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ABSTRACT

Model BR-4 is the third in a series of experimental models used to investi-

gate the elastic instability of the shell between stiffening rings of a cylinder under

hydrostatic pressure. The "thinness ratio" X was 1.103, the minimum for the

series. Test results are reported here together with detailed comparisons with

the previously reported Models BR-1 and BR-5. As with them, the experimental

buckling pressure of the shell was considerably lower than that predicted by any

existing theory, most of the discrepancy being apparently due to initial out-of-

roundness. Apparently the elastic radial displacement w during buckling is given

adequately by an expression of the form w = A sin (7 x/L) + B sin 2 (a x/L), L

being the unsupported length of shell plating. Conclusions for design criteria,

however, must await further work.

INTRODUCTION

An experimental investigation of the elastic stability of the shell component of ring-

reinforced cylinders has been initiated at the David Taylor Model Basin to develop a more

comprehensive understanding of this phenomenon. The purpose of this series of tests is to

obtain data for thickness-diameter ratios of recent interest and to explain the discrepancy

between theory and experimental results that had been obtained by previous investigators in

the intermediate X* range. 1

The instrumentation and procedures adopted for these tests of approximately 12 ring-

reinforced cylinders are intended to develop necessary information concerning both buckling

pressures and buckling configurations on the basis of which a rigorous theory can be validated.

The intermediate A range is defined to extend from 1.0 to 1.80. The lower limit is

believed to separate yield and shell-buckling modes of failure; the upper limit is set by

practical considerations of economical pressure-vessel design. The results of two recent

tests on models near the upper limit of this range indicate poor agreement between experiment

and any available theory. 2 , 3

*The thinness ratio, X, is defined as:

4 where L is the unsupported length of cylindrical shell,

L R is the mean radius,

R2" h is the shell thickness,

F/h E is the modulus of elasticity, and

a is the yield point (compressive).

1References are listed on pages 36 and 37.
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The third model tested, BR-4, had a X of 1.103, the minimum value selected for the
series. In this report the model is described, experimental and theoretical strains are com-
pared, failure of the model under external hydrostatic pressure is demonstrated by photographs
and circularity plots, and the results of the test are discussed and compared with those of
Models BR-1 and BR-5. 2 , 3

DESCRIPTION OF MODEL

Model BR-4 was a ring-stiffened cylindrical shell with four equal bays; the geometric
characteristics were:

2R = 26.82 in. d = 0.95 in.

h = 0.1324 in. L = 7.110 in.

b' = 0.231 in. L= 6.685 in.

Here 2R is the diameter to the median surface of the shell, h is the thickness of the sheet

prior to rolling, b'is the width of the reinforcing ring, d is the depth of the reinforcing ring,
LI is the center-to-center distance between adjacent rings, and L is the unsupported length

between rings (assuming two-thirds of the weld length effective as part of a ring). With the

above dimensions and a yield strength of 50,600 psi, the thinness ratio X is 1.103.

A schematic diagram of Model BR-4 is shown in Figure 1. During fabrication, bulk-

head rings were placed at each end of the model. The model was closed at one end by a

heavy stiffened closure plate and welded at the open end to a heavy serrated ring used for

mounting the model in the 37-in-diameter hydrostatic test chamber.

Bhd Bhd

1 2 10 O 6 n 4 2

Closed End

26 6813 1 D

Open End

Ring. hBukheOd 3+ 49-- 7 1-- - 711"-- 7 --1711"- 5.-4 I 3

1 0.231"
25 tShell

Shell 0085 673- 0083"
7e 110"

Bulkhoead Rings

Figure 1 - Schematic Drawing of Model BR-4
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The cylindrical shell model was fabricated on a mandrel having an outside diameter

of 26.688 in. The shell was rolled from a 1/8-in. sheet of Alan Wood steel, and the rings

were machined from Alan Wood steel plating. The steel sheet used for shell plating was

sand-blasted with ordinary silica, and shell thicknesses were measured before rolling. As

shown in Figure 2, the average thickness was 0.1324 in. The shell plating was cut and cold-

rolled to within approximately 0.01 in. of the radius of the mandrel. The shell plating was

held in position on the mandrel by three clamping bands drawn tight by bolts while the longi-

tudinal seam of the model was being welded. This weld closed the gap of approximately 1/32

in. which existed in the shell after the bands had been drawn tight. After the longitudinal

weld had been ground flush with the shell plating, the reinforcing rings were placed on the

model and welded in a sequence intended to produce minimum distortion of both shell plating

and rings. The welding sequence used in fabricating Model BR-4 was different from that used

for Model BR-1 2 and Model BR-5. 3 A four-point welding sequence was used, the same as that

used for Model BR-5, but on BR-4 the welding of the reinforcing rings was started at the middle

ring and then alternate rings were welded in the sequence shown in Figure 3a. Moreover, the

starting point at each ring was changed as shown in Figure 3b and therefore, the welding

sequence was not the same for all rings.

It is to be noted that the corners of the rings in contact with the shell plating were

undercut, (Figure 3c) so that the faying width of the rings would exceed the desired thickness

of the rings (0.231 in.) by a minimum amount. Upon completion of the model, it was found that

the average faying width of the rings was 0.52 in. and that of the bulkhead rings was 1.00 in.

This distance was measured from toe to toe of the welds.

The mean compressive yield point without regard to direction of rolling was 50,600 psi.

No accurate determination of the compressive modulus of elasticity was made, and 30 x 106

psi was accepted as a nominal value.

3- u 3'-O" a 3'-O0" if- 3'- 0" 

T
t'o

to
I'-0"

Il-O
*1

-d

0.126" .0.124" 0.126" 0.126"
Used for Test Specimens Used forTest Specimens

Figure 2 - Thickness Measurements of Flat Sheet of Alan Wood Steel Used in
Construction of Model BR-4

O. 123" 123" 0.124" 0.124" 0.126"

0. 137" 0.131" 0.130" 0.130" 0.142"

0.148" 0.136" 0.138" 0.138" 0.150"

0.139" 0.128" 0.133" 0.134" 0.142"
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Figure 3a - Order in Which Rings Were Welded to Cylinder

Longitudinal
Seam 2 4

3 Ringl 4 Ring 2 Ring 3 2

2 I 3

3

2 Ring 4

4

I

S Ring 5 4

2

Figure 3b - Four-Point Welding of Ring to Cylindrical Shell

-AI - 0.2 31 "

Ring
Bulkhead

Figure 3c - Dimensions of Welds

Figure 3 - Welding Sequence Used in Construction of Model BR-4

A four-point welding sequence was used in placing the rings on Model BR-4. The weld was started over a

length of about 3 in. on both sides of the ring (Point 1 in Figure 3b)and then continued for a length of 3 in. at a

point 180 deg from the initial starting place as shown by point 2 in the diagram. Next, welding was started at

Point 3, which is 90 deg from Point 1, and then at Point 4, which is 180 deg from Point 3; both welds were equal

in length to that of the first weld. Welding was then continued in a clockwise direction in each of the four un-

welded regions until the ring was secured to the shell. The rings were placed on the model as seen in Figure 3a

by first welding Ring 1 to the shell and then moving alternately along the length of the model toward the bulk-

heads with Rings 2, 3, 4, and 5, respectively.

