.5 | 0.025 0

Rotational 7.2 | 45 | 0.019 0

Translational 7.6 | 4.5 | 0.013 0

Rotational 7.6 | 4.5 [ 0.015 0

Trans!ational 8.5 4.5 | 0.020 15

Rotational 8.5 4.5 | 0.016 15

Translational 9.1 4.5 | 0.018 0

Rotational 9.1 4.5 | 0.023 0

Rotational 9.6 4,5 | 0.013 0

Translational 9.8 4.6 | 0.016 0
Translational 10.1 4.6 | 0.046 0

Rotational 10.1 4.6 | 0.040 0

106 2.0 Rotational 10.7 4.6 | 0.031 10
Translational | 10.8 4.5 | 0.027 10

Rotational 113 4.6 | 0.034 10

Rotational 11.9 4.4 | 0.046 10

Translational | 12.1 4.5 | 0.035 20

Rotational 12.5 4.4 | 0.040 10

12.7 4.6 | 0.036 10

l 13.3 - | 0.069 10

14.7 - | 0.048 10
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APPENDIX B
SIMPLIFIED ANALYSIS INITIALLY APPLIED TO TMB FLUTTER APPARATUS

For the simplified analysis, the TMB flutter apparatus may be represented schematically
by the plan view shown in Figure 8.

Structure Fixed to Y
Towing Carriage ‘

7 M

m,k, I /(
c.g. * .

oy )

/ T R

Direction of Carriage
Motion ——————=

Figure 8 — Schematic Plan View of TMB Flutter Apparatus

In this figure, 0 is greatly exaggerated. For small values of 0, h as shown is approxi-
mately the same as the distance measured along the chord. The torsion spring k connect-
ing the rotational and translation elements is not shown.

The symbols used in Figure 8 are defined in Table 1 except for Y and 6, which are the
horizontal displacement of the axis of the hydrofoil and the angular displacement of the hydro-
foil, respectively. If the towing speed S is in the direction indicated in Figure 8, then, since
the velocity of the water relative to the hydrofoil is in the opposite direction, the effective
angle of attack is:
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If the lift force under oscillatory motion follows the nonoscillatory or steady relation, this

force F; is given by the relation
ﬂ;=AS%x

where A4 is defined in Table 1. Equations of motion can be written relative to a set of coor-
dinates moving in translation with the hydrofoil axis, provided an additional fictitious force
equal to —-m Y is applied at the center of mass of the hydrofoil. Hence, if under oscillatory
motion the center of lift remains at the axis of rotation, as assumed for hydrodynamic balance,

the equation fot the angular motion becomes
16+c6+k0=mYh

The moments due to water inertia and damping effects at zero speed are assumed included
here in the evaluation of / and ¢, respectively.

In simple harmonic oscillations

=-Yo?

and the steady-state solution for 6 may be expressed in the complex form:

-mY w?h
0 =

k-low?+jcow
If the frequency corresponds to the torsional natural frequency of the hydrofoil,

k
o.)2=___
1

and

-mYw?h jmobY

jcw c

The lift force is A(S26 — Y S). The force required to accelerate the rudder in the Y-direction
is mYc.g', but

Y =Y-hA0

and
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also

therefore

. [ imhle
Yc.g.=Y - c

Thus, the effective force on the nonrotating element is:

. . 'mh2
P0=A(526—YS)—mY(—7 “’)
C
Hence
i AS’mhaw¥ . v im2h2e .
p =120 Ays-my+ D22 Y
C C

If the mass of the nonrotating element is M, the translational damping constant C, and

the translational spring constant K, the equation for oscillatory motion of ¥ becomes

. . iAS2mhY . . 232,y
MY +0Y + kY = 222809 gys_my 4+ 22
c c
which yields the equation:
. AS2mh 2522\ .
(M+m)Y+< - n +AS+m @ Y+KY=0
c

.

It is seen that if the coefficient of ¥ is positive, this is the equation for damped free
oscillations of a mass (M + m). If, however, this coefficient is negative, such an equation
indicates that a self-excited or unstable oscillation is possible.

