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NOTATION

Aw  Cross-sectional area of the wake

b Width of plate

D Total drag

d Diameter of circular disc

f, g, h, j Universal functions of q appearing in similarity relations

ro Radius of the mean wake behind circular disc

(r%) Radius of fluctuating wake behind disc at which u'= (u')ma

(ri) Radius of mean wake behind disc at which Ud (U d)ma

t Time

U, V, W Mean velocity components in the z, r, and 0 directions respectively

Ud Mean velocity defect (= Uo - U)

U0  
Free stream velocity

u, v, w Fluctuating velocity components in the z, r, and 0 directions
respectively

[U If af Ut2 d] = root-mean-square value of u

-T/2

z, r, 0 Cylindrical coordinates

Width of fluctuating wake behind plate at which u'= (u

(Z,/) m  Width of mean wake behind plate at which Ud (Ud)ma x

0, Exponents appearing in similarity relations

p Density of fluid

= New independent variable

X Microscale of turbulence

v Kinematic viscosity

i> Dissipation function

Note: The bar is used to indicate the mean value of fluctuating quantities.
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ABSTRACT

The mean velocity and the turbulence intensity of the axial component of

the fluctuating velocity were measured in the wakes behind a disc and a series

of four rectangular plates.

For axially symmetric wakes, in agreement with theoretical results derived

from similarity considerations, it was found that

1. the maximum values of the mean velocity defect Ud and the turbulence

intensity u' vary inversely as x2/ 3 where x denotes the axial position in the wake;

2. the radius of the wake varies as X1/ 3;

3. transverse distributions of Ud and u' are universal functions of 77 = r/x 1/ 3 ,

where r denotes the radial position in the wake.

The microscale of turbulence X was found experimentally to vary as x1/ 4

in contrast to the x1/ 2 variation theoretically predicted from similarity consider-

ations.

INTRODUCTION

The Reynolds numbers associated with most practical problems involving the flow of

fluids are, in general, so large that the resultant fluid motion is turbulent. In accordance witl

a hypothesis introduced by 0. Reynolds, 1 such a motion is assumed to be separable into a

mean motion, which at most varies slowly with respect to time, and a superposed fluctuating

motion, which by comparison varies very rapidly with time. The latter motion is further

characterized by velocity components whose temporal averages vanish identically.

Current concepts of some of the highly complex processes involved in turbulent flow

stem directly from appropriate application of this classical description of turbulence to the

Navier-Stokes equations of motion. Processes such as the transfer of energy from the mean

to the fluctuating motion and the dissipation of energy to heat by the direct action of viscosity

are illustrative of the complicated interrelationships encountered in the phenomenon of

turbulence.

Notable among investigations concerned with the decay of energy in turbulent flows are

those that have been conducted in the flow behind screens and grids, 2 , 3 in jet flow, 4 , s and

in the wake behind a two-dimensional circular cylinder.6, 7

This report gives the results of an experimental investigation of the turbulent wakes

behind a circular disc and a series of rectangular plates mounted normal to a steady, uniform

air stream. Interest in the investigation is focused primarily on the axial variation of such

IReferences are listed on pages 29-30.
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characteristic quantities of wake flows as the turbulence intensity, the mean velocity defect,
the microscale of turbulence, and the dimension of the wake.

THEORETICAL CONSIDERATIONS

Problems dealing with turbulent flows are, in general, formulated in accordance with

the so-called Reynolds equations of motion, which result from introducing into the Navier-

Stokes equations the concept of separable mean and fluctuating components of the motion.

(A detailed derivation of the Reynolds equations is given in Appendix A.) Unfortunately, in
almost all cases these equations are intractable to present mathematical techniques. As a

consequence, the Reynolds equations sufficiently far downstream from the origin of a turbulent

wake are customarily simplified by introducing the usual boundary layer type assumptions

that (1) the pressure gradient in the direction of the mean motion is negligible, (2) the viscous

effects are small in comparison to those due to the so-called Reynolds stresses, and (3) the
gradient of these stresses in the direction of the mean motion is small in comparison to their

gradients in the transverse directions.

