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NOTATION

Definition

A

A(x)

Ao =/3 BH

a

a( )

a*(e)

B

b
B

2

C

D

E

e

U
F

H

I(y)

J(y)

H
K = 2-

L

L

L

D

Symbol

Area

Sectional area curve

Midship section area

Coefficients of polynomials

Area curve of dimensionless section

Dimensionless sectional area curve with unit ordinate at the
midship section

Beam

Coefficients of polynomials

Half beam radius

A constant, coefficients

Diameter for bodies of revolution

Resistance function

Eccentricity

Froude number

Draft

Resistance function

Resistance function

Dimensionless curvature at the midship section

Length

Length-diameter ratio of body

Half-length

Resistance function

General functions of the type )ii[or; K; yo0 ] where o and
r are the indices of the E function

L

2
2
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n?

R

R*

Sy

Sri

OX(1)
t=

U

-v

V ()

+1

W(z) = 2 f y y(z) dx

W o

WO

w()

w*(4)

X

Xa(e)

xo

yY

Y

y - + y(X,z)

Zz

a=C
wW-c

Integers, exponents

Resistance

Dimensionless resistance

Static moment

Dimensionless static moment

Taylor's tangent value

Velocity in the x direction

Volume displacement

Fining function

Waterline area

Load waterline area

Dimensionless waterplane area

Dimensionless waterline area

Dimensionless waterline area reduced to unity at the
load waterline

Axis

Symmetric parts of the dimensionless waterline equation
Asymmetric

Coordinate

Longitudinal coordinate of a centroid

Axis

Coordinate

Equation of hull

Axis

Coordinate

Area coefficient of load waterline

Midship area coefficient

Variable of integration

oi



1
yo =

2F 2

a Cb

H

C K(4)

7 = +- 77()

4 = X(e)

77 = Z

'?a

-

1/3

Block coefficient

Dimensionless coordinate

Equation of longitudinal midsection

Dimensionless coordinate

Dimensionless equation of hull

Dimensionless equation of load waterline

Dimensionless equation of midship section

Symmetric partsof

Asymmetric J

Dimensionless coordinate

Dimensionless longitudinal coordinate of a centroid

Prismatic coefficient

Ratio of slenderness
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INTRODUCTION

For nearly thirty years attempts have been made to evaluate Michell's wave resistance

formula 1 in such a way that useful deductions for the profession can be immediately obtained.

Havelock succeeded in explaining the most characteristic features of the wave resis-

tance of ships, Wigley and the author compared results of theoretical computations with experi-

mental data and the author tried to develop methods for finding ship forms of low wave resis-

tance. Although much interesting information has been accumulated, the results remain rather

sporadic. The bibliography of the subject can be found in TMB Report 710 (Reference 2).

So far, notwithstanding various efforts, no better solution to the wave resistance of

normal surface ships has been found than Michell's integral. For this reason and another to

be mentioned later it was decided that a more comprehensive attempt should be made to eval-

uate this integral. On request of the Taylor Model Basin the author submitted a research pro-

gram to the Mathematics Department of the Office of Naval Research and was fortunate to find

kind interest and strong support, for which he feels especially indebted to Dr. Mina Rees, Dr.

John Wehausen and Dr. E. Bromberg. A contract was granted to the Bureau of Standards which

at present has completed the computing work connected with the first stage of the program.

The author wishes to express his thanks to Dr. Alt, Dr. Levin, Dr. Abramowitz, Mr. Blum, and

Mr. Hirschberger, who have contributed decisively to the success of the work. The extensive

calculations were started with the full understanding and with the hope that Michell's analysis

will be superseded by better "theories," but it was thought that even in this case the simple

linearized solution would not lose its significance.

Before beginning the computations careful consideration was given to related attempts

made by Sretensky. 3 This well-known author came to rather disappointing conclusions con-

cerning the practical use of Michell's integral. It has been shown, however, that Sretensky's

approach is not quite consistent and his final negative statement is not conclusive. 2

The author wishes to acknowledge that besides ONR, the Model Basin and the Wave

Panel of the Society of Naval Architects gave full encouragement to the work. The Model Basin

initiated a similar project on the wave resistance of submerged bodies of revolution which has

been successfully completed.4

The program of the present work has been already discussed in the author's review on

wave resistance. 2 The most interesting problem in dealing with the wave resistance of normal

ocean-going hull forms consists of finding the appropriate longitudinal displacement distribu-

tion, i.e., the sectional area curve. The proper vertical distribution of the displacement though

of comparable basic importance can be treated in a more summary way. Clearly the separation

of longitudinal and vertical distributions is an artifice, which in the later stage of the present

1References are listed on page 59.



2

work will be eliminated; besides, the dependence of the wave resistance upon two fundamental

quantities - the draft and the midship area coefficient - can be judged already from the results

so far obtained.

The tables can be applied essentially in two ways. First, if suitable restrictions are

introduced, hull forms of least wave resistance may be calculated directly for a sufficient

number of Froude speed parameters F = U/V . This approach is useful and necessary but

experience has shown that it does not cover all practical needs.

Secondly, wave-resistance curves may be calculated for a large number of systematical-

ly varied forms. From these curves trends in resistance change due to systematic form vari-

ations can be established and the influence of various form parameters can be studied. At
present, emphasis is laid on the second procedure but some forms of least resistance also
have been investigated. A complete survey of the field requires, clearly, both methods of
computation.

Part I of the present report deals with some basic geometrical properties of hulls and
in Part II it is shown how Michell's integral can be evaluated for simplified ship forms.

The piece de resistance is the collection of tables in Appendix II.
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PART I

GEOMETRY OF THE SHIP

DESCRIPTION OF THE HULL FORM

GENERAL REMARKS ON ALGEBRAICALLY DEFINED SHIP LINES

Any treatise on theoretical naval architecture should include a chapter on the geometric

properties of ship forms and their analytical representation which may be called "Geometry of

Ships." This terminology agrees with the corresponding one used by Mr. Owen in "The

Principles of Naval Architecture" although the notation "Geometry of Ships" has been used

in a narrower and not quite adequate sense for special problems in the field of static stability.

Much ingenuity has been displayed in describing the geometric properties of hulls by

form parameters and coefficients and in developing graphical procedures for the design of

these hulls. A characteristic feature is the wider use of integral relations, especially of

integral curves, amongst which the sectional area curve is the most important. Differential

relations, although well known, are much less popular.

The present day's graphical method of hull design is efficient from a restricted practical

viewpoint. Its flexibility and power should not be underestimated, but it does not furnish a

satisfactory foundation for scientific work. It is thought that the lack of a general and rigorous

method of representing ship forms is responsible to a considerable extent for the back-wardness

in some branches of theoretical naval architecture.