It is essential to note that this equation was derived on the assumption that oscillations

|/k |/ K
W = —
1 M+m

If the damping is large this would not be possible, but the equation is used only in deriving

are possible at the frequency

a speed at which the overall damping vanishes.
It should be noted that the only negative term in the coefficient of Y contains S2.
Hence it is clear that there will be some speed beyond which the coefficient will be negative,

and the speed at which it becomes zero would be designated the flutter speed.
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The equation

AS%mh m2h202
-+t A4+ —— =0
C [4]

yields the curve plotted in Figure 6a (indicated as L = 0) giving the flutter speed in terms of
the mass unbalance mh, as predicted by this simplified analysis. The positive value of S

c c? c m2h202
S = + + C+
2mh 4m2/},2 Amh C

From the manner in which the equation for oscillatory motion of M on page 33 was

given by this equation is

derived, it is clear that the coefficient of ¥ can be used in plotting overall damping as a func-
tion of § only in the range of speeds in which the overall damping is very small, since o
is not actually independent of damping.
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APPENDIX C
FURTHER METHODS OF FLUTTER ANALYSIS

The development of the extended simplified analysis and the modified Theodorsen
analysis are outlined below, together with the method of solution used.

The motions of the apparatus shown diagrammatically in Figure 8 can be described
by the following pair of ordinary differential equations

lé'+ cO+ k6 —mh'};=M6

M+m¥+CY+KY-mhb=F,

The constants, as previously defined, include both added inertia and zero speed hydrodynamic
damping effects. M is the fluid dynamic moment about the axis of rotation, and F; is the fluid
dynamic lift force. In this notation, My and F; do not include added mass or zero speed hydro-
dynamic damping effects. Coincidence of the rotational and translational natural frequencies

was not assumed in deriving these equations. They yield the simplified analysis if Mg =0,

Y K k
F, = A82(6 -— )and ©? = =— . Further development of the extended simplified
L S M+m I

analysis and the modified Theodorsen analysis consists merelyof using two other real ex-

presssions for My and F; in these general equations.

EXTENDED SIMPLIFIED ANALYSIS

In this analysis, terms were introduced to account for the effect of a hydrodynamic
moment (in addition to the added mass moment of inertia and angular damping effects obtained
at zero speed). The expedient used was the assignment of a value to the distance L of the
center of lift from the axis so that the product of the lift force and L would give the required
moment. It was assumed here that the oscillatory moment, as well as the oscillatory lift

force, follows the steady relations with respect to both speed and angle of attack. Since the

Y
F, =AS82 e_—)
=457 (03

oscillatory lift force is given by

this moment is written

Y
Mg= ALS? (e-—)
3
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Upon substituting the above values for Mg and F; , the equations of motion become:
16+¢6+ (k- ALS 0 - mh¥ + ALSY = 0

~mh0-A520+ M +m)Y +(C + AS)Y + KY =0

It can be seen that the moment terms proportional to L signify a negative hydrodynamic re-
storing effect as well as coupling between the translational and rotational degrees of freedom.
If simple harmonic motions are possible in this system, they can be represented by 6 = 6, e)“,
Y=Y, eM where 0os Yo, and A are complex. Then the following pair of algebraic equations
must be satisfied:

(I + ch+ b~ ALS?) 9y + (=mhA2 + ALS)) Y, =0

(-mhr? - 48%) 0, + (M +m) A2+ (C+ AS) X+ K1 Y =0

A nontrivial solution is possible only if the determinant of the coefficients vanishes. Thus:

IN2 s+ ch+ k- ALS? -mhA% + ALSA

-mhA? - AS2 ‘ M+mA2 +(C+ AN+ K

The expansion of this determinant gives the following quartic equation in the complex

frequency:

UM+m) -mh)2 N+ UC+M+m)e+ AU + mhL)SIA3
+UK+Ce+kM+m)+ AcS-A(M + m}L + mh) S2122

+[Ke+kC+AkS-ALCS2 IA+Kk-KALS%2=0

k K
IfA=jo=j l/1:= i l/ML and L = 0, this frequency quartic can be reduced to the equation
+ m

obtained by setting the damping coefficient given in Appendix B equal to zero.

MODIFIED THEODORSEN ANALYSIS

The oscillatory force and moment on a vibrating foil were obtained by Theodorsen!®
in aclassical analysis. He expressed the force and moment per unit length of foil in terms of
the rectilinear and angular displacements and their time derivatives, as well as the Strouhal
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number and the distance from midchord to the axis of rotation. His expressions contain terms
for the effects of added inertia. After omitting the latter terms, multiplying by the foil length
!, and inserting the value of the distance from midchord to the axis of rotation, the oscillatory

force and moment appropriate to the TMB flutter apparatus become:

