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FOREWORD

Work on this report has been underway for about two years at the

David Taylor Model Basin, during a period when several groups working here

and elsewhere in the United States were endeavoring to crystallize their ideas

on the subject of the stability in steering, turning, and course- and depth-

keeping of ships and of torpedoes and other weapons of war.

The manuscript of this report was completed by Dr. Garstens prior

to his transfer from the Taylor Model Basin staff, and before the great im-

portance of clear-cut, descriptive definitions and comprehensive notation for

work in this field was fully realized. As the development of definitions, no-

menclature, and notation is still going on, no overall attempt has been made

to modify the text of this report to agree with one or another of the systems

now in use.

It is hoped that the reader may be able, for the time required to

study this report, to consider it as a sort of special case, making use of the

terms as here defined for the sake of the points which the report endeavors to

bring out.





RESTRICTED

THE DYNAMICAL STABILITY OF TORPEDOES

ABSTRACT

The differential equations of the longitudinal motion of a torpedo

are developed. The hydrodynamic forces which affect the motion of torpedoes

are enumerated, and the criteria for determining dynamical stability are in-
dicated. The method of obtaining all the constants necessary for a stability

determination is outlined. In addition to measuring lift, drag, and moment,
it is necessary to determine the pitching moment due to pitch. An oscillation

technique for obtaining this is described in Appendix 1. To illustrate the
procedure for determining the dynamical stability of torpedoes a numerical
example is worked out for two cases: one with the automatic rudder controls

in operation, the other with fixed rudder controls. The latter case deter-
mines whether the torpedo is stable without the stabilizing effect of the

rudder controls.

INTRODUCTION

Many tests of the static stability of torpedoes have been made at

various places, such as the California Institute of Technology (1)* and the

David Taylor Model Basin. These tests very often indicate static instability

in torpedoes that are known to be stable in practice. Thus the Mark 13 torpe-

do is statically unstable as shown by static stability measurements, but is

stable when in normal operation. In normal operation, forces additional to

the static ones are present; the most important of these is the damping force.

The purpose of this report is to present a general treatment of the

stability of torpedoes, including all terms which are pertinent to their mo-
tion. It is easily possible to neglect important forces if these terms are

omitted. As an introduction to the general treatment the highly simplified

case of the stability of a wind vane is first considered. It is shown later

how damping can counteract the effects of static instability.

A WIND VANE HAVING ONE DEGREE OF FREEDOM

The fundamental ideas may be introduced by considering the case of

a highly simplified body moving through a fluid. One of the simplest cases is

that of a wind vane. In Figure 1 the vane is fixed to swivel about the origin

O in the xz-plane. The angle of attack 0 is the angle between the relative

velocity U, which is parallel to the x-axis, and the direction of the vane.

If P is the center of pressure, 1 the distance OP, positive if P is to the

* Numbers in parentheses indicate references on page 15 of this report.
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right of 0, and L the lift force at P, positive

S0 x in the positive z-direction, downward in the

u U figure, then a moment equal to - LlcosO acts

around O0. For small angles 0 the moment can be

replaced by the value-L. The sign for both 0

and the moment is considered positive in the

counterclockwise direction from z to x.

If there are no damping forces present,

Figure 1 - Fixed Wind Vane then the vane, once disturbed from its equilib-

rium position, will oscillate indefinitely at

constant amplitude. We assume a damping force proportional to the angular

velocity . If c is the damping constant the equation of motion is
dt

d26 dO
I - Ll -c [1]

dt2  dt

where I is the moment of inertia of the vane about the pivot 0. Assuming, as

in airfoil theory, that L =-KO for small angles where K is constant and pos-

itive, Equation [1] becomes

d26 dOI d 2 + c d - Kl = 0 [2]
dt 2  dt

The solution of Equation [2] is of the form

S= AleD1 + A2e 2 [

where D1 and D 2 may be complex. The motion is obviously unstable if either

D i or D2 has real components which are positive; otherwise the motion is

stable. The two values of D are the roots of the equation obtained by re-

placing the derivatives in [2] by operators. Thus, if we set

d D and d D
dt 2  dt

we may write [2] in the form

(ID2 + CD - KIl) = 0 [4]

The two values of D in the equation

ID2 + cD - K = 0 [5)

are the values to be used in [3]. Thus from [5]

2
D =-C C+ + 4IK1 [6]

21

• Although it is customary, when drawing diagrams of this kind, to represent all forces and moments as

positive, the lift force L is shown abaft the pivot because in a stable wind vane it is actually there.
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The condition for stability, i.e., negative values for D, is

c > c + 4IKl [71

or

41K < 0 [8]

Since 41K is always positive the stability of the vane depends on the sign of

1. If 1 is positive we have static instability; if negative, static stability.

We thus see that, for this case, damping has no effect in determining the sta-

bility of the vane. The stability of the vane is completely determined by its

static staoility. However, as we shall shortly see, static instability does

not always imply dynamic instability.