Quite a few attempts have been made to base the design procedure on mathematical

equations. The ideas underlying these attempts were sometimes rather mystic insofar as un-

proven superior resistance qualities were claimed for analytically defined lines. D.W. Taylor

approached the problem in a much more realistic way. According to his statements he devel-

oped "mathematical formulae not with the idea that they give lines of least resistance but

simply to obtain lines possessing desired shape." 5

He was quite successful in representing sectional area curves and waterlines by fifth

degree polynomials.

Our present aim is somewhat more general than Taylor's: we wish to develop equations

which enable us to represent lines possessing desired shapes and which at the same time are

suitable for finding criteria for this desired shape from the point of view of fundamental me-

chanical properties like resistance, stability, seaworthiness, etc. That means that the ex-

pressions for the ship surface must be sufficiently general and that their application in various

theories dealing with mechanical properties of ships must lead to a reasonable amount of

mathematical work. 2

~-111



There exists another purely practical viewpoint from which it is desirable to derive

equations for the hull: the reduction of work in the mold loft. Although this requirement is

basic, we shall not consider it as a primary one within the scope of the present report.

Even from the point of view of mechanics alone the problem bannot be handled in an

exhaustive way since the dependence of important hydrodynamic effects upon the geometric

properties of lines and surfaces is almost completely unknown. For instance, we do not know

what limits of slopes and curvatures must be established to avoid unfavorable pressure gra-

dients which may lead to separation or high tangential resistance. In this respect we must be

satisfied by Taylor's criterion to obtain lines possessing a well defined shape. Even so, the

possibility of making form variations in a systematic and rigorous way is a necessary and

valuable condition for experimental research.

GENERAL PROPERTIES OF SHIP HULLS AND SHIP LINES

Axes of Reference; General.Expressions for the Hull and the Main Ship Lines in

Dimensional and Dimensionless Coordinates

Let us assume a system of axes as shown in Figure 1. The XY-plane coincides with

the design load waterline, the XZ-plane is the plane of symmetry, and YZ-plane is the plane

of the midship section. The positive direction of Z is downward.

This system of reference differs from that usually accepted in buoyancy and stability

calculations where the XY-plane contains or intersects the keel and Z-axis points upwards.

Some differences in notation and definitions arise because of this discrepancy which,
however, are of minor consequence.

As usual the principal dimensions of the ship are denoted by L, B, and H.

For a summary description of hulls the following definitions are proposed:

1. A fine ship is a ship with a low prismatic coefficient 9. Consequently the block

coefficient 8 must also be small, while the magnitude of the midship area coefficient /3 is

not decisive.

2. A slender ship is a ship with a high value of the length displacement ratio L/V 1/ 3

q = @(Froude), or low value V/L 3 (Taylor).

3. A narrow ship is a ship with a low B/L ratio.

4. A thin ship is a narrow ship with a low B/H ratio. In extreme cases it can be described

as a body with wedgelike waterlines and sections. This concept is important in connection

with Michell's theory of wave resistance ("Michell's ship").

5. Bodies of revolution with a large L/D ratio are called very elongated bodies of revolu-

tion.

Throughout this report broad use will be made of dimensionless coordinates.

-~~---_lls~.l~,s-la _1 111111 111 I I I 11 I 13~- Y 1
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Figure 1 - Axes of Reference

Dimensionless offsets of hulls, ship lines, and integral curves have been familiar in

naval architecture for a long time as an indispensable means for systematizing actual ship

forms.

It is fairly obvious that the use of dimensionless coordinates is advantageous when

studying geometrical properties of hulls; for instance, simple connections between the equa-

tions of the hull and the well-known form coefficients are immediately established.

In an earlier report 2 the writer has tried to carry out a strict division between the prin-

cipal dimensions and the "pure-shape" of a hull when applied to investigations on wave re-

sistance. The procedure appears to be legitimate within certain limitations. The same applies

to some extent to investigations on seaworthiness. Although the results may be different when

dealing with viscous phenomena, it is hoped that the consistent use of dimensionless repre-

sentation will contribute appreciably to increase our knowledge of the hydrodynamical and

mechanical properties of hulls.

From the present point of view, the use of such parameters as L/V- 1/3 cannot be re-

commended for a detailed analysis, since here the pure form constant, a = Cb* and the propor-

tions of principal dimensions are mixed together. Our purpose is to approximate the ship form

by as many characteristic values as possible, not to merge several known parameters into a

single one. Therefore, the use of the separate ratios L/B, B/H, and 6 instead of L/*- 1/3

is preferable. The latter ratio is suitable only as a first orientation.

The equation of the hull may be written as

y = y(x, z) [1]

The double sign appears because the hull consists of two essentially symmetric halves.

*Throughout this report Greek letters are used for the form coefficients: Cb = , C = , Cw = a, Cp = ,.

-- 111,1



In most cases it is sufficient to consider

y = + y(x, z) [la]

In what follows, dimensionless coordinates are preferably used, defined by

SY
7 = - = - [2]

1 b H

with I = L/2 and b = B/2.

Thus the following equation corresponds to [1a].

Basic relations will be given in a dimensional as well as in a dimensionless form.

The main purpose of the following synopsis is to work out a consistent system of sym-

bols and notation.

The symbol y and in dimensionless representation q, will be used not only for the equa-

tion of the surface, but also for equations of ship lines when no confusion can be caused.

In later applications it will be assumed that the thickness of the stem, the sternpost,
and an eventual keel is zero; otherwise expressed, the hull form is faired down to the center-

plane at these locations.

Thus, Equation [3] given below for the load waterline complies with the conditions

X( + 1) = 0, and Equation [4] for the midship section complies with Z(1) = 0. These assump-

tions will be always tacitly made unless the contrary has been stated. It is easy to derive

equations of ship lines with finite ordinates at their ends; the same applies to the equation of
the hull when the thickness of the keel, stem, and sternpost are constant and equal, but com-
plications arise when variable "intercepts" must be considered.