F,=npb2l[S6l +20p15C, S[S6 -V + b6

M9=—rrplb2 (S5 6]

where p is the mass density of the fluid and C, is the complex Theodorsen function. In
general, the terms involving C represent the forces and moments due to circulation. It is
noted that if the axis of rotation is at the forward quarterchord location, the moment due to
circulation is zero in these expressions. In general, the circulatory moment is not zero. The
product of constants 27 p! b is equivalent to the lift constant A previously defined. For
very low reduced frequencies (0.00—0.02), Theodorsen’s function is equated to unity under
the quasi-steady assumption frequently used in aeroelasticity. A similar assumption is used
here. In both of these assumptions, the absolute value of C, is approximately preserved;
however, the small phase lag due to the imaginary component is neglected. Since the reduced
frequency of the apparatus is relatively high (of the order of 1.2 at S = 9 knots), the value

of ', was equated to one-half. (See Figure 5.20 of Reference 7.) The reduced expressions

for lift and moment can now be written:

F

1, 1 . .
=—A8%20-— ASY + AbSO
L o 2

. 1 ) .
Mg=-—AbS6
2

The problem of how best to express the oscillatory moment due to circulation arose in
this analysis. Previously, the expression LF, was used. It appeared that perhaps the use
of L to modify all the unsteady lift terms was excessive, considering that at this stage it is
meant to be a simple expedient. It was thought that the oscillatory moment due to circulation
might better be expressed as 1% ALS26, taking only the 6 dependent term and neglecting the
lift terms proportional to Y and 6. No guidance on this problem was found in the literature on
flutter. Therefore two exploratory sets of calculations were made, one using the full expres-
sion L F; and the other using just the single term. The resultant critical frequencies obtained
with the use of the full expression for a large value of L were considered too unrealistic
to be usable. The problem was therefore deferred and the one-term expression was used for
the remainder of this work. A separate investigation at the Model Basin to obtain a method
of representing the oscillatory moment due to circulation has been started on the basis of

this unresolved problem.
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The total moment including the moment due to circulation can now be written:
1 205, 1 2
M0=--2—Ab SG+-é-ALS 0

At this point, a comparison of these expressions withthose used for the extended simplified
analysis should be profitable. The term 4 586 in F; , containing forces both circulatory and
noncirculatory in origin, represents additional coupling of the degrees of freedom. The term

oy Ab256 in the moment expression represents dynamic damping which was previously ne-

glected. The circulatory moment term - AL SY used previously has no counterpart here.
Upon substitution of the expressions for F; and My, the equations of motion become:
p L 0 q

. 1, .\ 1 .
16 + c+§-AbSG+ lc-EALS2 0-mhY =0
. 1Y 1 2 . 1 -
—th—AbSO-—2—AS 6+M+mY + 0+—2—AS Y+KY=0

Thus, because of the simplifying assumptions, the equations of motion again have real coef-

‘ficients. By assuming simple harmonic motion, the equations can be reduced to:
1 1
[1)\2 +k-— ALS? +<c + —AbZS)A]GO + [-mAA?] Yo=0
2 2
2 1 2 2 1
~mhA -AbSA—-§AS 0o+ | (M +m)A” + C'~+—2—AS A+K|Y =0

The determinant of the coefficients is again equated to zero and expanded to obtain the com-

plex frequency equation:

1
(I (M+m)- @B+ (M+m) (c +EA62S\) +1 (C +%AS) —AbmkS] A3

[ 1 1 1 1
+| M +m) (k-.2-AL32)+ (C+§AS) (c+-2-Ab28) + 1K—~2—Amksz] A2

1 1 1 1
+ (C+—é- AS) (k—;ALSz) +K(c+-2—Abzs):| A+K(k ——2—ALS2) =0
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SOLUTION OF POLYNOMIAL EQUATIONS

The frequency quartic (obtained in either of these analyses) was rewritten:*
L)
A AN+ AN+ AN+ 4,=0

The A’s thus defined are functions of S. At any given speed, the quartic will have four com-
plex roots of the form A = p + jw. Thus the time dependent displacements will be

Y=Y,e" e/® and 6 =6, e i@, The circular frequency of vibration is . If y is positive,
the oscillation is unstable; if negative, the oscillation is stable. At neutral stability, p =0
and the root is a pure imaginary. It can be shown that for stability it is necessary that all of
the A’s be greater than zero and also that 4, 4,4, - A12 -4, A_,,2 be positive.** The condi-
tion Ay =0 gives the divergence speed for which A = 0. The quantity D = A1A2A3"A12‘A0A32
is the Routh discriminant, which is also a function of S. If all the A’s are positive, the
critical flutter speed is the speed at which D (S) = 0. There can be multiple critical speeds
separating stable and unstable ranges. At any critical speed, w? = A;/A;. The values 4,
A,, A4,, Ay, and D were computed as functions of speed for various values of L and mA on a
digital computer. In nearly every case, D equaled zero at a lower speed than that at which

any value of 4 was equal to zero. In those cases, the condition D = 0 is equivalent to zero
net system damping. Thus, the critical speeds and frequencies were obtained. Summaries

of the critical flutter calculations based on the extended simplified analysis and the modified

Theodorsen analysis are shown in Tables 5 and 6, respectively.

