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NOTATION

a, b Wave amplitude

c Wave celerity

E Wave energy per unit area of surface

Ea E absorbed by damping device

E i  E incident on damping device (Et = E i at time t)

Eo  E at a= 0 (Eot = E
o at time t)

Er E reflected by damping device

E E directly from the wavemaker

g Gravitational acceleration

K By definition (1-y) (1- -) e- 2a L/X

k 2n/X

L Length of testing basin

m, n Positive integers

T Kinetic energy of wave per wave length per unit width

t Time

U Potential energy of wave per wave length per unit width

X, y Rectangular coordinates

z z+iy

y Absorption coefficient of wave absorber

a Time for wave energy to travel twice the basin length

SPhase displacement

77 Surface profile

A Wave length

IL Absorption coefficient of wavemaker

v Kinematic coefficient of viscosity

p Density of fluid

a Absorption coefficient of basin walls over one wave length

7r Wave period

See Equation [101

SSee Equation [11]
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ABSTRACT

A method of determining the effectiveness of wave absorbers is proposed

in which measurements are made in a testing basin after an energy equilibrium

has been established between a wavemaker and the sources of wave energy dis-

sipation. Proof is presented to show that such equilibrium will be established,

and the energy balance in the basin is separated into the proportions of the sur-

face wave energy lost to each of the wave-damping agencies present. These

losses are expressed in terms of absorption coefficients, and it is shown how

these coefficients may be determined experimentally.

INTRODUCTION

The need for preventing the reflection from model basin walls of the surface waves

generated incidentally by towed models or specifically by a wavemaker is commonly recog-

nized. In the case of the models, the reflected waves represent conditions not encountered

in full-scale operation and are, therefore, unwanted. In the case of wavemaker operation, the

reflected waves cause an undesirable and a difficult-to-control nonuniformity in the amplitude

of the wave train produced by the wavemaker. The reflection of surface waves is also a

matter for concern outside the laboratory, such as in harbor studies or breakwater design, but

such applications will not be given any further mention here.

The few reports that are available on the subject of evaluating wave absorbing devices

employ widely different techniques. In a report by Thews, 1 one particular wave absorber was

chosen as a standard and other wave absorbers were compared with it by making visual obser-

vations of the relative sizes of the waves reflected from the test absorbers with respect to

the standard. This method permits the detection only of gross differences in absorption

properties. The method used by Caldwell 2 at the Beach Erosion Board was to measure the

amplitude of a solitary wave before and after reflection from a wave absorber. One objection

to this scheme lies in the lack of assurance that an absorber will exhibit similar damping for

a solitary wave and for a train of progressive waves. Another difficulty introduced by the

solitary wave method is that the reflected wave is not actually a solitary wave of reduced

amplitude; rather the reflected wave energy appears in the form of a train of waves of decaying

amplitude. This fact makes extremely difficult the necessary task of comparing the incident

and reflected wave energies. The above-mentioned shortcomings can be obviated by making

direct measurements with progressive waves. The procedure generally used is to make measure-

ments of an initially uniform train of waves after some of the wave energy has been reflected

1References are listed on page 27.
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2

by the wave damper, but before further wave superposition occurs as a result of subsequent

wave reflection by the wavemaker itself. The procedure for separating the amplitude of the

reflected wave from that of the incident wave in order to determine the absorptive properties
of the wave damper has been detailed by Keulegan. 3 This last method also encounters ob-
stacles in practice. As a wavemaker is put into operation, a number of waves are produced
which vary in size and which precede the subsequent uniform waves down the basin. Yet the
measurements desired are of the uniform wave train superimposed on the first reflection of
this uniform train; i.e., it is required that the first reflection of the nonuniform wave has al-

ready passed the point of measurement and that the reflection of these waves from the wave-
maker has not yet reached this point. If this state of affairs ever does exist, it is difficult

to perceive the period in which it obtains.

The most obvious solution to the last problem mentioned above, namely, the use of a
very long basin, serves to emphasize another difficulty-that is, the need for a systematic

and reliable means of accounting for the loss in wave amplitude by viscosity as the waves

progress along the channel. If no compensation is made for this loss, the result is that the

apparent wave absorber efficacy is a function of the station at which wave measurements are

made. For example, the farther from the wave absorber the measuring apparatus is located,
the greater will be the apparent dissipative abilities of this absorber as a consequence of the
intervening viscous losses. A concomitant drawback resulting from the neglect of the viscous

decay of the waves is the consequence that the absorption coefficient determined for any par-
ticular wave damper is peculiar to the basin in which the measurements were made, since it
is to be expected that the wall structure in different test facilities will affect the frictional
losses.