Under these assumptions, a first approximation to the case of an axially symmetric

turbulent wake can be obtained from the Reynolds equations of motion by neglecting second

order terms in the mean velocity components and their derivatives, viz.,

(3Ud I1I , -
oa r [1

where Uo is the free stream velocity,

Ud is the so-called mean velocity defect defined as the difference Uo - U,

U is the mean velocity component in the axial direction,

uv is a Reynolds shear stress defined as the temporal average of the instantaneous

product of the axial velocity component u and the radial velocity component v of the

fluctuating motion, and

x, r are the axial and radial components of a cylindrical coordinate system.

(A more rigorous derivation of this simplified equation is given in Appendix B.)

From Equation [1] it appears most probable that an independent relation between the

mean velocity defect and the Reynolds shear stress would resolve the difficulties associated

with this equation and permit its analytical solution. Attempts to bridge the gap occasioned

by the lack of such a relation led to the evolution of the so-called mixing length theories, e.g.,

the momentum transfer theory of L. Prandtl8 and the vorticity transfer theory of G.I. Taylor, 9

which although moderately successful in describing the mean flow gave virtually no informa-

tion whatsoever concerning the fluctuating flow.

However, several important aspects of axially symmetric turbulent wakes can be simply

deduced from Equation [1] by application of the similarity principles of Th. von K'rma'n. 10
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Basically, the theory of similarity hypothesizes that sufficiently far downstream in the wake

the flow processes have achieved a state of statistical equilibrium such that transverse dis-

tributions of a significant flow parameter at various stations are self-preserving in the sense

that they can be made universal by suitable adjustments of their magnitude and length scales

with factors which are functions of the axial position only. In particular, .similarity solutions

for which these adjusting factors are simply monomials in x are sought; generally, monomials

of nonintegral degree are encountered, and the degree of the factor associated with the magni-

tude scale is not necessarily the same as that associated with the length scale.

In the axially symmetric case under investigation here, -these similarity considerations

lead to the condition that relations of the form

d f() [21
Uo Xor U 2  X20 X0

be found such that their introduction into [1] results in an equation whose individual terms are

all of the same order in x; in other words, similarity considerations require that suitable

transformations of both the independent and dependent variables be found such that the simpli-

fied Reynolds equation is reduced to an ordinary differential equation in the new variable 7.

As is easily verified by inserting [2] into [1], this condition is satisfied for

at+ 3 = l [3]

An additional relation between the exponents a and 3 is imposed by the condition that

the drag D of the body creating the wake is equal to the total momentum loss suffered by the

fluid in flowing past the body. This condition in the axially symmetric case can be expressed

mathematically as an integral across the wake at an arbitrary downstream position, viz.,

D = pU (Uo - U) dAw  2 r p U Ud rdr [4]

where Aw is the cross-sectional area of the wake at any axial station and ro is the associated

radius which, of course, .denotes the edge of the wake, i.e., Ud (r) = 0. It is important to note

that the approximate form of the momentum loss integral given above is consistent with the

approximate form of the equation of motion [1].

For the present purposes, the most significant aspect of [4] is the condition that the

integral is required to be independent of x, since the drag itself, of course, 'exhibits no such

dependency. The insertion of [2] into [4] readily demonstrates that this condition is satisfied

for
a = 20 [5]

Relations [3] and [5] then permit a unique specification of the similarity solution pro-

posed in [2] such that
2 1
=-, -3 3
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Now, with the further assumption that in the case under consideration all elements of
the Reynolds stress tensor behave in a manner analogous to the element _, i.e.,in particular
that

2

uv

the results of the application of similarity considerations to the simplified equation of motion
of an axially symmetric turbulent wake may be summarized as follows:

1. The maximum value of the mean velocity defect Ud varies inversely as x 2/ 3 .

2. The maximum value of the turbulence intensity component u' (the prime denotes the
root-mean-square value of u) varies inversely as z 2 3 .

3. The radius of the wake ro varies as xi/3.

4. Transverse distributions of Ud and u' are universal functions of 77 = r/x 1/ 3 .

The equivalent characteristic behavior of the microscale of turbulence A can be investi-

gated with the aid of the so-called energy equation of turbulence, whose derivation is given in

Appendix A. As shown in Appendix B, <the simplification of this equation in the case of the

axially symmetric turbulent wake presently under consideration to a first order approximation

consistent with Equation [1] results in

U u 2 + v 2 + w 2  Ud [6]
° ax"U 2 = -- V (ID [61

2 ar

where D is the dissipation function and is indicative of the energy of the fluctuating motion

converted to heat by the direct action of viscosity. The left-hand side of Equation [6] can be

related physically to the convection of energy of the fluctuating motion by the mean flow; the

first term on the right-hand side is a measure of the energy transfer from the mean motion to

the fluctuating motion.