II In I II a- -
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In accordance with submarine fabrication practice, allowable out-of-roundness* was

limited to one-half the shell thickness. 4 Using Holt's method for measurement, 5 maximum

departures from circularity were 0.0157 in. for those stations midway between rings and

0.00623 in. for those stations directly under the rings. The initial out-of-roundness was also

determined using the centroidal method**. When applied to Model BR-4, this method of deter-

mining out-of-roundness gave a maximum eccentricity of 0.0154 in. for those stations midway

between rings and 0.0084 in. for those stations directly under the rings. Thus the maximum

ratio of eccentricity to shell thickness was 0.1186 using the Holt method and 0.1155 using the

centroidal method.

TEST APPARATUS

The actual circularity of the model was measured by means of an automatic recording

deflectometer. 3

In order to check the stress distribution as given by the elastic theories of Salerno

and Pulos and of von Sanden and Gunther, the electrical strain gage instrumentation for Model

BR-4 was chosen to provide a general study of the stresses in the shell and the two reinforcing

rings bordering one of the standard bays. These gages were also intended to determine

whether buckling first occurred within the elastic range of the shell plating.

Preliminary circularity at the stations midway between the rings for the four equal bays

showed that the maximum inward (285 deg from seam) and outward (180 deg from seam) out-of-

roundness occurred between Stations 7 and 9. It was decided to mount strain gages in both

the longitudinal and circumferential directions of the model at these two points on the shell in

the hope of obtaining data in the area where it was thought buckling was most likely to occur.

According to the analysis of von Mises, 6 Model BR-4 would be expected to fail by an

elastic-instability mode of failure with eleven lobes forming around the circumference in each

of the four equal bays. The central angle for each lobe would be 32 deg. Accordingly, in the

hope of recording variations of bending strain on the rings between nodes of a lobe, five sets

of three circumferential strain gages were mounted on the two rings bordering the bay that

showed the maximum inward and outward radial distortion. They were spaced 16 deg apart

over a region of 64 deg, beginning at 221 deg from the seam. This group of gages, together

with the interior and exterior gages located at the region of maximum radial distortion 285

deg from the seam, was called orientation "A"'

Another group of interior and exterior gages was located at the region of maximum out-

ward radial distortion and was called orientation "B." The gages which were located on both

the inside and outside of the shell at positions "A" and "B" were oriented to record the

*Out-of-roundness is defined as the difference between the maximum and minimum distances of a shell from a

circle centered so that it best fits the contour of the shell.

**In this method, the centroid of the circularity plot is determined, and the maximum and minimum radii are

measured from the centroid. Half of the difference between these radii is taken as the initial eccentricity.

JP~.
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distribution of both the longitudinal and circumferential strains between adjacent rings.
Gages were also mounted on the shell to record the strains in the vicinity of the bulkhead
ring at orientation "A." The location of the gages at orientations "A" and "B" is shown in
Figure 4.

During the instrumentation of Model BR-4 a gage was developed to explore the possibi-
lity of measuring the axial displacement and the angular rotation of one ring relative to an
adjacent ring. This information was needed to check some of the assumptions used by Nash. 7

The gages used will be referred to in this report as the "adar" gages, taking their name from
the first letters of the displacement which they were designed to measure, namely, "axial
displacement" and "angular rotation." Sketches of the adar gage are shown in Figure 5. A
set of the gages consists of two strips of spring steel of different lengths clamped to one ring.

Strain gages are mounted on both sides of each strip near the clamped end. At the other end
these pieces of spring steel are pin-joined to a rigid frame structure which is clamped to the
adjacent ring. All axial and angular motion is thus transmitted through the rigid frame struc-

ture to the spring steel and recorded by the strain gages. Sensitivity of the adar gage depends

upon the thickness and length of the spring steel used. The gage is calibrated by plotting

known axial displacements and corresponding strain.

The electric strain gages used for the instrumentation of Model BR-4 were SR 4 Type

A-8, 120-ohm resistance with a gage factor of 1.81. The leads from the gages on the shell

were brought through the closure plate and into the model by means of a 100-lead feed-through. 8

All the leads were connected to two switch boxes containing Leeds Northrup Type 31-3, 12-

position, 4-pole selector switches. The "zero" resistance through the switch is only 0.001

ohm, the stationary contacts are made of solid silver, and the brushes are multi-lead, self-

aligning, and made of durable silver alloy. The Baldwin-Southwark Type K SR 4 strain indica-

tor was used to take strain gage readings.

Model BR-4 was tested in the 37-in. diameter, 1500-psi pressure tank. Oil was used as

a pressure medium to obviate the necessity of waterproofing gages.

The hydrostatic pressure exerted upon the exterior of the shell was measured by means

of an elastic-tube pressure gage calibrated so that a reading of 1 microinch of strain corres-

ponded to a pressure of 1 psi on the model. Since the strains indicated by the pressure gage

were read on an SR 4 strain indicator, the pressure could be measured only to the nearest 5 psi,

The hydrostatic pressure was also measured during the test by a Bourdon gage on which the

smallest subdivision corresponded to a pressure increment of 5 psi.

TEST PROCEDURE AND RESULTS

Before external pressure was applied to themodel, circularity contours were obtained

by means of the recording deflectometer so that the initial out-of-roundness would be known

at stations at the rings (odd-numbered stations in Figure 1) and midway between the rings

(even-numbered stations in Figure 1). These contours are shown in Figures 25 through 37 in

I , I I J III IW I I IJAl 110 11111J1d 1 01
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Appendix 1. As can be seen from these figures, the initial out-of-roundness of the model was

more pronounced at the stations midway between the rings than at the stations under the rings.

However, contrary to Models BR-1 and BR-5, in this model the initial contours did not indicate

the number of lobes that formed in the shell under pressure.

During the test of Model BR-4, five pressure runs were made. Table 1 lists those

pressures at which strains and radial displacements were taken. The first two runs were made

by raising the pressure at the rate of 10 psi/min. By the end of the second run, circularity

readings had been taken at all stations.

Model BR-4 failed by shell instability at 390 psi during the third pressure run. At this

pressure two lobes appeared, with the sound of "thuds," at 285 deg from the seam between

Stations 3 and 5 and at 30 deg from the seam between Stations 9 and 11. The pressure then

dropped to 340 psi and remained constant. At this pressure, circularity plots were taken at

all stations midway between the rings, and strains were recorded for all gages. The pressure

was then released to zero, at which time all the strain gages were read and circularity was

taken at Stations 4 and 10.