TWO DEGREES OF FREEDOM

We now assume that the vane is no longer rigidly attached at 0, its

center of gravity, but is allowed to move freely in the xz-plane; in other

words, that it becomes an arrow. We make the following additional assumptions:

a. That the weight of the arrow in the z-direction is exactly

balanced by an upward force; for a consideration of torpedoes in the

vertical plane, for example, this force is buoyancy.

b. That its drag force is zero. L

c. That 1 is independent of 0. o 7i_ Tr

d. That the vertical force due u x

to rotation is zero; this implies

that the damping forces are distrib-

uted along the body.

The center of gravity can now z

move along the z-axis while the arrow is
Figure 2 - Vane with Two

rotating. Instability can arise in two Degrees of Freedom

ways. Either z, the distance of the

center of gravity from the origin of coordinates, or 0 can grow indefinitely

large. The two equations governing the motion of the arrow are now

d2 z
M = - Kl [9 ]

dt2

d29 dO
S = KPI - -- [10]

dt" dt

-- -- -- Illl IIIIIIYIIIIIIIIIIIIII~IYli



where 8 = (0 - a) as in Figure 2. As a result of the motion along the z-axis,

the velocity of the arrow V - + makes an angle a = with the

x-axis; see Figure 2. The angle of attack therefore changes from 0 to

1 dz
= 0 -a=0+ U dt

Hence Equations [9] and [10] become

M d Z= - KkO + T [11]
dt2  U dt

d Il 1 dz dO
I K 0 + - - [12]dt2  U dt dt

As before, Equations [11] and [12] may be written in the form

(MD2 + - D)z + KO = 0 [13]

KI Dz + (ID2 + cD - KIl) = 0 [14]
U

The solutions of [13] and [14] are

0 = AleD l + A eD2t + A 3e + A4eD4t [15]

z = B lle Di + B 2eD2t + BeD3t + B 4eD4t

where the four constants B i are functions of A , and DI and D 2 are the roots

of the equation formed from the determinant whose terms are the coefficients

of z and 0 in [13] and [14], i.e.,

(MD2 + D) K
=-0

KID (ID2 + cD - Kl)
U

or

MID4 + (KI+ cM)D + -MIK + K)D = 0 [16]

or

D2 + +  D +  Kc 0 [17]*MU I I MIU

* The factor D
2 
which has been omitted in [17] in a strict mathematical sense implies unstable motion.

Obviously, however, the type of instability to which this factor gives rise is not important where con-

trols are present, as in a torpedo. (Continued on page 5.)
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Hence

1 K c 1 K K KcD =+- +-++ -4( +
2 MU - 2 MU I I MIU

The condition for negative roots, or stability, is

4( lK + Kc ) > 0 [18]
I MIU

Since is positive, this condition is equivalent to

(-1 + )> [191

Here c is always positive.

It is clear from [19] that the arrow can be statically unstable,

i.e., I may be positive, yet it may be dynamically stable provided that the

value of I is less than fp. It follows that a body which is dynamically un-

stable may be made stable either by shifting the center of pressure farther

back or by increasing the damping.

We now go on to consider a torpedo in which the forces present are

more numerous and act in a more complex manner. The torpedo is considered to

be a free body, moving in a vertical plane only to simplify the problem, under

the influence of external hydrodynamic and gravity forces. The method of de-

termining the dynamical stability of the body is to subject its steady-state

motion to a virtual disturbance of infinitesimal amplitude. This has the ad-

vantage of leading to linear differential equations which can easily be solved

and from which the stability of the body can be determined.

EQUATIONS OF MOTION OF A TORPEDO AND THEIR SOLUTION

Let a fixed coordinate system be used in order to make possible

easy comparison with previous treatments. The undisturbed motion of the tor-

pedo is considered to be in the horizontal z-direction and of velocity U; see

Figure 3. The elevators are assumed to be at neutral position and the axis of

the torpedo is assumed to be coincident with the x-axis.