*The A’s with subscripts are not to be confused with the 1ift coefficient A°without a subscript.

**See page 119 of Reference 7.
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TABLE 5

Summary of Critical Flutter Calculations Based
on Extended Simplified Analysis

mh s i om s f
Ib-sec? | knots | cps || Ib-sec2 | knots | cps
L=0.0in. L =8.9in.
0.2 7.10 1 3.8 || -1.0 3.83 4.11
0.4 5.86 ~0.8 4.05 4.06
0.6 6.12 -0.6 4.80 | 4.02
0.8 6.56 2.0 4.65 | 3.51
1.0 1.12 5.91 | 3.51
1.2 7.60 2.2 4.35 3.50
1.4 8.13 6.40 3.47
1.6 8.58 2.4 4.20 | 3.45
1.8 9.08 7.02 | 3.41
2.0 9.48 2.6 4.10 | 3.43
2.2 9.96 1.29 3.37
2.4 10.33 2.8 4.03 3.40
2.6 10.73 7.63 | 3.40
2.8 11.13 3.0 3.98 | 3.33
3.0 11.47 8.02 | 3.06
L=2.8in. L =10.0 in.

0.2 7.74 | 3.87 || -1.0 2.44 | 4.10
0.4 6.12 | 3.86 |} -0.8 2.54 | 4.06
0.6 6.24 | 3.84 |} -0.6 2.83 | 4.02
0.8 6.64 | 3.83 || -0.4 3.63 | 3.97
1.0 7.14 | 3.81 1.2 3.14 | 3.64

12 | 7.56 | 3.80 4.67 | 3.61
14 | 806|378 | 14 | 288 |36l
16 | 844 |3.77 5.41 | 3.57
18 | 88 | 375 | 1.6 | 276 | 3.58
20 | 9.24 | 3.74 6.07 | 3.52
22 | 960 | 372 || 1.8 | 268 | 3.56
24 | 10,00 | 3.71 | 6.44 | 3.48

2.8 10.61 | 3.68 6.94 | 3.43

2.6 10.29 3.70# 2.0 2.63 | 3.53
3.0 10.95 | 3.67 2.2 2.59 | 3.49

: 7.24 | 3.39

L =641 in. 24 257 | 3.47

2.0 | 15.00 | 3.54 7.54 | 3.35
2.2 | 13.46 | 3.52 || 2.6 2.55 | 3.44
17.32 | 3.50 7.89 | 3.32

24 | 1335 | 3.49 || 28 | 253 | 3.41
18.29 | 3.47 8.14 | 3.28

2.6 | 1339 | 3.39 || 3.0 | 252 | 3.38
19.40 | 3.44 8.36 | 3.25

2.8 13.50 | 3.40
3.0 13.62 | 3.41
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TABLE 6

Summary of Critical Flutter Calculations Based
on Modified Theodorsen Analysis

mih s f mh s f
tb-sec? | knots | cps || Ib-sec2 | knmots | cps
L=0.0in. L =8.05 in.

1.8 16.01 | 4.27 2.0 12.98 | 4.11
2.0 14.14 | 4.31 13.88 | 4.01
2.2 13.29 | 4.36 2.2 11.22 | 4.19
2.4 12.90 | 4.41 17.43 | 4.00
2.6 12.70 | 4.46 2.4 10.82 | 4.26
2.8 12.65 | 4.52 19.47 | 3.96

3.0 12.69 | 4.58 || 2.6 10.69 | 4.32
2.8 10.68 | 4.37

L=28in. 3.0 10.75 | 4.43
1.6 | 19.85 | 4.07 :
18 | 13.68 | 4.19 L -10.0 in.*
2.0 1240 | 4.25 || 2. 11.97 | 4.14
2.2 11.89 | 4.30 13.30 | 4.10

24 | 1164 | 435 1| 24 | 1091 |4.23
2.6 11.56 | 4.40 2.6 10.63 | 4.28
2.8 11.58 | 4.46 2.8 10.65 | 4.34
3.0 11.67 | 4.52 3.0 10.59 | 4.39

*Divergence speed at 16.0 knots.
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