Upon completion of the third run, residual deformations were measured along the longi-

tudinal generator at 75 deg from the seam at zero pressure. This profile is shown in Figure 6.

TABLE 1

Pressure Increments of Tests of Model BR-4

Run 1 Run 2 Run 3 Run 4 Run 5

Stations at Stations at Stations at
Strain Which Radial Strain Which Radial Strain Which Radial Strain Pressure

Pressure Gages Pressure Gages Pressure Readings sure ments Readings psi
PResa e p iislacents . Displacements Readings Pres DislaceP

Read i Were Taken Read ps Were Taken Read i Were Taken Read

0 all 0 1-13 all 0 - all 0 all 0

100 all 100 1-6 all 100 - all 300 - all 100

200 all 200 7-13 all 200 - all 350 - all 200

300 all 300 1-13 all 300 - all 375 1-13 all 300

390* - - 0 - all 335

340 2, 4, 6, 8, all 305
10, 12 290

0 4, 10 all 265
235
175

0

*Pressure at which first lobes appeared.

011111i



I Station
Bulkhead

Figure 6 - Longitudinal Profile 75 Degrees from Seam Showing the Permanent Radial
Displacement in the Model after the Maximum Sustaining Pressure of 390 Psi

The maximum residual deformation along this generator was 0.655 in. in the bay between

Stations 9 and 11; which was 4.95 times the shell thickness of Model BR-4. Longitudinal and

circumferential profile measurements were taken of the residual deformation in the shell be-

tween Stations 3 and 5, 290 deg from the seam. These measurements are plotted in Figure 7.

During the fourth run, circularity plots were taken at 0, 300, 350, and 375 psi for Sta-

tion 5 at the reinforcing ring which borders the bay where buckling had occurred (Figure 8).

The maximum pressure that the model sustained during Run 4 was 375 psi. Three additional

lobes appeared in the model at this pressure, at 179, 215, and 287 deg from the seam at Station

10. About 30 min later, while circularity and strain data were being taken, two more lobes

appeared between those that had already formed at Station 10, at 215 and 287 deg from the

seam. Figure 9 shows a total of six lobes in the bay between Stations 9 and 11. When circu-

larity plots had been finished for all stations and the strains had been recorded, the pressure

was reduced to zero. The recording probe was then removed and replaced with an Ames dial

gage so that both circumferential and longitudinal profiles could be taken of Lobes 5 and 7

shown in Figure 9.

The final application of pressure on BR-4 is denoted by Run 5 in Table 1. Pressure

was applied to the model over a period of 35 min. At each 100 psi, the pressure was held on

the model for 5 min. The maximum pressure sustained by the model during Run 5 was 335 psi,

at which time an additional lobe had appeared between Stations 9 and 11. Pumping was con-

tinued at a uniform rate with an increase in lobe amplitude and a decrease in external pressure

on the model. When the pressure had decreased from 335 to 235 psi, with continued pumping,

another lobe appeared between Stations 9 and 11 making a total of eight lobes in this bay.

When the external pressure on the model had decreased to 175 psi the test was discontinued.

Figure 10 shows the deformation of the model during the final application of pressure.

As indicated in Figure 11, Model BR-4 failed by shell instability with a chain of eight inter-

locking lobes around the circumference of the shell between Stations 9 and 11. There was

room enough in this bay for two additional lobes; therefore, the number of lobes that could

have formed is ten. There was an additional lobe in the bay between Stations 3 and 5, making

a total of nine lobes that formed in the shell during the test.
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Figure 8 - Plot Showing Radial Displacement at Station 5 after Occurrence of Buckling
in the Bay between Stations 3 and 5

After the pressure had been reduced to zero, final circularity measurements were taken

wherever possible within the range of the automatic recording deflectometer; the results are

shown in Figures 38 through 45 in Appendix 2. (The maximum residual deformation occurred

at Station 11 and was 0.394 in. or 2.98 times the shell thickness.) Both longitudinal and

circumferential measurements were made of the residual lobe which was in the shell between

Stations 3 and 5, 290 deg from the seam. These profiles, taken upon the completion of Runs

3 and 5, are plotted in Figure 7.

The model was then removed from the pressure chamber and photographed. The per-

manent deformations viewed from the exterior of the model are shown in Figure 12.



Figure 9 - Lobe Pattern in Model BR-4 at
a Restored Pressure of 375 Psi

Figure 10 - Residual Deformations in
Model BR-4 at the Beginning of Run 5

Figure 11 - Residual Deformations upon
Completion of Test on Model BR-4

Plots showing the variation of recorded strain with pressure for each of the SR4 elec-

trical strain gages on the model are given in Figure 46 in Appendix 3.

e



Figure 12a - At 90 Deg from Seam Figure 12b - Strain Gage Orientation B, 180 Deg from
Seam

Figure 12c-Strain Gage Orientation A, 285 Deg from Seam

Figure 12 - Residual Deformations Viewed from Exterior of Model BR-4
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DISCUSSION

DISPLACEMENT DATA

The mean inward radial displacements for Stations 2 through 12 at various increments

of pressure are listed in Table 2. The displacements recorded above 300 psi in this table

were taken after lobes had formed in the model at 390 psi and hence cannot be regarded as

elastic displacements. The mean inward radial displacement per unit pressure within the

elastic range (i.e., below 300 psi) for Stations 2 through 12 is tabulated in Table 3 and shown

graphically in Figure 13. From Table 3, the mean inward radial displacement at the rings

bordering the four equal bays was 0.000026 in. per unit pressure, while at the stations midway

between these rings it was 0.000046 in. per unit pressure. At the two end bulkheads (Stations

1 and 13), the radial displacements shown on the circularity charts were too small to measure

with accuracy. Note from the tabulation in Tables 2 and 3 and from Figure 13 that the average

inward radial displacements tended to vary systematically along the longitudinal generator.

This behavior is in contrast to that noted in Models BR-1 and BR-52' 3 A more systematic

displacement pattern might be expected since Model BR-4 was less out-of-round than Models

BR-1 and BR-5.

Permanent set after removal of the maximum pressure of 390 psi (at the end of Run 3)

was evident in the regions of the first lobes; this may be seen from the circularity charts for

Stations 4 and 10, Figures 28 and 34 in Appendix 1. It may be concluded that none of these

lobes was confined completely to the elastic range of action of the material.

The radial displacements at each of the regions where the first lobes occurred were

progressively inward with increasing pressure. With the exception of Stations 3 and 5, all

stations in Model BR-4 exhibited fairly uniform mean radial displacements up to an applied

pressure of 300 psi. It was not until the pressure was being increased from 300 to 390 psi

that the displacements became nonlinear or behaved in an unusual manner resulting in the

If,
o
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u3
C3

.W 2
!