PRINCIPAL SHIP LINES AND INTEGRAL CURVES

The following notations are proposed:

1. The hull equation

y = y (, z) = b7 - b(4, 4)

2. The load waterline

y(x,O) = b7? (6, 0)
[3]

. (,0) = X()

3. The midship section

y(0,z) - b7 (0,r)
[4]

77(0,)= Z()

I II __ III II I II --
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4. Longitudinal midsection (centerplane contour)

y(x, z) = 0

5. Sectional area curve

A(x) = 2bH

0

r (e, C) d=6 bH a(e)

where

a() = 2 f

0

The midship section area A (0) is denoted by Ao - j6 B H. At
When the centerplane contour is a rectangle

the midship section =- 0, a(0) - 2(8

H

A(x) = 2 f y(x,z) dz

0

77(C, ) d4

To obtain a dimensionless sectional area curve with

section we define

a unit ordinate at the midship

A(x) = p BH a*(e)

K ()
11 K()

a*() " a(,) = -
2P /8

-q(eq C) dC

The prismatic coefficient may then be defined

1-+

-- 1

a* () de [8a]

6. Waterline area curve

+1

W() = 2f
-I

+1

y(x, z) dx = 2 bl f

-1

S(e, C) d

= bl w (4) = a BL w* (4)

[6a]

11,

7 (e ,) = 0 = K( )

a ( e) = 2 f ,



w() = 2

+1

2
-1

7 ( ,C) d

-1

X() d =
BL

a is the area coefficient of the load waterline and the load waterline area W (0) is

wo.

[9 a]

[9b]

denoted by

a. w(c) = W(z)/bl is the area curve of the dimensionless waterlines T( ,4) at the

depth C0. With w(0) = w 0 o = 4a.

b. w*(<) is the dimensionless waterline area curve reduced to unity at the load waterline

w*(0) = 1.

c. We note further that a (C) = W(z)/BL is the curve of area coefficients of waterlines

at a depth z, referred to LB.

SUMMARY OF EQUATIONS FOR MATHEMATICAL SHIP LINES

Equation of hully = y(x, z)

x y

S= =(-,o) = X()1 b H

71= 7(0, )= Z()

o = ,7( , ); C = K(()

Dimensionless

Dimensionless

Dimensionless

Dimensionless

Dimensionless

L B
coordinates, where 1 = -, b

2 2

equation of hull

equation of waterplane.

equation of midship section

equation of centerplane

a(4) = 2 f

0

K (5)

0

77(, 0) d<

q (, 4) d4

Dimensionless area of section

Dimensionless sectional area curve with unit
ordinate at the midship section

+1

lbH
-1

a (e) d $= 4 3

a(O) ao = 2 Z(4) d4

0

Dimensionless volume

Dimensionless midship section area

where

I I I I I I I-



Dimensionless waterline area

Dimensionless waterline area reduced to
unity at the load waterline

w(0) = wo = 2 X(6) d Dimensionless waterplane area

blw w 1

LB 4 2
-1

X(e) d

bHa 2 a Z(<) d<
BH 2

Load waterline coefficient

Midship area coefficient

+1

4 -1
a(e) d

+1
-L BH 8 1

C =B X B- =S LAo LBH Ao f 2JSM

Block coefficient

= Prismatic coefficient

SYMMETRY AND ANTISYMMETRY WITH RESPECT TO
THE MIDSHIP SECTION

Application to Calculations

The description of the ship form by suitable coefficients can be highly improved by treat-

ing separately the forebody and the afterbody. Astonishingly, this rather trivial and well known

procedure has only recently found a broader application.

Taking, for example, the equation of the load waterline X (e) and denoting the pertinent

parameters for the forebody and afterbody by the subscripts F and A we obtain a consistent

set of coefficients by calculating moments of various orders

1

0

X( ) X ded= aF0lnniia

S X(6) 62 dT= iF' etc.

0

X ( d E= CA

77 (6, C) d

+1

w( 
-1) = 2
-1

w*(4) =o - +1 d

+1

W(O)
C LB

A (0)
x BH

CB = -
LB H

o0

s-I
X (6) de= oA

-- 0 mull1



In the same way suitable parameters can be established for the entrance and run. To my

knowledge Tulin (TINA, 1924) was the first to propose the ratios eF = aF/cF and eA
aA/caA as form parameters.

The difference aF - aA can be used as an independent characteristic value for the

description of the asymmetry beside the most popular distance of the centroid Equation [14].
For our present purpose, however, we do not need to dwell upon this matter and may

confine ourselves to some remarks which are important for the resistance calculation.

A basic procedure is to split up the surface equation into a main part symmetric with
respect to the midsection (y an even function with respect to x)

y. (x,z) = bq,(e,)

and an asymmetric (skew) deviation (y an odd function with respect to x)

, (zz) = b) , (6,) [10]

y(,a) = ys (,z) + Ya(X,a)

( ,C) = s(6,C) + qa(e ,C) [0la]

The same applies to any curve dependent upon x (or $), such as

A(x), a*'(e), X(e), etc

For instance

X () = X, (6) + Xa () [10b]

Integrating over the total length we obtain

+1 1

f X() d = 2 fX( )d~ [11]

since the integral over an odd function with equal and opposite limits disappears,

+1

Xa ( ) d= 0
-1

This elementary remark is very useful in the whole field of theoretical naval architecture. Thus
from Equation [11] it follows, for instance, that the area W and the area coefficient a of the
load waterline depend only upon the symmetrical part of Xs (e), while the odd terms Xa (=) only
yield a contribution to the static moment Sy or S with respect to the transverse axis y or 77.

WO = 4 Xs() de= 4a [12]

0

I I I _ ,~momn
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1

S = 4J X,(e) ed = 4 S [13
0

Let xo be the longitudinal coordinate of the centroid. Then with {o = o/1 we obtain

1

• * Xa ( ) ede
f o o [141

0

In shipbuilding practice the ratio eo = zo/L = :0/2 is commonly used.

When a curve is given analytically or graphically by X = X (), -1 < < 1, then

X = [X() + X(-=)], - 1 < 1 [15]
2

X =1 [x(e) - x(-)], - 1 51 15a]
a 2

It is clear that Xs is symmetric, Xa asymmetric, and that X = Xs + Xa, - 1 _ 5 1.

These trivial considerations can save labor when performing routine computations in

shipbuilding practice.

REPRESENTATION OF SHIP HULLS BY POLYNOMIALS

GENERAL CONSIDERATIONS

Any function y = y(x,z) which is continuous in a given domain can be approximated

within any degree of accuracy desired by a complete set of orthogonal functions. As such one

could, for instance, choose the Fourier series or the Legendre polynomials. 6 Since, however,

a tbchnically satisfactory solution must be restricted to a small number of terms, the mentioned

functions do not appear to be practical in our case. Using a modest number of Fourier series

terms, the approximating function generally will not be fair, i.e., exhibit a larger number of

points of inflection.

An interesting example showing that the orthodox approach is not always the simplest

may be quoted from the field of aerodynamics: in a study of lift distribution over wings, Fuchs 7

has demonstrated that by selecting properly the coefficients and the terms of a set of trigono-

metric functions a better approximation can be found than by the Fourier expansion with the

same (small) number of terms.