The z-axis points vertically downward and the y-axis is perpendicu-

lar- to z and x, forming a right-handed coordinate system with origin coincid-

ing instantaneously with the center of gravity of the torpedo. The angle 0 is,

A double root equal to zero leads to a solution of the form 0= A + Bt and z = A'+B'9. These seem
to indicate unstable motion. Substitution in [11] and [12], however, leads to the results

B = 0, 0 = A = B' 1 d (A' + B't)
U U dt

In other words, if a disturbance in velocity of amount B' in the s-direction is introduced, a new
mean direction is determined, making the angle - with the s-axis. This angle is usually very small.
The stability along this new direction is again determined by Xqvation [17].
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Figure 3 - Undisturbed Figure 4 - Disturbed
Motion of Torpedo Motion of Torpedo

as before, considered positive in the zx-direction.

In the disturbed position, Figure 4, the torpedo makes the angle 0

with the x-axis. The elevators are at an angle 0 with the axis of the torpedo.

The angle 0 is considered positive downward. The center of gravity of the

torpedo is displaced a distance z in the vertical direction. The disturbed

velocity V makes the angle a with the x-axis, while. , where 8 = ( -- a),

is the angle between V and the torpedo axis.

The most general two-dimensional motion of a free body under an ex-

ternal force of components Xi and Z1 along the x- and z-directions respective-

ly, and of moment m about the y-axis, is given by the equations

M d u - X, [20a]

Sdw - Z [20b]
dt 1

2 dq
MK - m [20c]

dt

where Mis the mass of the torpedo,

K is its radius of gyration around the y-axis through its center of

gravity,

u,w are the perturbation velocities along the horizontal and vertical

axes x and y, and

q is the angular velocity of the torpedo, or q = where is the.

angle of pitch, considered as before positive in the zz-direction.

The total horizontal velocity is equal to (u + U) where U is the

constant steady-state velocity. It is unnecessary to include it in Equation

[20a] since d(u + U) du

We may divide the external forces X1, Z, into those due to gravity

and buoyancy W, those due to the net thrust T of the propeller, and the hy-

drodynamic forces Z and X, i.e., lift and drag. Applying these forces to

- ~ICI



Figure 4, the following relations are obtained, for small angles:

XA = X + Tcos0 = X + T
[21]

Z = Z + W - Tsin = Z + W - TO

In the present report it will be assumed that the torpedo is of neutral buoy-

ancy so that W= 0 and

Z = Z - TO [22]

The hydrodynamic forces.X and Z, and the moment m depend upon the

velocities u and w, the angular velocity q, the accelerations i and t, and the

angular acceleration q. The dots indicate derivatives with respect to time.

In addition X, Z, and m depend on the angle 0 between the x-direction and the

torpedo axis and the rudder angle 4. Thus

X = X(u,w, q, ,, w,q, ),

Z = Z(u, w,q, , w, , O, )

m = m(u,w,q, z, w, q, , b)

For infinitesimal disturbances these equations may be written in the form of

a Taylor expansion.

6X 6X oX aX . X . aX. dX bX
X = X o + + w + - q + x -+ ax + x + a + a

0 u Ow Cq A + t+ q + 6+0 -4

0z 0z 0z z. oz . az. az oz
Z = Z + -u+ w+ -q + + w+ + - + [23]

Ou aw 0q C i a ad C0 04

Cm + m Cm Cm m m . m Om
m= m + u ++ w + q+- +  w + -q + -+ -

au bw Cq ali Cw 0(q C0 04

The steady-state condition occurs when no disturbances are present

or when u = w = q = u = u = = 0 = 4 = 0. Equation [20] in the steady state

becomes 0 = + T

0 = Zo  [24]

0 = m0

We may neglect many of the derivatives in Equation [23] because of

the symmetry of the torpedo. All these derivatives are evaluated for the

torpedo in its steady-state position. We may therefore imagine the torpedo

in the latter position and vary one variable at a time in order to determine

10110 1111 111,9111 W l 1,11111114 N-
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any of the derivatives. The torpedo is considered to be symmetrical with

respect to a horizontal plane passing through its axis. The X versus w curve

is symmetrical with respect to the X-axis; the slope at w = 0 therefore van-
aX

ishes, i.e., 2 is equal to zero.