UU u u u 
2 3 4 5 6 7 8 9 10 II 12 L

Bhd Bhd

Figure 13 - Mean Radial Displacements per Psi for Stations Midway between Rings
and Directly under the Rings
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TABLE 2

Mean Radial Displacements for Model BR-4 at Various Increments of Pressure

Pressure Displacement
Station Pressure Displacement Displacement/Shell Thickness

psi in.

100 0.0052 0.039

2 300 0.0132 0.100

340 0.0176 0.131

100 0.0031 0.023
3

300 0.0074 0.056

100 0.0050 0.038
4

300 0.0129 0.097

100 0.0037 0.028

5 300 0.0079 0.060

375 0.0109 0.083

100 0.0057 0.043

6 300 0.0138 0.104
(For b Sta) 340 0.0179 0.135

375 0.0208 0.157

200 0.0045 0.034

7 300 0.0070 0.053
(For b Sta)

375 0.0070 0.053

200 0.0085 0.064

8 300 0.0122 0.092

(For Y Sta) 340 0.0141 0.107

375 0.0170 0.128

200 0.0050 0.038
9

(For Y Sta) 300 0.0077 0.058

375 0.0192 0.145

200 0.0098 0.074
10

300 0.0137 0.105

200 0.0058 0.044

11 300 0.0090 0.068

375 0.0191 0.144

200 0.0106 0.080
12

300 0.0150 0.114
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TABLE 3

Mean Radial Displacements per Unit Pressure

Displacement
Station

in.

2 0.000046

3 0.000026

4 0.000044

5 0.000029

6* 0.000048

7* 0.000023

8* 0.000041
9* 0.000025

10 0.000047

11 0.000029

12 0.000051

*One-half station area not instrumented.

formation of two lobes in the shell of the model. As has been witnessed in previous models,

these lobes formed with the sound of a well-defined "thud" or "ping."*

The adar gages shown in Figure 5 gave an axial displacement of 0.00094 in. and an

angular rotation of 0.001275 radians at 328 deg from the seam. At 344 deg from the seam, the

gages indicated an axial displacement of 0.00116 in. and an angular rotation of 0.000995

radians. These values are for a pressure of 300 psi and were obtained for those rings border-

ing an equal bay at Stations 7 and 9. The values indicate the radial displacement and angular

rotation of one ring with respect to an adjacent ring. The difference in the values for axial

displacement mentioned above for the rings at different angular orientation could be the result

of out-of-plane bending due to initial out-of-roundness. Since this is the first time that an

attempt has been made to measure the relative displacements and rotations of stiffening rings

on a cylindrical shell, the validity of these results cannot be determined until more compre-

hensive measurements have been made on future models.

STRAIN GAGE DATA

All electrical strain gages on Model BR-4 exhibited satisfactory resistance to ground

both before and after they had been covered with wax. The minimum and maximum resistances

*Model BR-1 2 and six 8-in.-diameter machined models tested recently exhibited this characteristic of sound ac-

companying their mode of failure. It must be noted, however, that these models had shell thicknesses of 1/8 in.

or less. Eight models with shell thicknesses greater than 1/8 in. have been tested in the laboratory and exhibited

no sound at failure.
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were 100 and 2000 megohms, respectively, both prior to and following waxing.

The strain data collected during runs 2, 3, and 4 have been plotted in Figure 46,
Appendix 3. For purposes of analysis, a straight line has been drawn which best fits the

plotted points for Runs 3 and 4. Inasmuch as the data from Run 3 were taken before buckling

occurred in the model, the slope of this line has been determined in terms of units of strain

per pounds per square inch of pressure; this strain-sensitivity coefficient has been used in

correlating experimental values with elastic theory.

In order to check the stability of the strain indicators used during the test, an addition-

al check measurement was made at each increment of pressure. With the SR 4 strain indicator

switched to a particular gage, an artificial strain was introduced into the electrical system

by shunting the strain gage with a fixed resistor. No apparent deviations from the expected

strain increment were observed. The plots shown in Figure 46 (Appendix 3) were made from

the original data recorded during the test of Model BR-4.

All 78 active strain gages installed on BR-4 operated during Runs 1, 2, 3, and 4 of the

test. The strain sensitivities for these gages are shown in Figure 14.

From an examination of the strain data, it will be noted that the relationships between

strain and pressure are essentially linear up to 300 psi for the second, third, and fourth runs.

The slope used to evaluate experimental results was taken from the third run. It was during

this run that lobes formed in the shell of the model at 390-psi external pressure. The limited

scatter of plotted points indicates the consistency of the strain data.

The distribution of experimental circumferential and longitudinal strains for both the

inner and outer fibers of the shell between Stations 7 and 9 are plotted in Figures 15 and 16.

The curves shown in these figures are plots of the strains at various pressures during Runs 3

and 4. It may be seen that permanent set was evident in the bay at the end of the third and

fourth runs. The highest circumferential and longitudinal strains recorded before buckling

were -830 and -550 pt in./in., respectively. These readings were taken at 300 psi during

Run 3.

The maximum circumferential and longitudinal strains were recorded after buckling had

occurred. The maximum circumferential strain was -1500 p in./in. midway between the rings

at the oqtPe fiber, and the maximum longitudinal strain was -3610 p in./in. at the inner fiber

ner'thb weld. These strains were taken during the fourth run at a pressure of 375 psi. It

might be pointed out here that the plots in Figures 15 and 16 have the same general trend un-

til the pressure of 375 psi is reached during Run 4.

Five sets of three strain gages were placed on the rings at Stations 7 and 9. These

gages were spaced equally around the circumference at increments of 16 deg beginning at

221 deg from the seam. Strain sensitivities for these gages are plotted in Figure 17. The

circumferential strain gages on the centerline at the top of the rings at Stations 7 and 9, 221

deg from the seam, indicated that the in-plane bending of these rings before buckling was

sinusoidal. Figure 17 also Thows that strains recorded for those gages placed on the sides
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Figure 15a - Internal Circumferential Strain

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Station 7 Station 9

Figure 15b - External Circumferential Strain

Figure 15 - Experimental Distribution of Circumferential Strain at Various Increments of
Pressure during Runs 3 and 4

These readings were taken between Stations 7 and 9, 285 deg from the seam.
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Figure 16a - Internal Longitudinal Strain
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Figure 16b - External Longitudinal Strain

Figure 16 - Experimental Distribution of Longitudinal Strain at Varioi's Increments of Pressure
during Runs 3 and 4

These readings were taken between Stations 7 and 9, 285 deg from the seam.
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Figure 17 - Strain Sensitivity for Circumferential Gages Equally Spaced (16 Degrees)
on the Rings at Stations 7 and 9

COMPARISON OF RESULTS WITH THEORY

Buckling Pressure

The von Mises theory 6 for predicting the buckling pressure of a cylindrical shell of

finite length having the geometry of a bay of Model BR-4 and subject to hydrostatic pressure

yields a minimum buckling pressure of 610 psi for a buckle configuration of 10 lobes.
yields a minimum buckling pressure of 610 psi for a buckle configuration of 10 lobes.
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However, the von Mises theory takes into consideration only the elasticity of the shell;

therefore the effect of the reinforcing rings upon the elastic behavior and stability strength is

completely disregarded. Model BR-4 buckled at a pressure of 390 psi with a configuration of

10 lobes.