N1 111N11461ji .'
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The successful application of spline curves* to ship design suggests that an analytical

representation of ship forms by polynomials should be rather simple.

This way has been tried with good results so far as waterlines are concerned. Its

mathematical justification follows from Weierstrass' theoreml: a continuous function y(x,a)

within prescribed boundaries can be approximated with any desired degree of accuracy by a

polynomial in x,z.

Thus
Y Amn "n sm

[16]

can be assumed as general expressions for the ship hull.

The general equation [16] does not lend itself easily to a discussion. Besides the

boundary conditions, Equation [16] must fulfill the basic inequality 7 (, 4) > 0.

For design purposes the.block coefficient 6 the main area coefficients a and 10, and

various other integral and differential relations can be prescribed. The most familiar and

powerful approach is to assume the form of the sectional area curve

a*(7) -1) [CdC 8]

0

It is difficult to comply with conditions of fairness since these have not yet been

properly formulated. However, assuming a reasonable number of arbitrary parameters one is,

at least in principle, enabled to derive ship forms from general mechanical considerations like

minimum wave resistance, considerations on seaworthiness, etc.

Actually, so far, Equation [16] has not been systematically discussed. Instead of the

general approach, some intuitive procedures of constructing the hull equation have been pro-

posed by the author. These procedures follow to some extent the graphical method of design

and are largely based on the equations of the load waterline and the midship section

X(=) = 1- an en [171 

z(4) = 1- bm [18

*The equations of the simplest spline curves are polynomials.

~ I II - I II I I~



These are investigated separately and then are connected in such a way that the boundary

condition on the contour line, which will generally be assumed in the form 7 (e, C) - 0 (Equa-

tion [51), and other conditions are easily fulfilled. In what follows it will be assumed that the

thickness of the stern and the keel is zero. This restriction is by no means necessary, but it

simplifies the work considerably. Then from Equations [17] and [18] we obtain immediately

an 1= [17a]

and

bm = 1 [18a]

since

X(1) = Z (1) = 0

By introducing additional functions the flexibility of forms can be appreciably increased.

Thus the problem may be split into two parts:

1. The study of appropriate lines (waterlines and sections) to which some attention has

already been given and which will be investigated more thoroughly in the section on Equations

of Waterlines and Sectional Area Curves.

2. The construction of the hull from these elements. Simple examples will be discussed in

a later section.

REMARKS ON THE PROPERTIES OF THE BINOMIALS

77 = 1- n or 17 = 1- m L19 ]

with n,m positive integers are equations of general parabolas. Obviously the parabola

77 =1 - 7 = -n has the following important properties within the region

0 5 51

1. 1 = 0 and 71 = 1 for all n at the points = 0 and = 1; respectively.

2. With increasing n, the parabolas approach the axes 1 = 0 and e = 1

3. By folding the curves around the line 71 = e , we obtain the curves

?71 = /n [20]

Introducing again our usual axis of reference the curves

77 = 1 - 7 n1-

- -'01N'110'



where n is no longer restricted to integral values, are called Chapman's parabolas. They have
been frequently recommended as ship lines (see Figure 2).

Although almost useless for actual design work, these simple curves can be applied
with success for various theoretical estimates.

EQUATIONS OF WATERLINES AND SECTIONAL AREA CURVES

GENERAL CONSIDERATIONS

D.W. Taylor's investigation on the properties of these lines dependent upon three
parameters, q or a, t and K, the curvature at the midship section, has been performed in a
truly classical style. Unfortunately, Taylor's work had not found the proper response, and only
lately Benson8 and Sparks 9 have applied his results to various problems of design.

Figure 2 - The Binomial qy = 1 - en

iw* I I I I I I II I I lY*



Combining Taylor's curves with a parallel middle body for higher prismatics, it is

thought that a close approximation to a large number of empirical waterlines and sectional area

purves of "normal" shape can be obtained.

There are, however, objections to his system. Taylor's lines must be applied separately

to the forebody and the afterbody; they are not suitable for representing simultaneously the

whole range of a line. Besides, generally our final purpose is to find the equation of the

surface, not of a single line. In this case it may be preferable to obtain a practically cylindrical

part by using higher powers of the variable 6 instead of inserting a rigorously parallel middle

body. Therefore we shall use the axes of reference introduced in Figure 1 and base the repre-

sentation on polynomials which admit, if necessary, a greater variety of powers than in Taylor's

system.

When deriving equations of the lines involved it is advantageous to make use of the

fact that hulls are frequently roughly symmetric with respect to the midship section, in so far

as normal ocean-going ships are considered.

SYMMETRIC FORMS

In this section the lines discussed are those which are symmetric with respect to the

midship section, i.e., the corresponding polynomials are even functions in e. Normally such

polynomials consist only of terms with even powers of 6. However, by introducing the absolute

value of e, 1 1, even terms of the type 1 512 nf+ 1 with odd exponents can be obtained. This

artifice is widely used for the third power I 13, since the geometric properties of the two

functions e2 and e4 with the lowest even integer exponents are so widely different that it is

desirable to have an intermediate element. With higher exponents the difference in character

between consecutive even powers =2n and =2 n + 2 gradually disappears so that there is less

advantage in inserting terms of the type I 12 n + 1

In principle the aforementioned trick is unnecessary since, from the completeness

property of the power functions (Weierstrass' theorem), it follows that symmetric functions can

be approximated by even powers only.6 But appreciable simplification in actual work seems

to be possible by this simple procedure.

Let us start with families of curves which depend upon two arbitrary parameters which

are called "basic families."

The general equation of these curves is given by

n n n

71(e) = < n n2 3 > .1- n1l an2 n2 a n 3  3 [21

Following an earlier assumption, the ordinate 77 at the midship section (= 0) is equal to unity,

and at the stern and stem ( - ± 1) is equal to zero.

From Equation [17a] one relation between the coefficients is obtained,
[21a]

an 1 + an 2 an3

I----- -- 111 11111111 1111 IIIYIIII 1
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so that only two arbitrary parameters are left in Equation [21]. This can be explicitly express-

ed by rewriting Equation [211 as

- n 3) - an2 (n 2
Sn

3 [221

The parameters anl, an2 are easily expressed in terms of the coefficients a

using the two conditions

J'X(e) de-

(or <) and t

ax(1)a .