In order to apply the similarity relations, previously determined from consideration of

the simplified equation of motion, to the energy equation [6], it is convenient to introduce an

expression for the dissipation function that is more amenable to analysis than its exact repre-

sentation. To this end, ( is assumed to be satisfactorily described by its representation in

the case of isotropic turbulence, viz.,

0 = 15 u 2  [7X2

Application of the previous results relating to the functional forms of the mean velocity

defect and Reynolds stress tensor elements indicates that similarity conditions are satisfied

by the energy equation [6] when the dissipation function has its isotropic form [7] if

X = X1/ 2 j()

It is of interest to note that this variation of A with z is consistent with that obtained

in the case of isotropic turbulence when a simple power-law dependence of the energy on the

independent variable is postulated.
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In a subsequent portion of this paper, the theoretical results determined here by means

of similarity considerations will be compared with experimental results.

APPARATUS AND PROCEDURES

The experiments were conducted in the TMB Low Turbulence Wind Tunnel. This tunnel

is of the open-return type and has a test section 4 feet high, 2 feet wide, and 14.5 feet long.

(Actually, the test section side walls are flexible and the width specified here corresponds

to the unflexed or parallel wall position.) The air speed in the test section is continuously

variable from approximately 20 fps to 150 fps. The low background turbulence level of the

test section air stream, which is of the order of 0.1 percent, is obtained primarily through the

use of a set of six turbulence damping screens installed upstream of the 12.5:1 contraction

cone.

The test configurations consist of a circular disc and a series of four rectangular plates

with aspect ratios of 1, 3, 5, and 10, respectively. Each of the configurations is made of

brass, is 0.03 inch thick, and has a diameter d or width b, as appropriate, of 0.2 inch. They

were mounted normal to the air flow at a position approximately on the tunnel axis near the

upstream end of the test section by means of two very fine support wires. The diameter of

these support wires is 0.001 inch in the case of the disc and the two smaller plates and

0.004 inch in the case of the two larger plates. The plates were oriented in the test section

with their long sides vertical.

At five stations in the wake, measurements of the transverse distribution of the mean

velocity U and the turbulence intensity of the axial component of the fluctuating velocity u'

were made at elevations corresponding to the plane of horizontal symmetry of the configura-

tions; in addition, the microscale of turbulence X was measured at the transverse position

corresponding to maximum turbulence intensity. The measuring stations, which vary slightly

with each installation, extend from approximately 15 to 680 disc diameters or plate widths

downstream of the configurations. Figure 1 is a schematic diagram of the wind tunnel test

section illustrating the coordinate system, the position of the test configuration and the

orientation of a typical turbulence level distribution.

For reasons associated with the facility and dependability with which the data could

be obtained, the majority of the u' measurements were made at a free stream speed Uo of 80 fps,

and the U measurements were made exclusively at U0 = 140 fps. Exceptions to this condition

on the stream speed at which turbulence was measured occurred only in the case of the disc,

in which case u' was measured at the additional speeds Ub = 35 and 140 fps. The disc also

constitutes the only configuration for which no mean flow measurements were made. Based on

disc diameters or plate widths, the Reynolds numbers corresponding to U0 = 35, 80, and 140

fps are 3600, 8300, -and 14,500, respectively.

The free stream velocity in the test section was measured with conventional total head

and static pressure probes used in conjunction with a slanted, multitube, 'alcohol-filled

manometer system.

- NY111wilhilliki.



Figure 1 - Schematic Diagram of Wind Tunnel Test Section Illustrating the Coordinate System,
the Position of the Disc, and a Typical Turbulence Level Distribution

The mean velocity at a point in the wake was determined from measurement of the total

head at the point under the assumption that the static pressure, which was independently

measured to determine the free stream velocity, is constant throughout any transverse plane

across the test section. The estimated error in mean velocity measurement as a result of the
moderately intense turbulence field is negligibly small and no correction was made for it.