The theoretical buckling pressures for perfectly circular cylindrical shells are given

in Table 4. The von Mises value is 610 psi. Nash's analysis 7 indicates 823 psi with a

buckling configuration of 12 lobes. By Salerno and Levine's second analysis,"1 with the

rings assumed to be infinitely rigid, a strength of 865 psi is obtained. In Salerno's later

theory, 12 in which the elasticity of rings is included, the strength was computed as 781 psi.

The Hencky-von Mises theory 9 using the von Sanden and Gunther 1 o values for stresses

at the median surface midway between rings gives a shell yield strength of only 551 psi.

This is lower than any of the predicted buckling values, but with a X of 1.103 this is not un-

expected. In this transition range, failure could occur by either yield or plastic instability.

More important, corrections to the theory of buckling to accommodate initial imperfections

reduces the calculated instability pressures to values less than that for shell yield.

TABLE 4

Reduction in Buckling Pressure Due to Out-of-Roundness

Theoretical Pressure at Experimental Maximum

Theory Buckling Lobes Which Yielding Buckling Sustaining
Pressure First Occurs* Pressure Pressure

psi psi psi

von Mises 610 10 332 390 390
Salerno-Levine 865 10 398
Case II

Salerno-Levine 781 10 380
Case III

Nash, Case III 823 12 355

Hencky-von Mises** 515 - -

*Pressure obtained using Bodner-Berks analysis and centroidal method.

**Yield pressure obtained using the von Sanden-Gunther values for stresses at the median

surface midway between the rings.

When comparing experimental results with theory, there are at least three problems

which must be considered. First, it is to be remembered that theoretical developments

concern a geometrically perfect cylindrical shell, whereas the shell tested was, of course,
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initially out-of-round. Secondly, the actual model certainly contained some residual welding

stresses whereas theory pertains to an initially stress-free material. Thirdly, the boundary

conditions in the experiment are not known to be compatable with those assumed by the

theories of von Mises, 6 von Sanden-Gunther, 9 Nash, 7 and Salerno-Levine. 12

Approximate analyses for the reduction in buckling pressure due to initial deviation

from true circularity have been developed by Sturm 13 and, more recently, by Bodner and Berks. 14

Sturm, in his Equation [60], has a parameter S which he calls the "allowable stress of the

material." If S is set equal to 2/V3 ayp (biaxial stress field), then it can be shown that the

analyses of both Bodner-Berks and Sturm agree to within a small approximation.* The maxi-

mum ratio of initial eccentricity to shell thickness for BR-4 was 0.1155 with the centroidal

method. If this value is used in conjunction with Equations [32], [38], and [49] of the Bodner-

Berks analysis, then the reduction in buckling pressures for Model DR-4 is as shown in Table 4.

Using the geometry and initial out-of-roundness of BR-4, it can be seen that their analysis

predicts a buckling pressure of 332 psi if von Mises' equation is used for the perfect cylinder

and 398 psi if Salerno-Levine's result for a cylinder with clamped ends is used.

When considering the application to Model BR-4 of dimensionless parameters introduced

by Windenburg 1 , it must be remembered that the theoretical calculations were made by arbitra-

rily disregarding the portion of the weld near the toe and considering as effective only that

portion between the face of the ring and a point two-thirds of the distance from the face to the

toe of the weld. Thus L was considered to be the distance between the inner third points of

the welds on adjacent rings. On this model, the distance was 6.685 in. This value of L to-

gether with the known values of h, r, E, and ay leads to a "thinness factor" k of 1.103 and a

"pressure factor" Vf of 0.78 based upon the pressure of 390 psi at which the first lobe formed.

Points corresponding to the pressure required to cause buckling, general instability, or

yielding of all known models of an unclassified nature are plotted on 0 - A coordinates in

Figure 18. For those models that failed by elastic instability, the pressure plotted is that at

which the first lobe formed in the shell. The curve represents the relationshipaof the buckling

pressure p expressed in a dimensionless pressure factor I to the dimensionless parameter A

as obtained by a simplification of the von Mises equation. 6

Theoretical buckling pressures may be plotted oiin - A coordinates in terms of the

"pressure factor" 0. However for Model BR-4, the geometry lies outside of the range of the

constant d; - h curves 1 6 and the parameters for the "pressure factor" 4 as set up by Salerno. 16

These values could be calculated, but the ¢d - X curve shown in Figure 18 is not accurate for

determining buckling pressures for values of q greater than unity. As developed in theories

by von Mises 6 and Salerno-Levine, 16 there are two curves representing the upper and lower

limits of buckling pressures of a cylindrical shell as affected by the boundary conditions.

These two curves have been plotted on 0 - A coordinates in Figure 18. The von Mises curve

*In both these analyses only that component of initial eccentricity corresponding to the buckled shape of the

perfect cylinder is considered.
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Figure 18 - Pressures Required to Cause Either Buckling, General Instability, or
Yielding of a Ring-Stiffened Cylindrical Shell Plotted on Dimensionless Coordinates

for the minimum buckling pressure is for an unreinforced cylinder, and the curve for the

maximum buckling pressure represents Salerno's solution for a cylindrical shell with clamped

ends. The pressures from these two curves are thought by Salerno16 to delineate lower and

upper limits to the hydrostatic buckling pressure of an infinitely long, circular, cylindrical

shell reinforced by evenly spaced, perfectly rigid rings. It can be seen from Figure 18, how-

ever that there are many experimental data which are below both these curves particularly in

the low X-range. Initial imperfections appear to be the major cause of incompletely developed

theoretical strength.

Strains

There are two theories available for the calculation of stresses and strains in a ring-

reinforced cylindrical shell subject to hydrostatic pressure. These are the theories of
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von Sanden and Gunther 9 and Salerno and Pulos. 17 Both of these theories are based upon

two assumptions, namely, (a) that none of the elements of the structure is stressed beyond

the elastic limit of the material and (b) that buckling of the structure has not occurred.

Figure 19 shows plots of the longitudinal and circumferential stresses at the inner fiber of

the shell at a point midway between rings and also at a point directly under the third point of

the weld joining the ring to the shell for pressures up to 400 psi. The Salerno-Pulos theory

generally gives a nonlinear relationship between stresses and pressure; however, for a model

with the geometry of BR-4, this relationship is essentially linear up to 400 psi. The

von Sanden-Gunther theory represents a linear relationship between stress and pressure. Since

stress and strain are linearly related in both theories, the strains computed from either theory

will be linear up to 400 psi and will closely approximate each other.