The symbolic expression for the lines < nl, n 2 , 3 > may be rewritten in a more explicit way as

[23]< n n2 3; a ; t >

Let us take an example

< 2 4 6; a; t > = 1 - a 2 62 _ a 4 4 _ a6 e 6 [24]

The area condition gives immediately

the tangent condition

resulting in

6 4 a2 -a - a a4
7 21 2 4

t = 6 - 4a 2  2a 4

a2 = 9 105 +3 t
8 8

a4 = - 15 + 10-5 5
4 4

a =7 105 .+7
8 8

Assuming for example a = 2/3, t = 2, one obtains

a 2 = 1 a 4 = a6 = 0

[25]

[26]

[27]

7= 1 - 2

i.e., the common parabola.

Two sets of curves belonging to this family are shown in Figures 15 and 16 of TMB Report
710 (Reference 2).

For the general expression (77=) = < ni n2 n 3 ; a ; t > the following relations are

obtained

_ I I I I , I

() = 1 - ' -( an n



n +1 In n3 -a(n 2 +1) (n3+1) + t

1 (n 2 -n) (n 3 -n) t 1

n2 (%2nO (%_) (32+

n +1

an3 (n3 -n ) (n3 -n2) 1 n1 2 - a (n + 1)(n 2 + 1)+ t]

Introducing these expressions into the general equation, one obtains

7 () - (e)() + 71 1() + t 72 ( )

where (a) 7o (e) complies with

o (0) = 1 7o (1) = 0
1

I0

S 0o ( 01)
,o({) d( =O -0

(b) 771 (6) satisfies

771(0) - 71(1) = 0

(c) 7/2 () satisfies

72(0) = 72 (1) = 0

1

0

i:2 d==0
0

It is easily verified that

(nl + 1) n 2 n3

( 2 1-ni) (n3 -n,)

(n2 + 1) n 1 n3
+ (n 2 -n) (3 - n2 )

,n 2  (3- 1) n 1 2 n

(n 3 -n 1) (n 3 -n 2)

) (n1 +1) (n 2 + l) ( 3 + -n 2 -n1 ) _2 + (n 2 -n) 3]
(n2 -n 1 ) (n -nj) (n3 -n 2)

[33]

(n1 + 1) (n 3 -n 2) n l_ (n 2 +1) (n 3 -n 1) n2

+(n 2 + 1) (n 2 -n 1) 
n 3

[29]

[30]

--9 0 [3 1]

0772()
[32]

(n 2 -n1 ) (n 3 3-n) (n 3 - 2 )

..___ __ __ I_ IIIIY

-rrrrm( rm n~~'lcIl*1I1C

[281



18

A basic family is a linear function of the form parameters a and t. This leads to a

simple representation of sets of curves and admits of linear interpolation.

Althought any basic family contains only two arbitrary parameters, it is easy to obtain

a wide variety of forms by mixing two or more sets. Thus <n 1 n2 n3 n4 ; a ; t > can be immedi-

ately obtained from B < n1 n2 73; a ; t > + (1-B) < n 2 n3 n4; a; t > with B an arbitrary parameter.

The same result may be obtained from a function

n

A () = < n n 2 n3 n 4 ; 0; 0 > ni [34]

where C,1 can be put equal to one.

A ( ) complies with the conditions

OA(o) da(1) 1
A (0) = A (1) = 0 () de = 0 [35]
00 0 a - a 0

The coefficients are therefore connected by

1 + Cn + C3 + n4 = 0 [36]

with

(n 4 -n 1) (n3 -h 1 ) (n2 + 1) (n 4 -n1 ) (n 2 -n) (n3 + 1)
2 (n -n 2) (n 3 n 2) (n, 1) '0 n [37]

-2- +(44 3 13) ( 3 2) (1 + 1)

for instance

< 2 4 6 8; 0;0 > = =2 -5 e4 + 7e6 _38 [38]

Thus we can write

< n 1 n 2 n 3 n4; a ; t > = < n 1 n 2 n 3 ; a ; t > + B < n 1 n 2 n 3 n4; 0; 0> [39]

with B an arbitrary parameter.

This apparently clumsy procedure presents in fact advantages. Dependent upon the

character of the polynomials, geometrical interpretations for the parameter B can be found.

For instance, when the lowest power in Equation [34] is 62 as in Equation [38], B is equal

to K/2 + a2 where K is the dimensionless curvature at = 0.

Where the lowest exponent is three or more, other suitable geometric interpretations of

parameters may be found. Resistance theory should be helpful in this respect.

I~C- ~ ---sllL~q - I ~---~uL
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ANTISYMMETRIC TERMS

In a similar way expressions for asymmetric (skew) terms may be obtained.

In TMB Report 758 (Reference 4) the function

Xa = a, (e + b353 + b5 65)

has been investigated. The parameter al describes the "strength" of asymmetry and the

polynomial in parenthesis its "character." Since Xa(1) = 0 we rewrite

X = a [ + b - (1 + b3) Q]

By adding this expression to a symmetrical form we displace the maximum section from

the origin (midship section) because of the linear term. This is advantageous when dealing

with such high speed-types of ships as cross-channel steamers and destroyers.

For slower ships it is desirable to keep the maximum section at the origin. In such

cases a polynomial

Xa = a3 [ 3 + bs 5s -(1+b5) 7]

or of higher degree should be used.

ELEMENTARY SHIPS AND OTHER SIMPLIFIED SHIP FORMS

Let us start with a simplified hull form which is characterized by:

1. A rectangular centerplane contour,

2. The form of the equation

(, ) = = X() Z() [40]

Here

(,0) = X () X(0)= Z(0) = 1 [411

S(0, )=Z(C) X (1)=Z(1)=O0 [42]

are the equations of the load waterline and the midship section respectively. We call such

bodies elementary ships.

Elementary ships have the following important properties:

a. all sections are affine to the midship section.

1

b . a *( ) = 1 (6) )d C = X (e) [43]
b. * ( ) = 7 f

i.e., the dimensionless waterline and sectional area curve coincide.

.1



c. hence 95 = a; and 6 = a 8, or 6/a 8 = 1.

The last coefficient 8/a 8 was very popular with naval architects of the old school.

One great advantage of the elementary ship concept consists in the possibility of in-
vestigating waterlines and sections independently. The equation of the hull is immediately
built up from ship lines by one multiplication.

The practical applicability of such elementary hulls is limited essentially by the oc-
curence of high local curvatures in sections close to the bow and stern; these are unavoidable
when the midship section is rather full.

For fine midship sections, however, very reasonable body plans may be obtained from

Equation [401.

An example of a simple elementary ship is (see Figure 3)

C

0.2

7 = (-1- ) (1 2)

17
0.4

[45]

0.6

). 2

).4-

16-1

18
¢ /

08

Figure 3 - Body Plans of an Elementary Ship where
7 = (1-2) (1_2) and 6 = 4/9

I IL ----- -ssk

[44]
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3. As the next somewhat more general equation we choose

S= [X() - v(e) v (0)] Z(5) [46]

where the "fining function" v (e) complies with the condition

v(1) = vu(-1) = v () = 0 [47]

and v 1 () complies with the condition

v1(0) = 0 [48]

Equation [46] can be interpreted as an elementary ship minus a layer v(:) v 1 (5) Z () which

assumes zero values on the centerplane contour.