Since the X versus w curve is similarly symmetrical around the

X-axis, Z is also equal to zero at i = 0. The same argument holds true for
tX dX

both - and '-a
Oq q ^ aZ am aZ am

Each of , and -y is equal to zero by reason of the assumed

symmetry of the torpedo about its axis. Thus an increase in the forward ve-

locity u should give rise to neither an upward nor downward force. Hence, &u

is equal to zero. A similar argument holds for the other derivatives.

Tests have proved the assumption that X is a minimum when both 0
aX ax=

and 0 equal zero. Hence @- OX = 0. Set

(M -OX) Mx-- u -M

M - OZ)- M [251

(MK 2  OmI

Then, from Equations [21], [22], [23], [24], and [25], we may write Equations

[20] in the following form:

M du= - u [26a]
Xdt Ou

dw dZ w Z +OZ . BZ Z
M - - w + 4 + ( - + 4 [26b]

z dt aw Oq -q 00 T O

dq am am Om . m amI w + q + w+ 0 + [26c]
dt Ow Oq O6 09 O4a

Here 9 and a are the virtual masses and moment of inertia respectively,

resulting from the acceleration of the water surrounding the torpedo. Both

and arise from the fore-and-aft asymmetry of the torpedo. Thus, if the

torpedo is pitching with an angular acceleration q, the amount of water being

accelerated at the tail of the torpedo is different from that being accelerat-

ed at the nose. There will, therefore, be a net force Z due to this differ-

ence. Similarly a net moment m will arise owing to the vertical acceleration

of the torpedo.

I in MI1 hili gIlIluuIYY IIgllM ih
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The torpedo depth control is usually set so as to result in a.linear

relationship between z, 0, and 4, i.e.,

= - az + be [27]

where a and b are positive. It is clear from [27] that the elevators turn in

such a direction that they bring the torpedo back to its steady-state position

z = 0. If the value of 4 from [27] is substituted into [26], the latter may

be rewritten in the form

(MxD- xu )u = 0 [28a]

- - b D- D + zD D + az =0 [28b]
Soq 0q Ow 05

2 Om O Om Om 2 Om
(ID - D -- b)0+( am D2 - am D+ am ) z =0 [28c]

sq 00 04 w aw 04

where D is an operator indicating the time derivative. The simultaneous dif-

ferential equations of [28] can be solved by operational methods (2). In this

method, D is treated as an ordinary unknown number whose value is to be de-

termined. The condition for Equations [28] to have a simultaneous solution is

then that the determinant formed from the coefficients of u, 0, and z should

vanish. Thus

MxD - (A,D + BD + C1D+ D'D + E)=0 [29]

where

A, = MzI O [30

Om OZ OZ Om OZ Om
B, =-M Z A - I [311

Sq Ow 0q Ow Oq Obw

M-m b+ am + OZ am + + + aam

Om ZOm OZ am OZ Om
+ T -OZ m b + a [32]

ab 00 Ow 04 Ow 0q 04

O Om OZ Om OZ - OZ amD' mw .b- T) +-- - +

OZ Om - m OZ Om OZ
+a a + [33

Oq 60 8q 0 00 aw

ram O2Z am (O Z€ 8@



Since [29] is in a factored form, each parenthesis may be solved

separately. The second parenthesis is a quartic in D yielding four roots

D1, D 2, D 3, and D 4. The solution of [29], and therefore of the original

equations [28], is of the form

S= alet + a2 eD2t + ae 
t + a4et

[35]
z = bl eDit + beD2t + b3eD + be

where the four constants bi are functions of at.

By definition, the motion is stable if neither 0 nor z grows indef-

initely large. For stability, therefore, the values D, , if real, must be neg-

ative, and if complex, must have their real parts negative. It can be shown

that if B1
2(E1 + D

2)A1<BC 1 D1, and if A1, B1, C1, D1, E1 > 0 then the real

parts of the roots D are negative and the motion is therefore stable. The

period of oscillation, stable or unstable, is equal to the absolute value of

the imaginary part of the root divided into 27r. Thus, if (-5 + 6i) is a

root, the motion is stable and of period 2. From [35] it is clear that -5 is
a measure of the strength of damping. Thus, since 0 = ce (-s + 6i)t =

ce-St(cos 6t + i sin 6t), then from t = 0 to t = 2, 0 goes from c to

ce- 5 (") = cke r6  . The larger the absolute value of the exponent, the

smaller the ampitude becomes at the end of the first period.