The distribution of circumferential strain is shown in Figure 20. The von Sanden-

Gunther theory was used in computing the theoretical values. Because of the approximate

linearity mentioned previously, strain sensitivities (strain per unit pressure) were plotted.

Since both theories indicate equal circumferential strains at a point on the inner and outer

fibers of the shell, with an error of at most the ratio h/R, the points plotted in this figure

represent the experimental value of strain per unit pressure for the circumferential gages

located in the bay between the rings at Stations 7 and 9. Here the solid curve represents the

theoretical and the dotted curve the experimental distribution of circumferential strain at the

inner and outer fibers.

400 Longitudinal d, Midway Rings 
.

Circumferential 6, Ring

Circumferent al ,
SMidway Rings

300

Longitudinal 4,
Ring

C

9 20- 00 ,

a.

- Values computed by the van Sanden- Gunther theory

--- Values computed by the Salerno-Pulos theory

0 4000 8000 12,000 16,000 20,000 24,000 28,000 32,000 36,000 40,000 44,000 48,000
Stress in psi

Figure 19 - Variation of Stress at Interior of Shell with Pressure
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The distribution of theoretical and experimental longitudinal strains at the inner and

outer fibers of the shell are shown in Figure 21. The theoretical.values are represented as a

solid curve. The plotted points represent the experimentally determined strains per unit

pressure for the longitudinal gages located between the rings at Stations 7 and 9.

Figures 22 and 23 show the plots for the theoretical and experimental longitudinal and

circumferential stresses at the inner and outer fibers of the shell plating. The points on the

curve were obtained by converting the experimental strains in a biaxial field to corresponding

stresses.

From the plots shown in Figures 20 through 23, the experimental curves follow closely

the shape of the theoretical curves. Midway between the rings the difference between the

two curves is about 8 percent for the strains and about 10 percent for the stresses. However,

in the immediate vicinity of the rings, there is a wider spread between the experimental and

theoretical values. There are two possible explanations for this discrepancy: (a) There is a

slight rotation of the rings, and (b) there is an unequal distribution of strain in the section at

the edge of the shell plating, which includes the ring, the shell, and the weld. The latter

assumption seems more reasonable in that there is good agreement between the experimental

and theoretical values at a short distance from the rings that border the bay. Neglecting the

strains caused from the assumptions made concerning the restraint at the rings, one would

expect the experimental results to check theory at a point near the rings. Comparing the

values shown in Figures 20 through 23, it appears that this agreement between experiment

and theory lies within the range of X/L = 0.10 and X/L = 0.90 inclusive where X = 0.668 in.

This information, while not of primary interest in this test will be of value in a collateral

Model Basin study known as project "yield." This latter project has as its objective the

verification of the elastic theories of Salerno and Pulos and von Sanden and Gunther for the

stress distribution in stiffened cylindrical shells.
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Figure 20 - Theoretical and Experimental Distribution of Circumferential Stress in
Microinches per Inch per Psi Applied Pressure
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Figure 21 - Theoretical and Experimental Distribution of Longitudinal Stress in Microinches
per Inch per Psi Applied Pressure

The von Sanden-Gunther theory was used in computing the theoretical values.
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Figure 22 - Theoretical and Experimental Distribution of Longitudinal Stress in Psi at a
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Figure 23 - Theoretical and Experimental Distribution of Circumferential Stress in Psi at
a Pressure of 300 Psi

Radial Displacement

The tabulation of mean inward radial displacement per unit pressure at various stations

in the four equal bays of Model BR-4 (presented in tabular form in Table 3) showed that the
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average inward radial displacement was 0.000046 in. per unit pressure midway between rings

and 0.000026 in. per unit pressure at the rings. Using the mean values for strain at the inner

and outer fibers of the shell tabulated in Table 8, Appendix 3, the inward radial displacement

was 0.000035.in. per unit pressure midway between rings and 0.000024 in. per unit pressure

at the rings. The Salerno-Pulos theory for stress distribution in a ring-reinforced cylindrical

shell predicts a value of 0.000040 in. per unit pressure midway between rings and 0.000022

in. per unit pressure at the rings. Therefore the inward radial displacements predicted by the

Salerno-Pulos theory are 0.91 and 0.85 times the experimental values recorded by the auto-

matic deflectometer and 1.143 and 0.917 times the values determined from the experimental

circumferential strains midway between the rings and at the rings, respectively. These values

are tabulated in Table 5.

TABLE 5

Comparison of Theoretical and Experimental Radial Displacement for Model BR-4

Displacement per psi, in.

Midway between At the Rings
Rings

Salerno-Pulos theory 0.000040 0.000022

Circumferential strain gages 0.000035 0.000024

Recording deflectometer 0.000044 0.000026

COMPARISON OF MODELS BR-1, BR-5, AND BR-4

Models BR-1, BR-5, and BR-4 were tested to .destruction under the action of external

hydrostatic pressure. Instability failure occurred in the models with the formation of lobes in

the shell between Stations 5 and 7 for Models BR-1 and BR-5 and between Stations 9 and 11

for Model BR-4.

The final mode of ultimate failure was different for the three models. Model BR-1

failed after buckling by a circumferential rupture of the shell at Station 7, immediately under

the toe of the weld joining the reinforcing ring to the shell. Model BR-5 failed with a chain

of 13 circumferential lobes in the bay between Stations 5 and 7. Model BR-4 failed with a

chain of 8 circumferential lobes in the bay between Stations 9 and 11.

The eccentricity-thickness ratios for Models BR-1, BR-5, and BR-4 as determined by

Holt's criteria and the centroidal method are shown in Table 6. Comparing the values for

Models BR-1 and BR-5 it can be seen that there is quite a disparity between the two methods.

Since the two models were essentially identical and buckled at the same pressure, it is to be

expected that the eccentricity-thickness ratios would be similar. This is the case with the

centroidal method, and hence this method was adopted for use in the out-of-roundness calcu-

lations.

~,.ll~.~N~E~~----.-----~--- - IC ------



It should be mentioned, however, that

Holt derived his method for use with full-scale

vessels. When it is used for the circularity

plot as obtained by the deflectometer, the

results do not appear to be applicable. This

is presumably due to the fact that two different

scale factors are used in obtaining the circu-

larity plot. These two scale factors arise be-

cause of the fact that the reference circle on

the plot, which corresponds approximately to

the inside diameter of the cylinder, is con-

structed to a different scale from the initial

out-of-roundness of the model. The latter is usi

TABLE 6

Eccentricity-Thickness Ratios for Models
BR-1, BR-5, and BR-4 as Determined by the

Holt and the Centroidal Methods

Eccentricity-Thickness Ratio

Model Holt Centroidal
Method Method

BR-1 1.0560 0.6540

BR-5 0.3741 0.4975

BR-4 0.1186 0.1155

ually magnified fifty times and hence, due to

space limitations the reference circle must be plotted to a much smaller scale.