The turbulence measurements were made with a constant temperature hot-wire anemo-

meter constructed for the Taylor Model Basin by the Iowa Institute of Hydraulic Research. A
timewise differentiating circuit incorporated in the anemometer permits the calculation of the

microscale from the relation

1 _ 1 (U2 ( 2

X2  u2 kO'/ U2U2 I
where the bar indicates a temporal average. The sensing element of the hot-wire probe is a

tungsten wire which has a diameter of 0.00014 inch and an active length of about 0.025 inch.

To obtain a signal proportional to the u-component of the fluctuating velocity, the axis of

this element must, of course, be oriented normal to the mean flow. Based on the assumptions

that the energies of two uncorrelated, superposed turbulent fields combine linearly and that

the background level of turbulence remains constant throughout the wake, the measured

turbulence intensities were corrected in accordance with the following relation:

corrected 2measured - U2 background

111
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It should be noted that, in general, this

correction was negligibly small with reference

to the maximum value of a particular distribu-

tion; its effect, of course, increased as the

edge of the wake was approached.

Transverse traverses of the turbulent

wake were made by means of a mechanism,

mounted in the test section but externally

controlled, which accommodates either the hot.

wire probe for turbulence measurements or the

total head tube for mean flow measurements.

Figure 2 is a photograph looking down-

stream, that shows the hot-wire probe, the

traversing mechanism, and the reference total
Figure 2 - Downstream View of the Hot-Wire

head and static pressure probes installed in Probe, the Traversing Mechanism, and the

the test section of the wind tunnel. Reference Total Head and Static
Pressure Probe

RESULTS AND DISCUSSION

BASIC DATA

The radial distributions of u'/Uo at the various measuring stations in the wake behind

the circular disc are shown in Figure 3 as a function of the nondimensionalized radial

coordinate r/(d/2) for three conditions of the free stream velocity Uo = 35, 80, 140 fps.

(Measurements at the highest speed were curtailed because of instrumentation limitations

resulting from high anemometer signal-to-noise ratios at the more remote stations.) As com-

parison of these data indicated no marked Reynolds number effect on the magnitude of the

maximum turbulence intensity, all subsequent turbulence measurements were made at U0 = 80

fps.

In Figures 4 to 7, the transverse distributions of u'/Uo and Ud/Uo at the various

measuring stations in the wake behind the four rectangular plates are shown as a function of

the nondimensionalized transverse spatial coordinate z/(b/2).

As in the case of the disc, an off-center maximum in the turbulence intensity distribu-

tion occurs at every station behind each plate; the general shapes of the u'/Uo distributions

at equivalent x/b stations are very similar for all configurations. On the other hand, the

mean velocity defect distributions for all plates except the first show a marked off-center

maximum at the initial measuring stations, which becomes more pronounced as the aspect

ratio of the test configuration increases. As they progress downstream, these distributions

slowly change to the more conventional wake profiles characterized by a maximum velocity

defect at the plane of symmetry, as exhibited in the distributions at all stations behind Plate I.

(Text continued on page 13.)
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SIMILARITY ANALYSIS

A convenient way in which to analyze experimental data for the purpose of demonstrat-

ing similarity is (1) to investigate the value of the exponents a and p associated with the

adjusting factors for the magnitude and length scales (see section on Theoretical Considera-

tions, page 2) and (a) to examine the universality of the distribution function obtained when

the basic data are reduced in accordance with these factors.

In the case of the wake velocities presently under consideration, the exponent a is

readily determined from the variation with x of a characteristic velocity, e.g., the maximum

velocity obtained in a given transverse distribution. In like manner, the exponent 0 is deter-

mined from the variation with a of a characteristic length, e.g., the distance (8z)f or (zV).

measured from the wake's axis of symmetry to the point in a given transverse distribution at

which the turbulence intensity or the velocity defect, respectively, has one-half of its maxi-

mum value. (Although the actual size of the wake is a more natural choice for this character-

istic length, the edge of the wake, in general, cannot be precisely determined and conse-

quently is seldom used for this purpose.)