The first parenthesis in [29] is a first-degree equation in D,

leading to a negative real root since O is negative. It cannot therefore
au

lead to any oscillation or to instability.

DETERMINATION OF THE COEFFICIENTS NECESSARY
FOR COMPUTATIONS OF TORPEDO STABILITY

Mz -= M - To determine M, it is necessary to know the virtual
eZ

mass -7~ due to upward motion and the mass Mof the torpedo. Appendix 2 con-

tains a tabulation of virtual masses of ellipsoids of revolution which may be

used to approximate torpedo forms,

M-= . Since w = Ua for small angles, then w = IU and M 1 OZ
Ow 0t Ow Ow U Ow U Oad

is the slope of the curve of lift against angle of pitch at the point of

zero angle of pitch.
aZThe term is the slope of the curve of lift against elevator angle

at the point of zero elevator angle.

I =M(2 - & Here - is the virtual moment of inertia of the wa-

ter due to angular acceleration about the center of gravity. It can be de-

termined directly by the same oscillation method that is used to determineO-

It can also be estimated by use of approximating ellipsoids whose virtual mo-

ments of inertia can be computed; see Appendix 2.
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Om =hnm a =_ 1 Om where 1 is the slope at the point of zero angle
Ow Oa Ow UO Oct

of pitch of the curve of moment against angle of pitch.

The terms tm and a are related. The term 0w is the vertical force
&w Ow fw

due to the vertical velocity w. This force can be considered to be exerted at

the distance, 1 of the center of pressure from the center of gravity of the

torpedo, Figure 5, giving rise to a positive moment -1 - w. But this is pre-

cisely the term given by m w. Therefore
aw

Om OZ-=- 1 [36]
Ow Ow

This equation can be used to determine I if am and OZ are known. If I is
Ow Ow

known either of the two derivatives can be obtained from the other.

The slope of the curve of moment

against elevator angle at the point of zero

angle is given by m. If L is the dis- (-q)Z

tance from the center of pressure on the
Center of

elevator to the center of gravity, then Grovity--

LOZ Om
O0 Oo¢ a [37] 5- W

The term O- is the rate of
Oq

change of pitching moment with variation

of pitching velocity. This term is a
Figure 5 - Hydrodynamic Forces

measure of the damping of the pitching on a Torpedo

motion of the torpedo. It can best be

determined by oscillating a model of the torpedo moving through the water and

measuring the damping coefficient when a varying torque of known angular fre-

quency is applied. Appendix 1 describes a simple apparatus for measuring Omaq
by forced oscillations of a torpedo about a vertical axis.

The term a can be obtained froma. The lift due to pitching

arises mainly from the tail surface, as does the moment due to pitching, as

illustrated in Figure 5, and therefore

8m OZam L
aq Oq

[38]

The force at the center of pressure of the torpedo due to rotation

through the angle 0 is 0Z 0. This gives rise to a positive moment - IO 0.

* The assumption that L is the same in Equations [37] and [38] is an approximation.

__1 __ ~_~_~ ___^_I _I I_ x IIYIY1111101 W, I
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Therefore

m _ - [39]
0 00

The foregoing relations can be used to simplify the coefficient of
D given by [33]. The latter may be rewritten in the form

D Om - T + m Z)b [33a]
8 w LT 04 Ow

since, by Equations [36] and [39],

OZ Om Om OZ
+ =0

00 Ow 00 Ow

and, by Equations [37] and [38],

OZ Om Om OZ **
a - -- a = 0

Oq O 9q 0

The term F may be obtained by oscillation methods (3). If
is the variation of moment with angular acceleration when the tail append-
ages, such as elevators, propellers, and the like, are removed from the tor-

pedo and AM is its-value when they are attached,then the difference,
8a

La) (m m )J Am [40]

is the virtual moment of inertia due to the tail appendages. Am arises from
a force & Z at the tail of the torpedo due to the angular acceleration q.
Therefore

Am4 = L OZq

or
Z - A** [41]
0 Lm

assuming that = 0 for the bare torpedo.
84 Om

The term may also be obtained by oscillating the torpedo in the
z-direction with and without the tail appendages attached. The virtual mass-
es due to motion in the z-direction with and without appendages attached are

OZ OZ '

The derivative Mis identical to e. The derivative is identical to

* See the footnote on page 11.
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mmThe moment which results from the force Awtr is Vto. Therefore
=- LA * [42]

assuming that = 0 for the bare torpedo.