In this paper, it is proposed to remove the uncertainty attached to the time at which
measurements are to be made and to transcend the possibility of "contamination" from the
initial waves by making measurements in the channel only after the wavemaker has been in
operation a considerable period of time and an equilibrium has been established between the
uniform train of waves from the wavemaker and the continued reflections of these waves.
Losses of surface wave energy in the basin other than to the wave absorber are considered.
It is demonstrated that an equilibrium will actually be achieved in the basin, and the total

energy loss at a condition of equilibrium is expressed in terms of its component parts. A

type of wave motion is constructed which yields the desired energy decay, and the manner in

which these waves superpose is examined. Finally, the relation needed to determine the

absorption coefficient of a given wave absorber from certain wave measurements is given

(Equation [40]).
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Figure 1 - General Arrangement of Test Basin

ENERGY BALANCE IN BASIN

In the following, surface waves will be considered sinusoidal in form and regarded as

causing only a small disturbance to the surface of the water. When a testing basin or channel

is mentioned, it is understood that this basin is rectangular in both cross section and plan-

form, with a wavemaker at one end and a wave absorber at the opposite end (Figure 1). The

waves in this basin are presumed to propagate in a direction parallel to the sides of the

channel and to impinge at normal incidence on both wavemaker and wave absorber. A coor-

dinate system is defined in which the x-axis coincides with the undisturbed water level and

is directed towards the wave absorber with the origin at the wavemaker. Also, it is assumed

that the waves generated are of sufficiently short length to permit the neglect of the finite

depth of the basin.

SIMPLIFIED PROBLEM

Let the average total energy per unit area of water surface associated with a uniform

train of progressive waves be denoted by E. Suppose that a wavemaker has been in steady

operation in a basin for a considerable period of time, and suppose, for the moment, that the

only possible cause of wave damping resides in the wave absorber. Consider the energy Ei t 1

incident upon the wave absorber at a time t,. This energy may be considered to arise from

two sources: the energy E, directly from the wavemaker and the energy which had been re-

flected from the absorber at a time ti - 8, where 8 represents the time required for the wave

energy to travel twice the basin length. If the absorption coefficient of the absorber is y
(y = energy absorbed/energy incident), then the second component of E, 1 is (1 - y) E i 1

Thus

1 = E + (1y) EE i = E, +(l-y) E i

_ __ II



Since the conditions at time t1 could just as well have been derived at time t1 - 8,
Equation [11 can be written

t -8 tl-28
E i  = Et + (l-y) Ei [2]

Using Equation [2], Equation [1] becomes

Ei = E w [l+(1-y)] + (1-y) 2 E'28

t -28
Again substituting the form of Equation [2] which refers to E i

E i = E w [l+(l-y) + (1-y) 2] + (1-y) 3 E i 1

Repeated application of this procedure will yield

n-1

Ei = Ew, (1-y)m + (1y)n Eit, n [3

m=

The term (1-y)n decreases with an increase in n since 0 < y < 1. Also, if the zero of time
is taken just before the wavemaker energy first reaches the absorber, then when n = t1/6,

tl-n8E i  = 0. Hence, the second term in Equation [3] must go to zero. The summation in

Equation [31 represents a geometric series which has the sum

n-1
I-( 1 - y) n 1

(Z-y) m =  -- as nf0

m=-(l-y) Y

Equation [31 thus reduces to

t 1
E i  -- E

If Ea is the energy lost to the wave absorber, then by definition Ea = y El, and

Ea = E when t-,+o (n -, o)

This means that as time increases, an equilibrium will be approached in which the wave

absorber will remove energy from the basin at exactly the rate at which it is introduced by

the wavemaker.

It should be noted that y will not necessarily be a constant, as tacitly assumed above,

but might be expected to be a function of wave length and of E. A wave length dependence

is not important if it is assumed that the wave length is preserved upon reflection, so that

* I I-i q gpol W "I WWAVOMP"PI, 0 I 0CIL-aX_



only a single wave length exists at all times during a run. Nonlinearities would be introduced

into the equations used above if it were not assumed that y varies very slowly with E. The

further assumption is made that all energies E i , , etc., are not greatly different, and

thus essentially the same value of y is appropriate to all of them. Since these assumptions

do not appear unreasonable, the nonconstant nature of y will be discounted.

COMPLETE PROBLEM

The analysis just presented will now be repeated in a more complete form. Hereafter,

the assumption that the damping of waves by the wave absorber is the only means by which

energy is dissipated will be discarded. One loss of energy occurs upon reflection from the

wavemaker, which is not in practice the perfect reflector it was assumed to be in the preceding

analysis. Another loss occurs continuously as the waves progress along the channel. This

loss is a result of the motion of the fluid with respect to the walls, producing a boundary

layer which is responsible for a viscous dissipation of energy.

Definitions

Two new coefficients are defined: p, the absorption coefficient of the wavemaker, and

a, the absorption coefficient of the basin walls over a distance of a wave length. The same

remarks that were made about the possible variability of y apply also to p and a, and, by the

same logic, It and a will also be assumed to be constants for any given wave length. By

definition, the amount of energy lost by a wave in impinging upon a wave absorber is E a = y E i

(E a is the energy absorbed), and upon reflection from a wavemaker it is Ea = IpEi. Analogous-

ly, the energy lost to the walls can be expressed as

AEa= (a Axj E i

where X is the wave length and E i is now the local value of the wave energy. More specifi-

cally, E i is the average value of the wave energy over a distance Az, where Ax is preferably

small. Since this local value is the original incident energy E o (E o = E i at x = 0) less the

energy already absorbed by the walls, E i = Eo - E a. Hence,

d (Ea)= -d (Eo-E)=' Eo dx EadX

___ ____I



This is the differential equation

d (Ea) a a
- +- E a  Eodx A A

which has as a solution

-a

Ea =Ae + Eo

The condition to be satisfied is that Ea = 0 when x = 0. Therefore,

Ea= E (1 - e [4]

From the results of the last paragraph, the amount of energy remaining in the water

after encountering a wave absorber is (1- y) El; after reflecting from a wave maker,
(1-p) E i is left; and after passing a length I of the basin, e- Oa(/I) Eo remains.