Figure 8 is a logarithmic representation of the variation with axial position of the

maximum value of u'/Uo measured in the wakes behind each of the test configurations. A

similar representation of the maximum value of Ud/U o is given in Figure 9. For purposes of

0
E

Figure 8 - Variation with Axial Position of

(u'/Uomax

Figure 9 - Variation with Axial Position of

(Ud/Uo)max
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comparison, -straight lines with slopes equal to the negative two-thirds value, theoretically
derived by similarity considerations of axially symmetric turbulent wakes, are drawn through
each set of data. It is of interest to note that in the case of the turbulent velocity (u'/Uo)max
very good agreement between theory and experiment is obtained not only for the disc and
the square (Plate I) but also for the remaining configurations in spite of their marked depar-
tures from axial symmetry. Similarly1 the comparison of the theoretical and experimental be-
havior of the mean velocity defect (Ud/Uo)max shows very good agreement, particularly in the
case of Plate I. Some discrepancy, however, is noted in the case of Plate IV (1/b = 10) and
is attributed to the axial asymmetry of the test configuration.

Figures 10 and 11 show the variation of the width of the fluctuating wake and the mean
wake, respectively, as reflected by the lengths (zy)f and (z%)m, which have been previously
defined. Again, the straight lines on these logarithmic representations are indicative of the
theoretically derived behavior of the axially symmetric wake width. The agreement between
theory and experiment for both the turbulent and mean wakes is very good if, in the case of the
higher aspect ratio configurations, experimental values obtained at the initial measuring
stations are disregarded on the basis that the wake flow at these stations has not yet attained
complete equilibrium.

In investigating the existence of universal velocity distribution functions the following
technique was employed to reduce experimental scatter and thereby illustrate more effectively
such universality for those cases in which it obtains. Faired curves, shown as solid lines

in Figures 3 to 7, were drawn through each set of experimental velocity distributions and in

the subsequent similarity analysis points taken from these curves were used, rather than the

experimental points themselves. To be candid, the curves were faired with a considerable

amount of hindsight where necessary; in general, however, the differences between faired
curves and experimental data do no exceed the estimated precision of the data.

10
2  

102

Disc Uoz80fps Uo=40fps
U, = 354ps Plate I 0 PlateI

O 80 Plae Plate i
d 140 Plate I Zr Plate

Plate IZ A Plate IZ

10 10 10 10 10 10

Yd, X/b X/b
Figure 10 - Variation with Axial Position of Figure 11 - Variation with Axial Position of

the Width of the Fluctuating Wake the Width of the Mean Wake
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Points taken from these faired curves are presented in the form u'/umax as a function

of r/(r2)f or z/(Z )fas appropriate, in Figure 12 and in the form Ud/Ud max as a function of

z/(y) m in Figure 13.

The mean velocity defect profiles of Plate I, which for present purposes can be con-

sidered as an axially symmetric configuration, are seen to be described by a universal distri-

bution function; on the other hand, as obviously predictable from the basic data, such profiles

for the three remaining plates are not similar. As previously indicated, this latter behavior

reflects the three-dimensional nature of the mean wake behind axially asymmetric configura-

tions. Although the trends are in the right direction, data were not obtained sufficiently far

downstream to evaluate the intuitive expectation that such a wake would acquire axial symme-

try in its downstream course and thereafter satisfy the similarity condition.

In view of these characteristics of the mean velocities, it is, at first, somewhat surpris-

ing to find that the fluctuating velocity profiles behind all of the test configurations do reduce

to universal distribution functions as shown in Figure 12, and hence satisfy the similarity

condition, at least to within the limits of precision of the experimental data. However, as a

plausible partial explanation, it is suggested that the fluctuating wake reaches its equilibrium

distribution very quickly, in spite of its interaction with the mean wake, which attains equili-

brium much more slowly. In particular, this indicates that the energy transfer between the

mean and fluctuating components of the flow is not critically dependent upon the precise shape

of the mean velocity profile. This latter view is consistent with the previously ascertained

result that (Ud/UO)max varies in accordance with the theoretically predicted similarity law even

in those cases in which the mean velocity defect profiles are not similar.

Figure 14 is a logarithmic representation of the variation with axial position of the

microscale of turbulence X, measured at transverse positions corresponding to points of maxi-

mum turbulence intensity in the wakes behind the various test configurations. This experi-

mentally determined variation is adequately described by the -power law, shown as a straight

line in Figure 14, in contradiction of the %-power law theoretically derived.

Because of its successful description of other wake flow characteristics, there is con-

siderable reluctance to ascribe this variance between the measured and predicted behavior of

X to a failure of the similarity theory. The alternative interpretation is, of course, that the

isotropic form of the dissipation function assumed in the theoretical analysis is in sufficient

violation of the actual physical process to constitute a significantly erroneous representation.