Instead of determining A, or A by measurement, we will attempt to

estimate them by replacing all the tail appendages by a flat plate in the

horizontal plane. The virtual mass and moment of inertia of this plate will

be assumed equivalent to that due to all the appendages. The horizontally

projected area of the elevators, fins, propellers, and other appendages va-

ries in different torpedoes from 1 square foot to 3 square feet. We assume a

mean area of 2 square feet for the equivalent flat plate with dimensions 1.2

foot along the axis and 1.67 foot at right angles to it. If end effects (4)

are neglected, the virtual mass of a flat plate of breadth 2a and length b

moving in a plane perpendicular to its surface is pira 2b, where p is the den-

sity of water. For this case, 2a = 1.2 foot and b = 5/3 foot. Therefore the

virtual mass due to the stern appendages is

- A = pra2b = 3.8 slugs* [43]

In view of the approximate nature of the assumptions involved in

obtaining [43], we may assume that the virtual mass of the flat plate is the

same in angular as in vertical acceleration. The small are through which the

plate moves and its large radius of curvature during angular acceleration

justify this assumption. Hence

LA = A [44

From [41] through [44], we obtain the result

OZ am 3.8L* [45]

ILLUSTRATIVE EXAMPLE

To illustrate the foregoing, an example will be worked out for a

hypothetical case. We assume the following values, which are of the order of

magnitude of the values applicable to the Mark 19 torpedo.

= M OZ 3220 + 1610 = 150 slugs
Mz = 1M- 5 = 2.2lugs

U = 47 feet per second

• See the footnote on page 11.

S* An empirical formula for the virtual mass of a flat plate is given in a recent paper (7). This in-

dicates that the value of - Aw in this equation is 19 per cent too large.
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= -300 pounds per foot per second

= -14,000 pounds per radian

T = 1000 pounds

z= -2000 pounds per radian

L 1= 0 feet

1 = 4.5 feet

-1800 pound-seconds

I = (MK -- = 3000 + 1400 = 4400 pound-foot-seconds'

j= 300(4.5) = 1350 pound-seconds

Om&= -18,000 pound-second-feet

= 4.5(14,000) = 63,000 pound-feet

-20,000 pound-feet

a = 1 degree per foot of depth = 0.0175 radians of 0 per foot of z

b = 3 radians of * per radian of 0

S-3.8L = -38 slug-feet

q= -3.8L = -38 slug-feet
-3Oq L 3
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The resulting quartic equation is

D + 6.09D3 + 9.78D 2 + 41.68D + 11.32 = 0 [46]

The motion is stable since BiC 1D1 = 2480 > Bi2E 1 + D1
2A, = 2161 and all the co-

efficients are positive. The roots of [46], which may be obtained easily by

Encke's method of solution described in Appendix 3, are -0.29, -5.61, and -0.10

+ 2.65i. These also indicate stability; see page 10. The period of the

oscillatory motion is
2f

t = = 2.37 seconds
2.65

The amplitude of oscillation will decrease to half its initial value in the

time t' given by the expression

-0.10t' a
ae

2

or

0.693
t 0.69 6.93 seconds

0.10

HYDRODYNAMIC STABILITY

To determine the stability of the torpedo independently of the

action of the elevators we set a = b = 0. For this case we obtain the cubic

equation
D3 + 6.09D 2 - 3.33D + 2.05 = 0 [47]

with roots -6.63, and +0.28 ± 0.49i. The motion is unstable, for the reasons
2f7

given on page 10, with a period t = 49 = 12.8 seconds. The damping is not

sufficient to maintain stability. The amplitude increases to twice its ini-

tial value in 2.47 seconds.

This torpedo is intrinsically unstable. The controls have suffi-

cient effect on it, however, to make it controllable.
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APPENDIX I

DETERMINATION OF BY THE METHOD OF FORCED OSCILLATIONS (5)
3q

In Figure 6 the model is shown mounted on a vertical shaft so as to

oscillate in the horizontal plane about the z-axis while moving horizontal-

ly through the water. Above the water surface the shaft is attached to a

spring which in turn is forced to oscillate sinusoidally through an angle

= ko sin pt at its opposite end, where io is the maximum angular ampli-

tude and p is the angular velocity of the imposed motion.