Energy Loss to Absorber

Using the previous analysis as a guide, the energy absorbed by the wave damper will

be found. Consider the components of the wave energy incident upon the absorber at a time

t 1 . The first component is directly from the wavemaker, but this energy has been reduced to

e- a (L/A) E w by the time it reaches the wave absorber, where L is the length of the basin.

The other portion of the energy is that which had been reflected from the wave damper at time

t- 8 with a magnitude (l-y) E i t-a, had been reduced to (l-y) e-O(L/) E£ 1 -  by the

time it reached the wavemaker, had become (l-y) (l-p) e- a(L/A) E itl-S after reflecting

from the wavemaker, and finally returns to the absorber with a value (1-y) (1- ) e- 2a(L/A)

E i  . Thus the energy incident upon the wave absorber at time t i is

Ei t l = e E, + K E i t-

-2a L__
where K = (1-y)(1-) e X. With the use of

Eitl - -a ak tl_2 8

Ei = e E, +K Ei

E tl becomes

t -a L -2
Eitl = e A E, (1+K) + K2 Et - 2

I. r- I II i i ~---~------ I



This process can be repeated until, when t 1 -, e,

Ei = e E W( )

Since Ea = y El, the final result for the energy removed from the basin by the wave absorber

is
-a L

Ea ye [5]
1-K

Energy Loss to Wavemaker

The energy lost to the wavemaker by the waves in reflecting from it can be found by

the same procedure. In this case, the energy incident upon the wavemaker is found to be

-2a L

E it1 = (1-y) e X E +K E i

After finding the sum of the infinite series as before, and with E a = p E i , the result is

-2oL
P (1-y ) eEa = E 1[6]

1-K

Energy Loss to Basin Walls

The evaluation of the energy lost by viscosity to the basin walls will be conducted

in two parts: (1) the loss which occurs as a series of waves from the wavemaker move down-

stream through the channel and (2) the energy loss resulting as this same series of waves

moves upstream towards the wavemaker again. This separation of directions is possible

even if there exists some interaction between the wave trains which affects viscous losses

of energy, just so long as a is assumed independent of E. The value of a which must be

used, however, is the one appropriate to the coexistence of the oppositely directed trains

of waves (presuming this value of a will differ, in general, from that which obtains when

only a single set of waves exists).

For the first part of the energy loss, consider the energy dissipated between the

position of the wavemaker and some station x in the channel. This energy loss is expressed

by Equation [4]

Ea =Eo(-e)

- --- _111111
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where E0 at a time t I is

E tl+ KEotl-
Eot = w + K Eo

When t 1 -* 0o,

1
Eo = E,

1-K

and the energy lost to the basin walls by waves traveling downstream from the wavemaker

to the opposite end of the basin (x = L) is
L

1-e

E a = E, [7]
1-K

In evaluating the energy lost by the waves when traversing the channel in an upstream direc-

tion, the origin is taken to be at the wave absorber. Eo is found to be

1K
Eo = (1-y) e ' 1 K )W

and hence the energy absorbed is

(1 - y) 1 - e Xe [8]
Ea= E

1-K

Total Energy Loss

The total energy absorbed is simply the sum of Equations [51 through [8].

_L 2L L

ye j (1-y)e A 1_- e w
(Ea) E + E + E,total 1-K w 1-K 1-K

(- y) 1-e e
+ .E

1-K

ye X +p,(1-y) e +l1-e +(1-y)\1-e e
1-K L
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E
w

S [1 - K]
1-K

(Ea)total = Etotal w

Hence, as before, when the wavemaker continues in operation for a long period of time, the

total energy removed from the water in the basin reaches equilibrium with the energy intro-

duced into the basin by the wavemaker.

NUMERICAL EXAMPLE

The energy lost to each of the dissipative agencies has just been found in terms of

certain coefficients which must be evaluated experimentally, but before the required experi-

mental measurements are described, it is interesting to estimate the relative importance of

each element involved in the absorption of wave energy. To do this, it is necessary to esti-

mate the expected magnitudes of the coefficients. A reasonable figure for y is 0.9 for a

laboratory wave absorber. The value of p may vary widely with the type of wavemaker used,

but for the flat-plate wavemaker, the pneumatic wavemaker now in use at the Taylor Model

Basin, or other similarly poor absorbers, I = 0.1 would seem a reasonable value. It would

be very difficult to make a valid guess for a, but some preliminary measurements have been

made in a small model basin at the Taylor Model Basin which point toward 0.15 as a repre-

sentative value for a (L/X) in this basin. Thus

-2a L

K = (1-y) (1-p) e X = (0.1)(0.9)(0.7408) = 0.0667

1 - K = 0.9333

and the separate energy losses are:

Wave absorber
L

ye E (0.9)(0.8607)
Ea e E = E, = 0.830 E,

1-K 0.9333

Wavemaker
-2a L

S(1- y) e (0.1) (0.1) (0.7408)
E a - E,, = Et = 0.008 EM

1 - K 0.9333

-- Nil



Basin walls
(a) Downstream direction

1 - e 1 - 0.8607
E a =  E =  E w = 0.149 E w

1-K 0.9333

(b) Upstream direction

(1- y) 1- e e (0.1) (0.1393) (0.8607)
E a = E w = E w = 0.013 E

1-K 0.9333

These results are very illuminating since they show that while the loss to the wave-

maker is negligible, about one-sixth of the energy introduced into the test basin is lost to

the walls. Concurrently, the results demonstrate that it is unjustified to postulate that the

wave absorber accounts for the entire loss of wave energy in the basin. While it is true that

the specific values of the absorption coefficients used in this example should not be taken

too seriously, a few sample calculations will show that fairly large changes in the assumed

values will lead to the same qualitative conclusions. Another interesting result which can

be perceived from the example is that while the absorption coefficient assumed for the wave

damper is nine times that for the wavemaker, the ratio of the respective wave energy losses

is about one hundred to one. The reason for this lies in the much greater energy incident on

the wave absorber as compared with the wavemaker. Thus, except for unusual designs, one

would never expect the wavemaker to play an important role in the absorption of wave energy.

FINITE SUM APPROXIMATION

In the preceding development, where energy losses were expressed by means of absorp-

tion coefficients, the relations were obtained in each case by summing an infinite geometric

series. In practice, it is desirable to know how many terms of the series must be considered

to provide an adequate approximation to the infinite sum. An adequate approximation is here

defined as one in which the error involved is of the next smaller order of magnitude than the

smallest increment which the measuring instrument to be used can perceive. The partial sum

of the geometric series with common ratio K is 1-Kn/1-K as opposed to the infinite sum of

1/1-K. Hence the error involved in neglecting terms from K n + 1 onward is E (Kn/1-K).

Since the accuracy which may be anticipated from a measuring instrument is of the order

EF x 10- 2 and since the example in the last section showed that K is of the order 10-1,

then n must have a value of 3 to meet the requirements of the present approximation.

I - r - --- c C-



The expressions used to derive Equations [5] through [8] become valid only when the uniform

wave energy first reaches the absorptive device. This occurrence corresponds to the first

term, unity, in the series; and, since the initial arrival of the uniform wave train may require

as much as one full circuit of the test basin, then four complete circuits of the channel are

required to satisfy the approximation.

The tacit assumption has been made up to this point that the initial nonuniform waves

which precede the regular train can be neglected. To examine the validity of this assumption,

it will be presumed that the average energy associated with the nonuniform waves is Et.

Since upon each circuit of the basin the wave energy is reduced by a factor K, this problem

is seen to be identical with the problem of evaluating the remainder of the geometric series

after a finite number of terms. Hence, when the uniform train of waves has been permitted

sufficient time to traverse the channel four complete times, the nonuniform waves which pre-

cede this train will have traveled four complete circuits or more, and their energy will be

reduced below the threshold of the measuring instruments' ability to perceive them.

WAVE MOTION WITH DIMINISHING ENERGY

In the preceding section, a wave motion was discussed for which the energy is given

by E o e-a (x/X), where E0 is the energy per unit area of water surface associated with a

uniform train of progressive waves, and a is some positive number, presumed to be much

smaller than unity, whose value is to be found experimentally. Measurements made in a test-

ing basin for the purpose of assigning a value for y (and a and I) will be in terms of wave

amplitude, so it then becomes necessary to find a means of relating the amplitude measurements

with the energy statements of the last section. Hence, a possible wave motion must be con-

structed whose energy has the form E0 e-a (x/).

CCNSTRUCTION OF THE WAVE MOTION

Consider the complex function

95 + i i = ao e 2 X - i(k z - t+E) [9]

where z = x + iy, and the coordinate system is such that the x-axis lies in the undisturbed

free surface and is directed toward the wave absorber with the origin at the wavemaker. The

y-axis is directed upwards (Figure 1). k is related to the wave length X by k = 2 n/X, and,

similarly, o = 27r/71 where 7- is the period of the wave, a0o is a constant assumed to be small

I M I 4II h Iih
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compared with A, and E is some arbitrary phase displacement. The real and imaginary parts

of Equation [9] are

O k (y_ O x)
= o - e 4r cos (kx-cot+e) [10]

k

and

Sk(y- 0 x)
= -a -e 4 sin(kx-ot+e) [11]

k

If a is of the same order as ao/X or smaller, then Equations [10] and [11] will approximately

satisfy the Laplace equation - i.e., if higher order terms are neglected. Thus Equations [10]

and [11] will be treated as a velocity potential and a stream function, respectively.

At y = 0,

_ (,0 , x ao me ex
x = - a0 o 2X cos(kx-ot+e)+ - e 2A sin(kx- ct+E)

If second-order small terms are neglected, then

a (X, 0, t) - a x
= - ao oe 2 cos(kx-&t+E) [12]

The kinematical surface condition for waves of small height will now be enforced, i.e.,

a7=(a (z, 0, t)- [131
9t 9X

where r is the equation of the wave motion at the free surface. From Equations [121 and [13],

a

= ao e 2 sin(kx- t+,) + f(x,y)

Also, since

a 8 (, 0, t) a 0 2 - x
- k e sin(kx-cot+)

at k

the pressure condition at the surface

a( , o, t)

at

"~ I , I -~-- I I r II~ - ~----- ---------------~~
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will be satisfied if f (x, y) = 0 and g = 02/k. However, 0/k = X/r = c the celerity of the

wave, so that

092c2 = gx
k 2 k 2n

The equation of the free surface is, finally,

= a0 e x
77 = ao e 2X sin (kx-wt+) [14]

It can now be seen that the constant ao can be interpreted as an amplitude a.