Examples of body plans are shown in Figures 4, 5, 6.

'7
0.2 0.4 0.6 0.8

0.2

0.4

0.6

1.0

Figure 4 - Examples of Ship Lines
S= [1 - 42 - 0.5757 (e2 , 44) ] (1 - 4 )'and 8 = 0.5689
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2 0.2 0.. 0. 0
2

,4

8 i /// 00 ;

Figure 5 - Examples of Ship Lines

7 = [1 - 2 - 0.4105 (e2 - e4) (2 4- 42)] (1 - 49) and 8 = 0.5689

Assuming that the midship section is vertical at the load waterline a Z (0)/ a = 0

v1 () can be used to obtain an inclination of the sections at = 0.

The sectional area curve becomes

a*(6) = x() - ()

f1
95= o L

1) d

Z(4) v~(4) d4
0

[49]

[50]

1

0

0.

0.

with6 1=

I II I - I -- ---- I----- ~---~-- -~------- ---- 1-.1.1.1.1.1.1.I I~ 1~1~

0.2 0.4 0.6 1.00.8

0.
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0.2 0.4 0.6 0.8_~z1 __

/I II
I

Figure 6 - Examples of Ship Lines

= [1 - 4 2 (4:2 _ 64) (2 - 42)] (1 - C9) and 6 = 0.5685

The local sectional area coefficient f (6) defined by P a*() /X (6) becomes

P (4) =P- P 1() [511]

When v(5r) > 0, f > 0, as will be the usual case, the local coefficients

P() <

Notwithstanding its simplicity, Equation [46] is general enough to yield definite con-

clusions as to the basic wave resistance properties of V-shaped versus U-shaped hulls.

As an illustrative example of the application of Equation [46] in the calculation of ship

hulls, some cases are presented. The same procedure is applied in each case, the only vari-

ation occuring in the differences between the load waterline and sectional area curves.

/

0.2 0.4 0.6 0.8

1/1/
//
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For the first case let us assume the following data:

1. a*(6) = 1 - 1.5 C2 + 0.5 C4 9 = 0.6

2. X () = 1 - 2

3. z(C) - 1 - 9

4. v() = C

= 2/3
1

11 = (1 - 9) 4d- 9/22
0

I -5/11

The function v (6) is immediately found from Equation [49].

1- 1.5 42 + 0.5 64 - 1 - 2 -1 V(e)
3

v(6) = 1.1 (2 _ 4)

7 = [1 - e2 - 1.1 (2 2 e4) 4] (1 - 49)

The compatibility of the data can be checked using the condition 4 (4, 4) > 0

Letting 4 -, 1, we obtain

(, () - [1 - 2.12 + 1.1 e4] (1- _9)

from which it immediately follows that 7r (4, ) becomes < 0 close to the ends of the ship at

the bottom (the easiest check is that the tangent value t becomes < 0 at the bottom).

Let us change the condition [52,4] into

V, (C) = - 0.5 C3 [55]

leading to P1 = 0.3225; 031/P = 0.359 with v(e) = 1.392 (e2 - 54). Since the maximum of

V(i) , at 4 = , amounts to vl(l ) = 0.545 it is easily seen that the condition

77(4, 4) > 0 is fulfilled. The same procedure is now applied when the difference between the

load waterline and sectional area curve is larger.

Assume

v () = 2 - 2 [56]

avl(1) 0  1
a C max

= V(1) = 1 V (0) =0

[52]

[53]

[54]

with

and

-*- --. lllllb*rc,,.l~ II~~~,~,~~___~,~_~ _ .Ir.*~rc~*rah~cmr*n~-*lh~-araarrr*rr -. --.



while

Z() = 1 - 9

and a*(<) - 1 - 1.5 <2 + 0.5 <4 remain as before in Equation [52]

F urther

p = 0.568; P3/3 = 0.632

Hence

v(6) = 2.37 (<2 _ 4) [57]

As

77 (1 - 2.37 62 + 1.37 C4) (1 - C9)

t l<0

The form Equation [56] is suitable only when the coefficient a in

v() = a(e 2 - 4) is S 2 [57a]

To a = 2 corresponds the equation

a*(1) = 1 - 2 (2 _- 4) 0.632 [58]

with

9 = 0.632

When the difference between the load waterline and the sectional area curve is large,

the form of v (1) must be such that it reaches its maximum at C = 1.

Within the range of compatibility

7 (, 0) > 0 Il 1 1

the equations of the sectional area curve and of the waterline can be arbitrarily assumed.

4. Equation [46] can be generalized by introducing more terms of the type v(e), v 1 ()

complying with the same boundary conditions.



PART II

THE EVALUATION OF MICHELL'S INTEGRAL FOR
SIMPLIFIED NORMAL SHIP FORMS

ELEMENTARY SHIPS

The basic importance of the sectional area curve in wave resistance research has been

definitely established by numerous experimental and theoretical investigations. It is therefore

advantageous to begin with systematic evaluations of the resistance integral for ship forms

which are defined by their sectional area curve in the most straightforward way, i.e. for elemen-

tary ships following Equation [40].

Wave resistance values thus obtained are immediately applicable to U-shaped section

forms, but may be used even in a more general way.. In these cases the elementary ship con-

cept leads, briefly speaking, to a substitution of the sectional area curve for the actual ship

form.

Let the waterline equation be given as the sum of an even part X s ( ) and odd part

Xa (e) with respect to e.

X() =Xs() +Xa(M )= 1- ann e b r m r,

Even exponents, n = 2, 4, 6, 8, 10, 12 will be used in our present evaluations; additionally

the third power of the absolute value I e13 will be admitted as an even term. The resistance

due to odd powers 6m will be investigated in a later report.

The equation of the midship section can be taken in a simple form. As such we choose

Z() = 1 - e 4  [59]

where the parameter e can be varied between + 1 and any negative number 1 >_ - o (see

Figure 7). In practice, clearly, negative values of e will be seldom used.

e - 1 corresponds to a / = 0.8

e = 0.5 corresponds to a = 0.9

e = 0 corresponds to a / = 1.0

It is thought that values of 8 below 0.8 are of little interest. Besides in a publication by

Wigley, Tr. I.N.A. 1942, the wave resistance has been calculated for a hull family

(~)= < 2 4 6; a ; t > (1- 2) [60]

i.e., this paper yields information on resistance properties of ships with very small values

of 3.