Long Reciprocating Rod

Rotating Disk

Spring

Z

Figure 6 - Oscillator for Determining
the Damping Coefficient

The spring at any time t is twisted through an angle ( - 0). The

torque applied to the torpedo is therefore equal to k(h - 6) where k is the

torsional spring constant. The equation describing the resulting motion of

the torpedo is

dO9 dO
dt2 = - ( + 1) d + k( - 0) + ce
dt 2 dt

[48]

where = is the damping coefficient to be determined, I is the moment of
aoq dm

inertia of the torpedo and the entrained fluid, c = -, m is the moment on

the torpedo due to its motion through the water at angle of attack 0, and "I

is the damping coefficient due to friction in the supports. Therefore

Pivot Point

-Power SupplyAll oscillations are in the
X-Y plane

Torpedo-

__ ~_I ___ ~ "~ E11111



d20 dOId + d + d + k' = k 0 sin pt [49]

where k' = (k- c).

The particular integral of the equation,

O = k o sin(pt - E)

i _(k' 2 ) (P + i )2 2 [50]

with tan e = (K + -I)P describes the motion of the system when it has reach-Kv - Ip2,
ed its steady-state condition.

The condition for resonance or maximum amplitude of 0, as p is
varied with fixed o, is, from [50],

k' 2 (p + #,)2

I P = 212

Therefore

ki0
max 0 ( 2+

r2 ( + )2  [52]
(p + #) 2 + 24I

Equation [52] can be used to determine p. Thus, if we assume that the reso-
nant frequency for the damped system is close to that of the undamped system,
then

2 k[P 1 [53]

From [51] it is clear that ( + Pu)2 may be neglected compared to p2 . There-
fore 152] becomes

- P 1= [54]

All the constants but u1 are known. The constant p,*can be determined by

oscillating the torpedo in air when its translational motion is zero. In

this case c = 0 and p = 0. Thus am is completely determined.

The assumption of coincidence of damped and undamped resonant fre-

quencies is equivalent to the assumption that the damping forces are small.

When th'e damping is very large, this assumption may not be sufficiently ac-

curate. Equation [52] must then be used directly, and therefore the moment

of inertia I must be known. For small damping, the moment of inertia can be

obtained from [53] as a meastred value.

* The constant #1 is probably very small.
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APPENDIX 2

APPROXIMATE VIRTUAL MASS AND MOMENT OF INERTIA OF TORPEDOES

As an approximation to the virtual mass of a torpedo in forward and

vertical motion and its virtual moment of inertia in pitch, one may use an

ellipsoid of revolution with the same ratio of major to minor axis as in the

torpedo. Let - be the ratio of major to minor axis, Figure 7. Let f, and f2

be the ratio of the virtual mass in

the direction of the major and minor

axes respectively, divided by the mass

of the displaced water. The latter

mass is equal to - p7rb2a, where p is 0

the density of the water. Let f3 be Figure 7 - Virtual Masses Associated
the virtual moment of inertia about with the Directions of Motion and

the center of the ellipsoid, divided Rotation of an Ellipsoid

by the moment of inertia of the displaced water. The latter moment of inertia

is equal to prb2a(a2 + b2 ).

Table 1, taken from Bairstow's Applied Aerodynamics (4), gives fl,

f, and f3 in terms of .
'~ f b"

TABLE 1

Inertia Coefficients fl, f2, and f3 in Terms of -, the Ratio
of Major to Minor Axes

a f 2  f3

1.0 0.5 0.5 o

1.5 0.305 0.621 0.094

2.0 0.209 0.702 0.240

2.5 0.157 0.762 0.365

3 0.121 0.804 0.466

4 0.081 0.861 0.609

5 0.058 0.896 0.702

6 0.045 0.917 0.764

7 0.035 0.934 0.806

8 0.029 0.945 0.840

9 0.024 0.954 0.865

10 0.021 0.960 0.885

00 0 1 1
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APPENDIX 3

ENCKE'S METHOD FOR SOLVING FOURTH-DEGREE EQUATIONS

The fourth-degree equation used for determining the stability of

the torpedo can be solved by ordinary methods if at least one real root oc-

curs. Horner's method for extracting real roots is one such method. If one

real root is present, at least one more exists, since the complex roots oc-

cur in pairs. By dividing the quadratic, formed from the two real roots, in-

to the quartic a new quadratic is obtained containing the remaining roots,

real or complex.