ENERGY OF THE WAVE

The potential energy U in a wave length for unit width is

1 x

U =- gp 2 dx
0-

where 7 is given by Equation [14].

The integration yields

-a xo
gpa2e

k 4r2
42

aa
sinh -

2 2

The kinetic energy T for this same wave length is

xT X

2 y=o

The result of this integration is

sinh- [ cs2 (kxo - t+e) - sin 2(kxo - wt+) +
2 27T

sin 2 (kxo - t t+ ) + sin 2 (kxo - ot+ e) + 4a7-

2-- x 0gp a e

412



The total energy in a wave length per unit width is thus

- a
gpa 2 e X 0 8V

T + U = sinh - + -

k (4+ 0,2 ) 2 a
47r

2

However, only first-order terms should be retained, so that the final result is

pa 2 X e - XO
T + U = gpa2-x [151

2

The energy E per unit area of water surface for damped wave motion and the correspond-

ing energy Eo for uniform undamped waves can now be directly compared. Since

gpa2 e-Xx O  gp a2

E = 2 and Eo -
2 2

the required relation E = Eo e- (a/) x is seen to be satisfied. From anothet point of view,
both Eo and E can be said to be proportional to the square of the wave amplitude, with the

same constant of proportionality, but with the constant amplitude a in one case and the z-

dependent amplitude a e- (a/2X) x in the other case.

It should be remarked at this point that the wave motion investigated above is a two-

dimensional motion, whereas the damping mechanism which suggested the construction of

this motion operates in the third dimension. That is, since the basin walls are the source of

the energy dissipation, energy must be transported from the waves to the walls in a transverse

direction, so that an examination of the wave profile traced on different x-y planes might be

expected to reveal a diminution of amplitude as the distance of the z-y planes from the wall

decreased. The justification for the use of a two-dimensional analysis follows from two

observed facts:

a. Measurements of the wave amplitude along the longitudinal center plane of a

basin do reveal a decay of amplitude with distance from the wavemaker. This attenu-

ation cannot be ascribed to internal damping in the waves since such damping would

not, for the wave lengths used, be perceptible to the measuring instruments employed.

b. A series of simultaneous wave-height measurements made with two probes, one

fixed at the center plane of the basin and the other moved progressively closer to the

wall at the same x-coordinate as the first probe, revealed no difference in amplitude

~wir+-~ Ilr I I rll I Ilr I I I II I



even when the mobile probe was placed as close to the wall as possible (approximately

1/4 inch). This demonstrates that, for the particular basin used, the change in wave

height in the transverse direction was less than the smallest increment to which the

measuring instruments were sensitive.

The implication of a transverse uniformity of energy distribution (at least in the basin used

for the tests) provided by these two observations supplies the basis for a two-dimensional

analysis.

Since the wave motion considered in this section arises from a uniform wave assumed

to be damped by an agency independent of the transverse coordinate, it is really just the

type of wave which will result as a consequence of internal damping in a viscous fluid. This

latter case is discussed in Lamb, 4 and the result presented there is that the wave amplitude

may be expressed by

ao e- 2vk 2t

The exponent can be written

- 2vk2t = - 2v 2 . . 872 (v _
This result corresponds to the -(a/ 2 ) (x/h) coefficient occurring in Equation [14]. Hence

ai X

2 Xc) X

or

16f ( 16 ) [16]

where ai is the contribution of the internal damping to the total absorption coefficient asso-

ciated up to now only with wall friction, and Xc/v represents a Reynolds number of the wave.

SUPERPOSITION OF WAVES

The discussion on the energy balance in the basin involved the concept of different

wave trains moving simultaneously in opposite directions in the basin. This discussion,

however, was in terms of energy, and, since measurements are to be made in terms of ampli-

tude, it is now expedient to examine the manner in which the superposed energies are related