This latter explanation, however, is not substantiated in the results reported by J. Laufer; 1'

these results, based on measurements made in a fully-developed turbulent pipe flow, indicate

that the dissipation function is satisfactorily described by its isotropic form.

The simple, direct measurements of X made in the present investigation unfortunately

do not give any insight into the real nature of the dissipation function in wake flows;

consequently, the difference between the theoretical prediction and the experimental deter-

mination of the behavior of X must, for the present, remain unresolved.
(Text continued on page 22.)
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Figure 12 - Representation of the Turbulence Intensity Distribution in Similarity Form
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Figure 13 - Representations of the Mean Velocity Defect Distributions in Similarity Form
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CONCLUSIONS

In the case of axially symmetric wakes, it is concluded that in agreement with the

theoretical results derived from similarity considerations:

1. The maximum values of the mean velocity defect Ud and the turbulence intensity u'

vary inversely as X 2/ 3

2. The radius of the wake rto varies as 21/ 3

3. Transverse distributions of Ud and u'are universal functions of = r/z 1/ 3

It is further concluded that these results describe equally well the behavior of the

corresponding characteristic quantities in the wakes behind the axially asymmetric plates

tested, with the sole exception that the Ud-distributions of the higher aspect ratio plates do

not describe universal functions.

Finally, the microscale of turbulence X is found experimentally to vary as 1/ 4 in con.

trast to the X1 / 2 variation theoretically predicted from similarity considerations. This

difference is at present unresolved.
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APPENDIX A

THE REYNOLDS EQUATIONS OF MOTION AND THE ENERGY EQUATION OF TURBULENCE

DERIVATION

The motion of a viscous incompressible fluid is described by the Navier-Stokes

equations which can be vectorially expressed as

aU +U.VU =-LVP+ VV2 U [A]
at P

In addition, the fluid motion must also satisfy the continuity equation

V. U = 0 [2A]

In these expressions, U is the velocity vector,

P is the pressure,

p is the density,

v is the kinematic viscosity coefficient,

t is the time, and

V represents the conventional gradient operator which, of course, is a

function of the coordinate system, denoted by x for brevity.

In accordance with a fundamental concept of turbulence, the so-called steady-state

turbulent velocity field is separable into a mean motion and a fluctuating motion such that

U(x, t) = U(x) + u(x, t); P(x, t) = p(x) +j(x, t) [3A]

subject to the condition that temporal averages of the fluctuating quantities vanish, i.e.,

T/2 T/2

u = lim u dt = 0;p lim dt = 0 [4A]
T-*oo T T-ooT -

-T/2 -T/2

The Reynolds equations are obtained by introducing [3A] into [1A] and averaging

with respect to time in the manner indicated by [4A]; the resulting equation can be expressed

as

U .VU = -l p+v2U - U. VU [5A]

The manipulation of [2A] in an identical manner leads to the interesting and useful

result that the continuity equation is separately satisfied by the mean motion and by the

fluctuating motion, i.e.,
V. U=0; V. u=0 [6A]

The so-called energy equation of turbulence is derived by subtracting the Reynolds

equations [5A] from the Navier-Stokes equations [lA], after the latter has been expanded in

accordance with the relations [3A]. Then, by forming the scaler product of u with each term

of the resulting equation, an energy relation is obtained which, after manipulating with the aid
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of [6A) and averaging with respect to time, takes the form

U V UU = -u.(u. )U- V.u u +- +vu . V2  [7A]
2P

The last term in this equation represents the net effect of viscosity on the turbulent

energy balance and is often expanded as

vu.V2U=v [v2 UU + V.(u.V)u] -v[V2u.u +- [ .(U.V) U-. V 2U [8A]
2 2

In this form, the first bracketed expression is identifiable as the rate of transport of turbulent

energy by viscous effects and the second is equal to the rate at which turbulent energy is

dissipated to heat by the direct action of viscosity. (The interested reader is referred to

Reference 12 for a more complete discussion of the viscous term in the energy equation.)

EXPANSION INTO CYLINDRICAL COORDINATES

In the cylindrical coordinate system described by x, r, 0, let U, V, W be mean velocity

components and u, v, w, be fluctuating velocity components corresponding to the axial, radial,

and tangential directions, respectively.