When all the roots are complex, a method developed by Encke (6) can

be used for obtaining solutions of the equation. The method can be used

quite generally, however, for both real or complex roots, and then gives all

roots at once. We will illustrate this method by solving Equation [46] as

an example. Thus

AiD + BID3 + C D 2 + DID + EI = 0

D4 + 6.09D 3 + 9.78D 2 + 41.68D + 11.32 = 0 [46]

We multiply the coefficients through by 1000 and write them in the

following manner:
6.09 . 6090

9.78 - 9780
41.68 + 41681

11.32 4 11321

where the exponent 1 means multiplication by that power of 10. Thus 5132'

means 5132 x 104 . Writing these coefficients beneath their associated powers

of D

D4  D3  D2  D Do

(A1) (B1) (C1) (D) (E1)

1 6090 9780 41681 11321
Squaring*

(A 2) (B1
2 ) (C1

2) (D1
2) (El2)

[551
1 + 37091 +95651 +17373 +12812

* In squaring, the decimal point is replaced. Thus 6090 squared is (6.090)2 = 37.088. This multiplied
by 1600 is again written in the form: 37091. Similarly 41681 squared is (4.168 x 101)2 = 17.372 x 102 =
1.737 x 103 which is written as 17373.
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The following products are entered in the second row:

(- 2AC 1) (- 2BD) (- 2 CE)

-19561 -507661 -02213

In the third row we enter

(2AE)

2264'

Adding [55], [56], and [57]

P 2 1 + 17531 - 38942 + 15163 + 12812

[561

1571

P2 indicates that the original equation has been squared. Successive powers

will be labeled P4 , P8, p1 6 , and so on. The process is repeated until 2A,E,

disappears and one, two, or all other product terms (-2A,C, - 2B,D, -2CE)

become vanishingly small. If any of the latter terms persist, complex roots

are indicated. Continuing in this manner the following values are obtained:

1

Squaring 1

Squaring

Squaring

P16

Squaring

P 3 2

+17531

+30732

+77982

-38942

+1516 5

-0535
+0003 5

+1516 3

+2298 6

+00106

+12812

+16414

1 +io863  +9870' +23986 +1641
1 +11796 +9742 9  +575012 +26938

-01976 -52089 -0003 12

1 +98205 +45349 +574712 +2693 8

1 +964311 +2056 19 +330325 +7252 16

-0091 11 -1129 '9 -0000

1 +955211 +9270 18 +2834 25 +7252 16

1 +9124 23 +8593 37 +1091 1' +5259 33

0000 -6310 37 0000

1 +912423 +2283 37 +1091 51 +5259 33 [581

The middle term (-2BD) persists, the others having vanished. Hence one set

of complex roots is present. If two product terms persisted there would be

four complex roots. Let a and b be the two real roots and u + vi be the com-

plex roots. The modulus of u + vi is defined as

r=+ [59]r = + u + v2 [591
Thus

2 2 2
r =u + v
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The first real root a is obtained from the relation

log a32 = log (9.124)23 = 23.9602

log a = 0.7488

a = -5.608=-5.61

The sign is determined graphically.

In Equation [58] the number 2283 3 7 is in the column of a persisting

product and, as pointed out, is associated with the complex roots. We use

the number immediately following to obtain both complex roots. Thus

log (a r 2) 2 =

log ar 2  =

log 2 =

log (1.091)51

51.0378

1.5949

0.8462

= 7.018

Finally

log (ar2 b)3 2 =

log a 2 b =

log b =

log (5.259)13

32.7209

1.0538

T.4588

b = -0.2877

The two real roots are -5.61 and -0.29. From [59] we have

7.018 = (u2 + v2 )

The term u2 may be found from the following relation:

- Bi = a + b + 2u

Thus

[60]

2u = -6.090 - 5.608 - 0.288

u = -0.097

v = + V7.018 - 0.009 = + 2.65

The complex roots therefore are -0.10 ± 2.65i.

If none of the roots are real, then -2B1D would vanish but -2ACj

and -2C1 E1 would remain. In this case r, 2 u 1
2 + v 1 2 and r 2 2 2 + v 2

are introduced. The terms r,2 and r2 are obtained as before, using the term
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in the column immediately after the one in which the non-vanishing product

occurs. The terms ul and u 2 can now be obtained from the following equations

2 2
- 2ur 2 - 2u2 r = D,

and

2u + 2u= - B

Thus u, + v1i and u 2 ± v2i can be determined.
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