I II I III II Ir*i



Figure 7 - Midship Equation Z(<) = 1 - e 4

The evaluation of the resistance integral R follows closely the procedure given in

TMB Report 758. 4

One obtains for R, or a dimensionless value R*

R*= R
8 B2 H 2

r L

a quadratic form in the parameters (n1 a 1 
) (n 2 an2) . . . with some auxiliary integrals as coef-

ficients. These integrals were tabulated by the Bureau of Standards and are presented in

Appendix II of this report.

We sketch briefly the derivation of an expression for R* which leads to a simple

symbolic connection with the ship form.
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Differentiate the surface equation [40,10b] with respect to 5

ax(4)
ag

+ Z () = - Z() nana 6fnaZ( = (ax n - 1 + bm M [61]

Insert now the expressions [59] and [61] in Michell's integral which is written in the

form (Reference 2, Equation [16] of Appendix 2)

R*

R*f

1
y = 2-

2F 2

f(y) *2 (y)

2
v = 2 Ho

L

+ *2 (Y) ]
R

8 B2 H2
dy = 8 B2 2

-p Lrr L

[62]

[62a]
2(y)2

K ; f(y)=

YYo

1

= .J*(y) = F(v) S (y) e- v Z(<) d<

1

Sasin y d

0

evCZ()d -- cos y = d

0

1
E 0 (v) =

0

e- v d ;
1

E4(V) =
^i

4 e-V d

Eo (v) corresponds to a rectangular midship section.

[62e]

with

[62b]

1

I*(y) = ( () Sa(y) =

0

In our case

[62c]

1

(V) f
0

[62d]

R I I 11 3 II ~ I l r

,-v" (1 - e 4 ) d = Eo (v) - eE 4 (V);

()f1Z nfnMn-1Ss (y)= -; aan n - 1 sin y(d (= - nanMn_ (y)

0



Mn (Y) = f n-1 sin yede [62g]

,1

m - 1 cos y d d

0

(Eo-e E 4 ) 2 { nanMn-1 (Y) 2

+ b m M 'm I(Y)] f(y) dy

Omitting the odd term 1*2 (y) which will be treated in a following report and expanding the

squared terms, we obtain

Eo02 0 e oE4 + e2E 2 24a2 A 1
2 + 9a 2 M2

2 +.4 11 1 3

[641
+12a 2 a 3 M1 M2 + . . .] f(y) dy

Thus the computation of R* reduces to the summation of quadratures of the type
W0

S E 2f(Y) M M dy
YO

SEoE 4 f() Mn 1 - 1

Yo

Yo

[0 0; K; yo]

ro]Mn2 .- 1 dy =-i [ 0 4; K;

[64a]

[64b]

[64c]E2 (Y) - 1 Mn2 - 1 dy = i [4 4; K; y o ]

with

1

Sa(y) = - mb

o

[62f]

Thus

[62h]

R* = R*(Yo) = Yo

[63]

R*(y) =

IIY IIYIIIYIIIIIIII---
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m - 1 cosy d = -Z b m M m - 1 (Y)



The whole procedure depends upon the availability of tables of 4yJ- functions.

For example, considering Equation [24], let

X (5) = 1 - a 2 -2 4 4 _ 6 6

with

6 = 1 - 2 - a4

- 2 a 2 e 1  4 3 _6 5 [65]

and

Z( ) 1 0

Then

R *(y ) E M f( 16 a 2 M 2 +... + 16a a M M +... dy

= 4 a2
2  

1 1 + 16 a4 2? 3 3 + 36a 2 5 5 + 16a 2 a 4 " 1 3 + 24a 2 a6 15

+ 48a a 6 3 5  [66]

where, for example,

l = 7 13 [ 00; K; y0 ]

The expression for R* is immediately obtained when (cX/a ( 2 is written as

(X)2 4a 2  l + 16 a4
2  3 + 36 a 2  5 + 16 a 2 a 4  3 +..

[67]

the exponents ij of Ji e' in Equation [67] become subscripts of the 'Z - functions in the re-

sistance formula [66] while the coefficients 4a22 . . . remain the same.

When Z (C) = 1 - e < , Equation [59], the amount of computations involved is slightly

increased, compared with Z(C) = 1 as follows from Equation [64]. Assume for the sectional

area curve the commonon parabola X (e) = 1 - 2; then the resistance is given by

R*(y) = 4 YaZ 1 1 [00; K; y 0] - 8 e Y 1 1 [0 4; K; yo] + 4e 2  11[4 4; K; yo]

This procedure holds, clearly, for any polynomial.

Some general remarks on the functions Wt1 are needed.

I -~n. II I III II I ---~-P~-~T~-
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Assuming

Z(C) = 1-e r  [681

(A (v) = E O - e E r [68a]

more general functions of the type 'Ti, [0 r; K; y0 ] and (f [r r; K; yo] can be obtained,

but it seems that there is no need to go beyond Equation [59] for the purpose of our systematic

investigation.

The shorthand notation "6ij should be used with some care.

The full symbol, for example, '"i, [0 0; K; y0 ] indicates that

1. the value of our auxiliary integral depends upon the exponents of the product i' 51, for

example of 1 2,

2. the index of the E-function is 0;,to the square E02 = Eo E 0 corresponds in the bracket

to the symbol 0 0;

3. that " depends upon K = 2 H/L and

4. upon the Froude number, or yo = 1/2F 2

From the form of the functions YXZ which depend on several parameters it is seen that

a considerable amount of computations is necessary to cover the field. It appears therefore

necessary to restrict the variations in the parameter without impairing too much the generality

of the results.

We admit, as mentioned before, seven exponents n = 2, 3, 4, 6, 8, 10, 12 and conse-

quently seven values of i, j = 1, 2, 3, 5, 7, 9, 11. From the 7 + (7)= 28 possible products

M i M1 we select 24 since such combinations as M1 M1 1 are of minor interest.

We choose further as basic values of the parameter K = 2 H/L = 0.1, 0.2, 0.06, and as

equation of sections Z () = 1, which corresponds to a rectangular distribution of singularities

over the draft and simulates very full sections.

To obtain consistent plots of resistance curves, intervals of A yo = 0.5 are considered

sufficient. We assume for normal displacement ships an upper speed limit of F = 1 or yo = 0.5

and restrict the lower limit to F = 1/V 30 or yo = 15, since it is thought that below this Froude

number the influence of viscosity on wave effects becomes excessively strong.