to the superposed amplitudes.

~~~ lli Yilililiil
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The results of the last section showed that it is possible to write a function (Equation

[9]) which has (approximately) the properties of a complex potential and which can be used

to describe the desired wave motion. There is thus no intrinsic difficulty involved in super-

imposing two wave trains by simply adding the appropriate functions (Equation [91). For two

wave trains of the same wave length and of amplitude a1 e- (a/2) x, and a2 -(a/2)x

progressing in the same direction but with a phase difference f - E2' ordinary trigonometric

addition predicts a resultant wave of amplitude

a= /a2+a 2+2 a a cos(,El-) e2X [17]

The energy of the two superimposed waves is then proportional to the square of Equation [171.

The combined energy of two waves of the same wave length propagating in opposite

directions will be found by calculating the total potential and kinetic energies. Correspond-

ing to the surface profile

_ x - (L - x)
7 = a1 e 2X sin(k - wt+ e 1) + a2 e 2X sin (kx + t+E 2 ) [18]

the appropriate function 0 is

k(y-a -x) k [y- _a (L - x)]
= ace 1r cos(k-ct +E1) - a2 c e 4 cos (kx+ t+ 2) [191

since Equations [18] and [19] satisfy the condition

a( 0, t)

dt

Using Equation [181, the potential energy in a wave length per unit width is

1 xo +X-
U I2 77 2 d

2 f _A2X

So2 x0 - (L - x0) - L a
=-gp a 2 + a e +2alacos[2t-( )]

4

when only first-order small terms are retained. With Equation [191, the kinetic energy is

l' M 1*111 Iii ',
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1 0 +X a l
T -p dx

2 1y020 y=0

10 x0 ) - a

-gpX ai2 e X +a 22 e o -2aza 2 e 2 cos[2cot-(el- f 2 )]
4

to the present approximation. Thus the combined energies of two waves progressing in

opposite directions is

1 oxo - (L -x0)
T + P = p a 2 e + a2 e ) [20]

which is just the sum of the separate energies of the two waves. In contrast to this result,

the total energy for two wave trains progressing in the same direction can be found from

Equation [17] or from a direct calculation of the energy to be

1 -a X0
T + U = gpXe X [a 1

2
+ a2

2 + 2ala 2 cos (e 1 -6 2 )] [21]
2

which is dependent upon the phase difference between the waves.

RESULTANT WAVES IN THE BASIN

SIMPLIFICATION OF THE METHOD

Before proceeding with the task of identifying the separate amplitudes of the super-

imposed waves in the basin, the possibility of simplifying the measurements will be examined.

First, the observations following the presentation of the numerical example will be recalled.

There it was concluded that the energy absorbed by the wavemaker would usually be of small

importance and the conditions chosen for the example resulted in a wave energy loss to the

wavemaker of less than 1 percent of the total energy.

While this result really holds only for the specific example considered, the fact that

the energy incident on the wavemaker will always be much less than the energy incident on

the wave absorber implies that greater generality might be attached to the result obtained

of negligible loss of energy to the wavemaker. This energy loss will be neglected in the

discussion to follow, i.e., the wavemaker will be assumed to be a perfect reflector. However,

the results of this same numerical example demonstrated the importance of the viscous
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Figure 2 - Record of Wave in the 140-foot Basin

This is a photographic copy of one continuous record taken in the 140-foot towing basin. The upper

trace on each strip shows the record obtained from a gage placed 38 feet from the wavemaker; the lower

trace shows the record obtained from another gage placed 22 feet from the wavemaker.
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damping of the waves as they propagate along the channel; but while this loss cannot be

neglected, it can be evaluated in a simpler way than can the loss to the wave absorber.

In measuring waves in a model basin, it is common procedure to measure the amplitude

of the uniform wave train before any reflections at all occur in the basin. The absence of

reflections can be ascertained from the time record obtained from the wave height recorder.

A typical record shows the undisturbed surface give away to a dispersed set of waves of in-

creasing amplitude which is followed by a train of waves of constant amplitude. Figure 2

shows this portion of the record. The constant amplitude condition is then disrupted by the

effect of reflected wave energy which is manifested by an oscillation in wave height. If

amplitude measurements are taken from the part of the record which shows uniform wave

height, then by making such measurements at several stations (two is the minimum number)

along the channel and fitting the points thus obtained to a curve of the form ao e- (/2) (x/X),

the absorption coefficient a can be established, if it is assumed that this a is the same as

the a which is associated with the final equilibrium condition where wave energy propagates

in both directions along the channel.

The above method encounters difficulties if it is used for a first-reflection technique

for determining the absorption properties of the wave damper. These difficulties arise from

the continued dispersion of the wave front as time goes on, so that these waves occupy an

increasing proportion of the basin length. However, the wave height record will show no dis-

tinct indication of the instant when the first reflection of the uniform wave train is super-

imposed upon the uniform train itself, without any contributions from the dispersed waves.

EQUATIONS IN TERMS OF MEASURED QUANTITIES

It now remains to find a means of measuring the absorption coefficient y of the wave

absorber. After the wavemaker has been in steady operation for some time, the resultant

waves that appear in the basin can be considered to be formed by the superposition of three