The continuity equation [6A] can then be expanded into

a+1 a rV + 1 = ; u + 1 a r+ w = 0 [9A]
aO r at r O az r ar r aO

With the help of the last relation, the Reynolds equations [5A] can be expanded into

P+V l 2U1) ( +0 U 2  1 U a + _ )
az ar r ao pdx aOX2 art r 7 2 a02 a r a

aV + VY W0aV W2 1 _ V .1 V +_ O2V V 2 jW
ox dr tOO r p ar \a2 r O Or 2 2 r2 2 O

[10A]
+ - W

ra ra 0 t r

UW W W V+ W . 1 Pi&+V1 . + 1 a dW 1 2W W 2 W
Ox Or r tO r pr O de r ar Or r2 2  r2  r2 a0

+uIw 1 r - + 1 2 -
O rOt r O r J

Similarly, the energy equation of turbulence [7A] with the viscous term replaced by the

identity [8A] expands into
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a U + VV + 2 U2 2 L
ax & re6- 2 BI &r r ao)

av+-V2 av + -W - ? -w aw + aw +2 W W2

a a rar 0 r ax r r aO r

7- + --
r dO

2 2 2 )

2 P
[11A]

+ r + ow w _ (2  + 2 + 2 p

a r ar r Oe r 2 p

+1 a d2 + v22 + duw
r d r 'ae\ 2 a/ (

(2 +V 2 +U 2

2 Pr at r 0 r

- (U 2 2, 2 222 j )+ 2ar +2 2 + +
0r ao -2 ax)

+( + ) V2 + 2

d ar r aO r/

SIMPLIFICATION IN THE CASE OF AXIAL SYMMETRY

In an axially symmetric flow, the mean tangential velocity component W together with

all derivatives with respect to 0 of mean and averaged quantities vanish identically.

Consequently, the continuity equation [9A] simplifies to

U +! rV =; a+11 rV+1 aw=
as r ar ax r ar r ao

[12A]

the Reynolds equations [10A] simplify to

U + aU =lap
ax ar P as

Ua + V a = _I o + V 2 a
ax ar p dr \ ax2

a2U 1d d /) d
13X2 ar / a

+ a r av_ -- -
7 a r a 72

u r 2 2; , [13A]
(1E r a7 r

o = - + ar-w
ax rar

and the energy equation [11A] simplifies to

S (U2 +V2 + au
d a\ 2 a.

+ 1 a r  u2 + 2 +
Vr \ 2k

r a
r a

+ w
r



(a V 2 + 2
2+Va +V 2 + 2 +W

+Z2 +

x 1Lax\ 2 /

ar+ av

au2

dax

+ arv
ar

+2+ v2 2 2
r ar 12 P )

a21aV +2 + 2 + W2 P_ 1 2 +_ +g+ + arv -v +-
as r a r2 p

L 2 2 + O {2 ) (1r )2 2 Ow + W

(or r r al dI a re r

r I

S r +v +w 2

r d2

[14A]
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APPENDIX B

DERIVATION OF APPROXIMATE EQUATIONS OF FLUID MOTION

In the case of an axially symmetric turbulent wake, the exact equations governing the

fluid motion may be replaced with approximate equations which are deduced from the former by

an order-of-magnitude analysis similar to that applied in boundary layer flows.

As a preliminary step toward this end, .it is convenient to introduce into the exact

equation the so-called mean velocity defect Ud = Uo - U and to nondimensionalize the result-

ing set of equations by means of the free stream velocity U and an arbitrary, but fixed axial

length 0o* Then, Equations [12A], [13A], and [14A] can be rewritten as

aUd i a o l a 1 01
_d_ 1 t lV = 0 u I r + 1 1 0  [LB]ax- r&r I  rI do

(1 - Ud ) 1 + V 1- + V +- , -- , +  _ + " i iru
- / 11 1 11 ar ax pU-2 Uoo 0  r, . 1 r ar

av, av, a P _2I a 2 _,1 2
(1- Ud.) + V = + V i + - -V 1i + a V1

1 1 r t ipU02 ' 00 0 1 1  t 1  - 1 1 1 1

[2B]

0 aIil +1 a viw

a81  1 d 1  1

- 2 1_1 u ,1
I1 21 1 1 2 1 [3B]

2d U 2V

+-V1 Uf  + V +  ' 2 +  V +21 , +  2

S1 2 1 1 1 1  1 1_ 1 1 1

+-_ L +2 +2 +--- + +- + - +_+ 1 + -r ++0- I iV , WGo 0 1 d 1 a, r do r

where the subscript 1 indicates a quantity nondimensionalized with U0 or x0, as applicable.