The theoretical and experimental buckling pressures for Models BR-1, BR-5, and BR-4

are listed in columns 1 and 2 of Table 7.t The experimental results are all lower than those

TABLE 7

Reduction in Buckling Pressure Due to Initial Out-of-Roundness as Applied to the
Bodner-Berks Analysis

Model Theory

Theoretical
Buckling
Pressure

psi

Experimental
Buckling
Pressure

psi

Pressure at Maximum
Pressure at

Which Yielding
First Occurs*

psi
von Mises 123 80 59 107 15

Salerno-Levine, Case II 175 81 15

BR-1 Salerno-Levine, Case III 170 79 15
Nash, Case III 179 84 15

Hencky-von Mises 322

von Mises 123 80 65 95 15

Salerno-Levine, Case II 175 88 15

BR-5 Salerno-Levine, Case III 170 86 15

Nash, Case Ill 179 93 15

Hencky-von Mises 284 -

von Mises 610 390 332 390 10

Salerno-Levine, Case II 865 398 10

BR-4 Salerno-Levine, Case III 781 380 10

Nash, Case III 823 355 12

Hencky-von Mises 515

*Obtained using Bodner-Berks analysis and centroidal method.

iAn abbreviated form of Table 7 also appears in Reference 18.

No. of
Lobes

Maximum
Sustaining
Pressure

psi



predicted by any available theory if the effects of initial out-of-roundness are ignored. When

allowance is made for these effects, using the values for the eccentricity-thickness ratios

listed in Table 6 in conjunction with the Bodner-Berks Equations [32], [38], and [49], then the

calculated pressures for the onset of shell yielding are as shown in column 3 of Table 7.

These same pressures are obtained if S in Sturm's Equation [60] is taken as the stress to

cause yielding in a biaxial field, i.e. 2/ oyp/ . Comparison of the buckling pressures obtained

experimentally with the calculated pressures for the onset of yielding in the shell indicates

that the best correlation is obtained for Cases II and III of the Salerno-Levine theory. These

two cases consider the ends of the cylinder to be either clamped or elastically restrained. It

is realized, of course, that using these two theories in this way is not strictly accurate as the

problem solved by Bodner-Berks was for the effects of out-of-roundness in simply supported

cylinders. In the near future, it is intended to extend their method to shells with different

boundary conditions.

The lobe patterns for Models BR-5 and BR-4 were taken immediately after their formation.

However, they were not taken while the external pressure was applied to the models. In a

theory of elastic stability it is essential that the additional elastic displacements which occur

during buckling be known fairly accurately. Also of prime importance is whether or not there

is rotation of a generator at the ends of a bay. This information was not obtained during the

tests of Models BR-5 and BR-4.

However, a re-examination of the data recorded during the test of Model BR-1 has pro-

vided some useful information. Fortunately the radial displacements along the longitudinal

profile of the first lobes to appear in Model BR-1 had been recorded at the buckling pressure

of 80 psi and again when the pressure was reduced to 0 psi. The elastic portion of these

buckled configurations could thus be determined by subtracting the two lobe patterns as

shown in Figure 24a. Figure 24b shows the longitudinal radial displacement curves for

w = 2A sin 7rx/L and w = A(1 - cos 2nrx/L) where x is the longitudinal coordinate and L is

the unsupported length of shell plating. It is obvious from these curves that neither plot

describes the contour of the elastic lobe as well as the plot shown in Figure 24c. The func-

tion w = A sin xz/L + B sin 2 
7x/L, for A = B is, of course, just the average of w = 2A sin TxS/L,

and w = A (1 - cos 2nx/L). By adjusting the coefficients A and B it would be possible to obtain

a better representation of the contour of the elastic lobe than iby making them equal. However,
in view of the paucity of experimental data obtained in the vicinity of the ends of the bay, such

an attempt was not deemed worthwhile. In any case, in a theory of elastic stability, the coef-

ficients A and B would be left arbitrary.

The shapes of the elastic portion of several lobes that had formed during Run 3 on

Model BR-1 were also examined and appear to support the contention advanced in the preced-

ing paragraph. Additional experimental data are still needed, however, particularly in the

vicinity of the ends of a bay.
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CONCLUSIONS

GENERAL

1. The experimental buckling pressures of Models BR-1, BR-5, and BR-4 were considerably

less than those predicted by any available theory. One of the main causes for this discrepan-

cy is probably the initial out-of-roundness of the models. After an allowance is made (in an

approximate manner) for these initial eccentricities, the theoretical and experimental results

seem to be in fairly good agreement.

2. A re-examination of the data obtained during the test of Model BR-1 revealed that the

elastic portion of the longitudinal profile of several lobes measured normal to the generator
could be represented fairly well by the expression

w = A sin rx/L + B sin 2 7ix/L

Previously the post-buckled shape of the longitudinal profile had been used as a buckling

pattern and was represented by the expression

w = A (1 - cos 2nz/L)

MODEL BR-4

1. The pressure at which buckling occurred (390 psi) was considerably less than that

predicted by the theories of von Mises (610 psi), Salerno-Levine (781 psi), Nash (823 psi),
and Hencky-von Mises (551 psi). The initial out-of-roundness of the shell is probably the

main cause for the discrepancy between theoretical and experimental results. Other possible

causes are residual welding stresses, stresses resulting from cold-rolling of the shell, and

deficiencies in available theories.

2. The deformation pattern prior to buckling (at all pressures up to 300 psi) was an exag-

geration of the initial distortion of the model as shown by the original circularity plot. In

other words, all points were displaced inward as the pressure increased. Once buckling

occurred, the displacement pattern was changed in that some points moved progressively in-

ward while other points that had been displaced inward were now being displaced outward.

3. Lobes developed in only one of the four equal bays. There were nine lobes in the

model upon completion of the test, eight of them between Stations 9 and 11. There was space

for two additional lobes in this area so that ten lobes could have formed. This corresponds to

the number of lobes predicted by the theory of von Mises.

4. When the pressure was released after the first occurrence of buckling, the lobes did
not completely disappear, so that the stability action in Model BR-4 can not be regarded as

purely elastic.

5. The experimental curves for stress and strain follow closely the trend of the theoretical

curves. Agreement between experiment and theory is best within the range of x/L = 0.10 and
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z/L = 0.90. Midway between the rings (/L = 0.50), the maximum difference between the two

curves is about 8 percent for the strains and about 10 percent for the stresses.