separate wave trains all having the same wave length and period. The first of these wave

trains is the one that travels downstream. from the wavbmaker

ry, = a, (x) sin (kx- cut+ e,)

where Ec is an unknown phase displacement and the amplitude is a function of x because of

the attenuation by the wall friction. Specifically,

ae
a, () = aw e 2X

Hill
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The second wave train exists as a consequence of the reflection by the wave absorber of

some of the energy incident upon it, and is

7Tr = b () sin(kx+ ot+eb)

-. R (L - x)
with b (x) = bo e 2X . The final component of the resultant wave is one that propagates

downstream with the waves directly from the wavemaker and is the result of waves which,
after reflection from the wave absorber, were again reflected by the wavemaker. This wave

train is expressed by

r = a () sin (kx- ot + c a)

ax

where a() = ao e 2X . The three wave trains will now be combined so that the surface

elevation is given in general by

7 = aw () sin (kx- ot+e,) + a() sin(kx- ot+ a) - b () sin (kx+ot + b)

Since it has been assumed that the wavemaker is a perfect reflector, it will be required that

sin (kx-ot+ ea ) and -sin (kx+ ot+ Eb) be in phase at x = 0. Thus

sin (-cot+ ea) = - sin (ot+ Eb)

or Ea = - b. With this boundary condition satisfied,

7= a, () sin(kz-ct+e) + a(x)sin(kx-cot- b) - b () sin(kx+ ot+Eb) [22]

Equation [22] will be interpreted in terms of time records of the wave profile obtained

from two probes located at fixed positions in the channel. Let the two probes be placed a

quarter wave length apart, and such that one is located a whole number of wave lengths away

from the wavemaker, i.e.,

X1 = nX; = n+-

where n is a positive integer. Also, let the origin of t be chosen such that t = 0 when the

probe located at x = x1 indicates a zero surface elevation. Then if wave height readings are

taken from the two probes simultaneously at the two times t = 0 and t = r/4 (7ris the wave

period), then four distinct wave height readings will be obtained which can be denoted by

- II II I_ I ~I~T ~IIS~- PP~.~
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Each of these values

11 = (7) x= nX, t=o = 0

712 = (7) x= nX, t= 7/4

'721 = (7)x= nX + X/4, t= 0O

'22 = ('1)x= nX+X/4, t=r/4

can be expressed by Equation [22]:

= aw(X) sine. - [a(x 1)

= -a, ( 1 ) cose, - [a(z 1)

= a (X2 ) cos e + [a(X2)

= a (x 2 ) sinew - [a(x 2 )

b (xl)] sin b = 0

b (xl)] cos Eb

b(z 2)] cosEb

b (a 2 )] sin Lb

where
an

a, (x 1) = awo e 2

an

a(x 1) = ao e 2

_- (L -n)
b (x ) = bo e 2 X

a

a, ( 2 ) = a (x 1) e 8

a(x 2) = a~r1) e 8

b (X 2 ) = b(x 1 ) e 8

With Equations [24] and the transformations

7'12 e 2 = 7i2

an

'21 e 2 = 7'21

an

'122 e2 = 722

an -a( -n)
b(xz) e 2 = be 2X =b o

7711

7'121

7122

[23]

[24]

[251

- ----- IMI
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Equations [23] can be written

ao sin c, - (ao + be') sin Eb = 0 [26]

amo cos em + (ao + bo') cos Eb = -712' [27]

o a a
awo e 8 cos ea + (a o e 8 - bo'e 8 ) cos b = 2 1' [28

- a a

awo e & sin ew - (ao e 8 - bo' e 8 ) sin f b = 22" [29]

In addition to the four equations [261 to [29], another relation among the amplitudes and

phase angles can be found from the assumption that the wavemaker is a perfect reflector.

At the wavemaker, the wave energy traveling in the direction of increasing X(E+ x) consists

of the constant wavemaker energy (E,) plus an increment which is exactly equal to the wave

energy propagating in the direction of decreasing a (E-x). That is, at z = 0,

E+x = E, + E- x

or, from Equation [21] if the coefficients for all the terms are cancelled,

a 2(0) + a 2 (0) + 2 a(0) a(0) cos(e- ea) = a 2 (0) + b2 (0)

With the last element of Equation [25] and with ea = -b

ao2 +2 awo ao cos(E' + E'b) - bo' e-2an = 0  [30]

Equations [261 through [30] are five simultaneous equations in awo, ao, bo, ew, and eb, in

terms of the measured quantities 12, 721, 722, and a.

SOLUTION FOR Y

It is not necessary to solve Equations [26] to [301 completely, since only part of the

information contained in these equations is necessary to express y, the absorption coefficient

of the wave damper, as a function of the measured values of 712, 721', 22, and a. By

definition

Ea Er
y=-= 1

Ei E i
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where Er is the energy reflected from the absorber. Since the energies in this expression all

refer to z = L,

y=1-

=1-

b2 (L)

aw2 (L) + a2 (L) + 2 a(L) a(L) cos( + Eb)

e-OL/ [awo2 + ao2 + 2awo a COs (w+ b)]

Expressed in terms of bo', and with the use of Equation [30],

b,' 2 e
2a (- n)

[31]y 2 + b e
awo2 +bo'2e-2on

If Equation [261 is multiplied by e- a/ 8 and subtracted from Equation [29], it is found

that

922
bo' sinfb '

2 cosh
8

Similarly, Equations [271 and [28] can be combined to yield

a

'21 9 12
bo' COs b =- ______

2 cosh-
8

2 
) 2 2

'722  s2* 2 7 12Je

4 cosh 2 a

From Equations [261 and [271, respectively,

a0 + bo .
sin ew = sin ebaw

Thus

[32]

[33]

[34]

--- IIYI
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ao + b0 ' '112
cos ~e, = -cos b

a.0 awo

With these expressions e. can be eliminated from cos(e + b) to yield

(ao + bo+'11 2 ' Cos fb)
cos ( E + b) =

awo

If this relation is substituted in Equation [301, the result is

a0
2 + 2ao(b"+' +1cosEb) + bo' 2 e-2an= 0

Hence

ao = - (bo"+ t12" COS Eb) + (bo+ 7712' cOS b)2 - bo' 2 e- 2an

Since ao must be zero when bo' = 0, the plus sign must be chosen for the square root, so that

a0 + bo+ 7712' COS Eb = (b + '12 " COs b)2 - b0o2 e- 2a n
[36]

An expression for a.o can be found from the fact that from Equation [34]

S(ao + b0 ")2COS 2 e = 1 - sin2 b
awo 2

which can then be equated to the square of Equation [35]. After some rearranging of terms,

the result obtained is

awo2 = (a 0 + bo + 12 ' Cos eb) 2 + 122 sin 2 eb [37]

Equations [361 and [37] can be readily combined to yield

awo2 + b0 2 e-2an = o 2 + 2 bo 1 1 2 ' cos'eb + 712 2