The numerical value of Ud is chosen as a reference and assigned an order of magnitude
C, where e is small in comparison with unity, i.e., t << 1. Then x0 is so selected that the

values of r encountered in the wake are of the same order of magnitude as Ud , i.e.rl = 0(0).
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Finally, the axial interval of the wake to be considered is restricted to that interval in which

S= 0 (1).

It is then apparent from the continuity equation [1B] that V1 = 0 (e).

Using this result and replacing terms where possible with their order of magnitude

values, the first two equations of the set [2B] can be written as

(1- ) + f2  -P + ( + O-1) + (1 U1 + Ul 1 • 61)
P U02 U0 X0

[4B]

(1 OE) 2 +2 f 1 P + (E2 + 1) + (1 . 1l81 + I-1 V 12 - -1 W12)

p 02  U0 0

Since a turbulent wake is under consideration, it is implied that the forces due to the

turbulence stresses are of the same order of magnitude as the inertial forces, while the vis-

cous forces must be at least another order of magnitude smaller. Consequently, assuming that

all elements of the Reynolds stress tensor are of the same order of magnitude, the first of

Equations [4B] indicates that these elements must be 0 ( 2); at'the same time, this equation

indicates that (v/UCox) = O (e 3 ).

Using these results in the second equation of [4B], a conservative estimate of the

pressure term can be made by assigning to it an order of magnitude equal to that of the

largest of the other component terms of the equation. In this way, it is easily shown that

p/(pu 0
2 ) = o (2).

For an axially symmetric turbulent wake, a first approximation to the exact Reynolds

equations is obtained by discarding all terms of order e2 and higher, and can be written as

aUd 1 a
r r1 u1 '1  

[5B]
ax1  rl rI

With the additional assumptions that T/(pU 2 ) is of the order c2 or smaller and that the

viscous dissipation term is of the same order as the largest of the other component terms in

the equation, a first approximation to the energy equation [3B] can be derived in the same

way and written as

SU 12 
+ V12 

+  
12  ) d (D1  [6B]

0-1  I2 arl UoXo

where

2 2 _ 2  1 1 1 U2 o12 1  r
2

( =2 1au \ + 12 + '2 V + + + + +  
1 + r 1 2

a11 4 1 1 ax 1  11

If it is assumed that the nondimensionalized dissipation function ( 1 can be satisfactorily

approximated by its isotropic form, i.e.,( 1 = (15ul2)/X 1
2 , it can be shown that 12/15 must

be of order e 3 in order that the dissipation term in [6B] have the same order of magnitude as

the other terms.
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Thus, in recapitulation, a first order approximation to the Reynolds equations in the

case under consideration is
U0 r " [7B]0 X r9r

a similar approximation to the energy equation is

0 2 2 2 = Od+ V + I
2as 2

or, if 4 be given its isotropic form,

0 +  + w2 aU d 15vu2 [8B]
a- 2 & 2

It is of interest to examine the experimental data obtained in the wakes behind the disc

and the square in the light of the order of magnitude analysis presented above. The pertinent

data can be conveniently summarized as follows:

5 inches < x < 140 inches

1 inch < r < 2 inches

0.004 < u 1 '< 0.04

0.004 < Ud < 0.04

0.06 inch < A < 0.16 inch

In order to satisfy the condition that zx = 0 (1) over that interval of the wake in which

the data were taken, x0 is set at 5 feet. It then follows that 0.016 < r1 < 0.033, 0.6 x 10- 7 <

X1
2 /15 < 4.5 x 10- 7, and v/Uox o = 4 x 10- 7 if U0 = 80 fps and v = 1.5 x 10- 4 ft 2 /sec. Hence,

it is seen that ul, rl, and Udl are of the same order of magnitude which, if denoted by e,

satisfies the condition that e << 1, as required in the analysis. It is further seen that both

v/Uo o and k1
2 /15 are of order e3 , which is consistent with and in support of the assumptions

involved in the derivation of Equations [7B] and [8B].
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