Thus about 30 speed values yo = 1/2 F 2 or Froude numbers F are needed within the

range 0.5 : yo < 15. It is, however, permissible to choose as lower limit y = 5 when dealing

with high degree polynomials, say n = 10 and n = 12, since such forms are of no interest at

high Froude numbers or low yo values. Thus for the corresponding g'S5- functions the range

is reduced to 5 < yo < 15.

When using the generalized equation of sections Z(C) = 1 - e C4 further reductions are

made in the evaluation of the functions.

I IMMYY IM 11111M 111611,111
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iq ii [04; K; y0 ] and 'ZS i [44; K; yo] as follows:

1. as basic value of K we consider K = 0.1; only for K = 0.1 the interval A yo = 0.5 is

retained while for K = 0.2 and K = 0.06 we admit A yo = 1

2. instead of 24 products Mi M. only 6 products are tentatively evaluated, i.e., we restrict

ourselves to the family < 2 4 6; a; t > with the resulting functions 11 _ 33 "'a55 a 13

'M15 3s." It is thought that the dependence of the resistance upon the section form can be

derived from a limited number of sectional area shapes.

So far 96 )a- functions have been computed. Using these results special investiga-

tions will be made to check if these values meet all needs envisaged by the present program.

Something may be said about an earlier approach of evaluating the wave resistance

integral, which in general is superseded by the tabulation of the b - functions, but, never-

theless, may be needed in special cases. This method relies on tables of the intermediate

M-functions, Equation [62g], and of the functions E 0o, E2, etc. It involves one integration

over y. Such computations must be performed when the parameter K is abnormal, or peculiar

features like the bulb are investigated. In addition, there may be exceptional cases when the

accuracy of the tabulated 'TQ- functions is no more sufficient. This may arise when X(C)

consists of a considerable number of terms and the coefficients n I an , n 2 a"a become very

large.

Extended tables of M-functions, Equation [62g], are available at the TMB.

The wave resistance has been computed for seven simple ship forms with rectangular

midship sections using the 'Y- function tabulated in Appendix II of this report. The results

are plotted in Figure 8.

SIMPLIFIED V-FORM HULLS

Former investigations have shown that the wave resistance is not sensitive to small

changes in the form of the sections. It is therefore thought that basic information concerning

the influence of the vertical displacement distribution on the wave resistance can be obtained

from a surface equation of the type Equation [46]

7, ) = [X(6) - v(0)] Z() [69]

where X (6) and Z (4) as before are the design waterline and the midship section.

The centerplane contour is again a rectangle. The term C v(e) "generates" V-shaped

sections-

The "fining function" v(C) is a polynomial complying with the conditions v(0) = v(1)

- 0. For a given X(f), Z(C) and sectional area curve a*(5)

1

a*( a() = -1 I,) dC= X(c)-- v( ) [49]
2 0
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Figure 8 - Wave Resistance for Simple Ship Forms with Rectangular Midship Sections

where

1 ) d

Z Z() d

v (6) is completely determined.

v() = [X( () - a*(()]
01

[49a]

77 R*
(1- 2)2  16rn-32 7/f,3+164/Ta.
I-1.5e + 0 .5e 4 97%-12"n3+47r33
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Differentiating [69]

one obtains

1
J*(y) = 1 e- v z (4) d4

dax() sin y
1

d eV 4Z (4) d<(
1 z">d

= () S (y) - el (v) S (y)

with D(D) = E o - eE 4

S(v ) = E 1- eE s5

as before S(y) =
0

S1 (y)

ax(.)a___ sin yede
a sin

sin ye d

The resistance integral can be written as

o

R* =m 2 S 2 f(y) dy

Yo
(F 1 S S f(y) dy + yOF1

2 S12 f(y) dy

The first integral coincides with the even part of [63].

The other integrals contain the new functions

SD 1 = Eo E1 - e [E E 4 + Eo E ] + e2 E 4 E 5

D 2 = E 2 - 2 eE Es + e 2 E 2

which are readily computed.

[73]

[74]

The products S, S 1, and S 2 consist of terms Mi M with i j integers for which tables are

available.

As a first step we assume again

S= El
• 1, =E,

-~ a
a?? =a___
a~ 6 (96

z(5) - z() [701

d sin y d

[71]

[721
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in this case only two new functions, E 0 E1 and E 2, are involved therefore the evaluation of

the corresponding M-functions does not present too much work.

The computation of functions [01; K; y0 ] and )7j[11; K; yo] will present the next

step in our systematic research. It is thought that by the tabulation of these functions and

their application we may already exhaust to some degree the physical content of Michell's

integral as far as the problem U versus V sections is concerned.

Reference is made, however, to a recent paper by Juin (Journal of Zosen Kyjoai 1953)

on exact hull forms which opens a promising outlook for further progress.
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APPENDIX I

(Prepared by Mr. Hirschberger of Bureau of Standards)

EVALUATION OF THE AUXILIARY INTEGRALS

The integral to be

Under the transformation

computed is given by:

o Y

YO o

y = z2 +Yo

dy 2 zda

the integral becomes:

00

2
1 =- (Eh

Yo

( 2 + y 0 ) 2 M.(z 2 + Yo) + y
E ) 2  ,(2 0 j(z2 yo) da

2 yoy0

In this form the integral behaves in such a manner that numerical integration is practical.

The numerical integration was performed and checked using Simpson's rule. The in-

terval AZ was taken as 0.05 and the range extended from 0.00 to approximately 15.00.

The functions

M. = nsin y=dC

were computed by the form

MnP= cos (y) + Q )sin (y) + R

for y > 1. For y < 1, the M-functions were computed by the series

M2 = 
( - 1)i

(2i+ 1)! (n+2+2i)
i=O

= I Il II - II III II - I r , 1113 11 -
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The M-functions were checked by the recurrence relations

cosy n
Mn =-- +-Mn 1 ()

Y Y

sin y n
M' n M n- 1 (Y)

Y Y

e- ky/yo was computed from the tables and the use of the approximation e- x = 1 - x + 2/2

m < 0.01.

The function

1 ky

Eo = e Yo Z d(
0

and the algebraic functions in the integrand were computed straight-forwardly. They were

checked by differencing.

The function
ky

1 4
E4 e O 4d

0

was computed by the form

E = 24 4

ky

-Eo - o 2 + 24 y

for ky/yo > 1. For ky/yo < 1, the function was computed by the series

E4-- . \o/(n + s) (n! )
n=O

All of this computation was done on the IBM electronic calculator (type 604), and the

auxiliary IBM punch card equipment. All the IBM operations were checked.





APPENDIX II

(Computed by the Bureau of Standards)

Tables of Integrals *O(ii [0 0; K; yo], 0'i [0 4; K; yo] , '*'ii[4 4; K; yo]
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