6. The measured strains were linear for all pressures up to 300 psi.

RECOMMENDATIONS FOR FUTURE STUDY

In order to develop a comprehensive understanding of the buckling phenomenon whereby

design criteria can be validated, it is suggested that the following work be performed in the

near future:

1. Additional measurements of the longitudinal distribution of the elastic radial displace-

ments that occur during buckling, with particular emphasis on the rotation of the longitudinal

generators at the ends of a bay.

2. Further analytical work to determine the effect on the buckling pressure of imperfections

in cylinders with elastic end supports.

3. Additional tests on carefully machined models to determine experimentally whether

small initial imperfections in the models have deleterious effects on the buckling pressure.
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APPENDIX 1

CIRCULARITY CONTOURS AT EACH STATION ON MODEL BR-4 BEFORE AND
DURING TESTS



Figure 25 - Circularity Contours at Station 1 Figure 26 - Circularity Contours at Station 2



Figure 27 - Circularity Contours at Station 3 Figure 28 - Circularity Contours at Station 4



Figure 29 - Circularity Contours at Station 5 Figure 30 - Circularity Contours at Station 6
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Figure 31 - Circularity Contours at Station 7 Figure 32 - Circularity Contours at Station 8
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Figure 34 - Circularity Contours at Station 10Figure 33 - Circularity Contours at Station 9



Figure 35 - Circularity Contours at Station 11 Figure 36 - Circularity Contours at Station 12
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Figure 37 - Circularity Contours at Station 13



APPENDIX 2

CIRCULARITY CONTOURS UPON THE COMPLETION OF PRESSURE TESTS ON
MODEL BR-4



Figure 38 - Final Circularity Contour at Station 2 Figure 39 - Final Circularity Contour at Station 3
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Figure 40 - Final Circularity Contour at Station 4 Figure 41 - Final Circularity Contour at Station 5
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Figure 42 - Final Circularity Contour at Station 6

j

Figure 43 - Final Circularity Contour at Station 7
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Figure 44 - Final Circularity Contour at Station 8 Figure 45 - Final Circularity Contourt at Station 9





APPENDIX 3
THE VARIATION OF STRAIN WITH PRESSURE FOR EACH OF THE STRAIN GAGES

DURING RUNS 2, 3, AND 4

The variation of strain with pressure for each of the strain gages during Runs 2, 3, and

4 are plotted in Figure 46. The location of these gages is shown in Figure 4 (page 23). The

graphs were plotted in the following manner. With pressure as the ordinate and microinches of

strain as the abscissa, the accumulated strain was plotted at each pressure increment. Thus

the strains recorded on the second run were plotted in the ordinary rmanner using the conven-

tional origin of the coordinate system. The zero recorded at the end of the second run was

also plotted on this diagram. Next the zero of the third run was plotted to coincide with the

zero obtained at the conclusion of the second run, and the remaining data from the third run

were plotted relative to the zero at the beginning of that run. Then the final zero from the

third run was plotted. Lastly the zero at the beginning of the fourth run was plotted to coin-

cide with the final zero from the third run, and the data from the fourth run were plotted rela-

tive to this last-mentioned zero.

As shown in Table 8, several gages recorded strains greater than 700 pin./in. during

the second run. The maximum recorded longitudinal strain was -925 1 in./in. at the bulkhead

ring. The biaxial stress at this point was -32,500 psi. The maximum circumferential strain

was -850 pin./in. midway between the bulkhead ring and Station 3. From these results it

might be concluded that buckling first occurred within the elastic range of the material.



Figure 46 - The Variation of Strain with Pressure for Each of the Strain Gages
During Runs 2, 3, and 4
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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Figure 46 (Continued)
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TABLE 8

Recorded Strains with Corresponding Biaxial Stresses for Those Gages Located
Back-to-Back on the Shell of Model BR-4

These readings were made during the second run at a pressure of 300 psi.

Gage Type** Strain Stress Gage Type** Strain Stress
iiin./in. (lb/in. 2 ) _ in./in. (Ib/in. 2)

1* EL +150 + 2,800 55* IL -925 -32,500

2 EC -215 - 5,600 56 IC -205 -15,900

3 EL -450 -23,200

4 EC -850 -32,500

5 EL - 80 - 7,900 57 IL -470 -20,800

6 EC -530 -18,300 58 IC -535 -22,800

7 EL -320 -17,200 59 IL -140 -11,500

8 EC -675 -25,400 60 IC --700 -24,500

9 EL -260 -16,300 61 IL -150 -12,200

10 EC -780 -28,300 62 IC -735 -25,700

11 EL -225 -15,300 63 IL -165 -13.300

12 EC -795 -28,400 64 IC -795 -27,800

13 EL -265 -16,500 65 IL -155 -12,800

14 EC -785 -28,500 66 IC -780 -27,200

15 EL -310 -17,100 67 IL -160 -12,000

16 EC -700 -26,100 68 IC -680 -24,000

17 EL - 85 - 7,200 69 IL -540 -23,100

18 EC -445 -15,500 70 IC -535 -23,000

19 EL -110 - 8,700 71 IL -430 -19,500

20 EC -510 -17,900 72 IC -535 -21,900

21 EL -190 -13,300 73 IL -170 -14,200

22 EC -710 -25,300 74 IC -870 -30,400

23 EL -145 -10,000 75 IL -495 -21,700

24 EC -530 -18,900 76 IC -540 -22,700

*Gages in these columns are back-to-back, Figure 4.

**E denotes exterior of shell L denotes longitudinal strain gage

I denotes interior of shell C denotes circumferential strain

ELdenotes exterior longitudinal gage
strain gage
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David W. Taylor Model Basin. Rept. 876.
TESTS OF THE ELASTIC STABILITY OF A RING-STIFFENED

CYLINDRICAL SHELL, MODEL BR-4 (X - 1,103), SUBJECTED
TO HYDROSTATIC PRESSURE, by Robert C. Slankard. Februar

1955. iv, 69 p. incl. graphs, tables, figs., refs. UNCLASSIFIEE

Model BR-4 is the third in a series of experimental models used

to investigate the elastic instabil:ty of the shell between stiffen-

ing rings of a cylinder under hydrostatic pressure. The "thinnes

ratio" X was 1.103, the minimum for the series. Test results are

reported here together with detailed comparisons with the previ-
ously reported Models BR-1 and BR-5. As with them, the experi-

mental buckling pressure of the shell was considerably lower than
that predicted by any existing theory, most of the discrepancy
being apparently due to initial out-of-roundness. Apparently the
elastic radial displacement w during buckling is given adequately
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by an expression of the form w = A sin (ir z/L) + B sin2 (r z/L), L being the unsupported
length of shell plating. Conclusions for design criteria, however, must await further work.

by an expression of the form o = A sin (ni z/L) + B sin2 (r z/L), L being the unsupported
length of shell plating. Conclusions for design criteria, however, must await further work.
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