which is seen to be the denominator in Equation [31]. If Equations [32] and [33]

the right-hand side of Equation [38], then

a o2 + bo e-2an =( 22" 2 121 712 2

2 cosh a_ 2 cosh a
8 8

[38]

are used in

[39]

[35]
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Finally, y is found by substituting both Equations [331 and [39] into the form of y given by

Equation [31]

L- 2 2 +(7121 +7/12' e-8 e
y=- 2

'122 + 2 21 112

If both numerator and denominator of the right-hand term are multiplied by e-an, the primes

can be dropped, and

y=r- a) 2

1222 + (21- 112 e 8

However, in view of the assumption of small a, it is valid to use the approximations

a a

e --1 + e 8--
8' 8

and thus
y= 1- a1(2 -1

'1222 + ('121 + '112)2 4 (721 + 112) 2a( - n)
y -e [40)

~ 222 + ('721 - 112)2 _ '7120 (721 - '112)

SAMPLE EXPERIMENTAL RESULT

Portions of a wave-height record obtained during a test are shown in Figure 3. The

effect of reflected wave energy is quite apparent in this figure, as evidenced by the appreciable

difference in wave height between the two probes located only 15 inches apart.

When reading a record such as is shown in Figure 3, it is necessary to compensate for

the zero drift in the recording system. The compensation can be effected by measuring the

'1 values from a "mean line" drawn halfway between crest and trough. Two sets of ' values

are marked on the figure, and the average of 20 such sets of values from the run shown in

Figure 3 yielded

12 = +0.4067 inches

'121= -0.5960 inches

'122 = +0.0552 inches
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Figure 3 - Wave Record Showing Effect of Reflected Wave Energy

The record is of a 5-foot wave in the 140-foot model basin. The lower trace shows the record

obtained from a probe placed eight wave lengths from the wavemaker. The upper trace is from a probe
located 81/4 wave lengths from the wavemaker.

The value of a appropriate to the test basin, wave length, and wave height corresponding to

the test results shown in Figure 3 was found to be 0.011 from measurements obtained with the

wave height probes located a considerable distance apart. The beach and wavemaker are

located such that L is 123 feet. Thus Equation [40] yields y = 0.944. If a had been ignored,

the result would have been (y)= o = 0.9 61, which represents a significant change from the

result in which the wall friction losses are taken into account.

An inspection of Equation [40] and of the q values obtained shows that (721 + 912)2

and (21 - 12)2 represent the most important terms in numerator and denominator, respectively.

However, the addition of 7721 and 7 12 involves fairly small differences and a loss of signifi-

cant figures, so that the small errors involved in reading 21 and 7ll2 from the record become

magnified in the sum of r2 1 and 171 2 . For this reason, the final r7 values are obtained from

the average of a large number of readings as a means of reducing reading errors as much as

possible.

It should be remarked that Figure 3 is included in this report simply to provide a sample

of the manner in which the method of the present investigation may be applied. The results

do not indicate the effectiveness of the wave absorber in the basin in which the run was made,

largely because the permanent beach installed in the basin was not in its standard configura-

tion at the time of the tests.
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CONCLUDING REMARKS

A scheme for measuring the effectiveness of wave absorbers has been proposed in

which, after a certain short waiting period, the time at which measurements are made is not

important. This is in contrast to the standard procedure of first-reflection measurements,

where timing is critical and can be the source of large errors in the results. Also, the pres-

ent method avoids the obvious objections that can be raised against procedures in which all

wave energy losses are ascribed to the wave absorber, from which it follows that any efficacy

of dissipation determined applies to the composite of absorber, test basin, and wavemaker,

rather than to the wave absorber itself.

In applying the method proposed here to evaluate the effectiveness of wave-damping

devices, the test facility used should first be calibrated, so to speak, to establish the dissi-

pative properties of the facility. These data can be used in all subsequent tests conducted

in the basin without need for repetition. This implies that the values of y for any given wave

absorber will remain invariant, i.e., will be independent of whatever channel or wavemaker

might be chosen for use in the test program.

The method presented in this paper for the determination of y for a wave absorber re-

quires the use of two wave-height measuring instruments, each of which will record a time

record of the wave at a fixed location but will cause little or no disturbance to the wave.

Such wave-height recorders are available at the Taylor Model Basin, s and over an extended

period of constant usage have shown themselves to be convenient, reliable, and accurate.
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David W. Taylor Model Basin. Rept. 896.
A METHOD FOR MEASURING THE DAMPING OF SURFACE

WAVES BY WAVE ABSORBERS, by Howard R. Reiss. March
1955. iv, 29 p. incl. figs., refs. UNCLASSIFIED

A method of determining the effectiveness of wave absorbers
is proposed in which measurements are made in a testing basin
after an energy equilibrium has been established between a
wavemaker and the sources of wave energy dissipation. Proof
is presented to show that such equilibrium will be established,
and the energy balance in the basin is separated into the propor-
tions of the surface wave energy lost to each of the wave-
damping agencies present. These losses are expressed in terms
of absorption coefficients, and it is shown how these coefficients
may be determined experimentally.
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