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Digital Computer Laboratory 
Massachusetts Institute of Technology 

Cambridge, Massachusetts 

SUBJECT: GROUP 63 SEMINAR ON MAGNETISM, LIV 

To: Oroup 63 Staff 

From: A.L. Loeb, J.B. Goodenough, N. Menyuk, P.K. Baltzer 

Date: June 11, 1953 

An invited paper was presented at the 1953 Spring meeting of The 
American Physical Society by C. L. Hogan. This paper is discussed in this 
report. 

The electrical resistivity of ferrites is 10° to 1 0 " times as great 
as that of iron. Thus the eddy current effect is tremendously reduced by the 
use of ferrites. Since eddy current effects delay any magnetic switching me
chanism, the use of ferrites is highly desirable. 

The permeability of ferrites varies from 100 to 100. The permea
bility displays a resonance effect as the frequency is varied and this was 
believed to occur when the frequency of the applied field was equal to the 
precession frequencies of the electrons. However, the behavior of the fer
rite ferroxcube III was not compatible with this explanation and led Brockman 
to predict, and later to find, a high dielectric constant within the mater
ial. The dielectric constant was found to vary from hOOO to 0.5 x 10° through 
the frequency range considered, and exhibited resonance. 

As a result of this high dielectric behavior, displacement currents 
as well as ohaic currents will flow in a ferrite core. This displacement cur
rent will then give rise to additional eddy current effects. 

Consider a cylindrical ferrite specimen to which an alternating 
field "H^ is applied, as shown in figure 12U* 

• Hogan, C.L., "Electromagnetic Phenoraona in Ferrites." 
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This alternating field w i l l induce an electromotive force given by 

,m.f. - J 3 . dS 

where "Bj • iUfy i s the t o t a l f lux density. The total f i e l d Hf i s composed of 
contributions from the applied f ie ld Ha and the f i e ld resu l t ing from the eddy 
currents. S ince there are two types of eddy currents induced in the material, 
an ohraic and a displacement current, the f i e l d result ing from the eddy currents 
i s composed of an ohmic (resistance) eddy current contribution H r e c and a d i s 
placement (capacitative) eddy current contribution Hc<fl,c. Thus 

Hip *^a + %ia +~^ce.c LIV-1 

The phase re lat ionship between these components follows from the two Maxwell 
equations (M K.S. units) when the e l e c t r i c and magnetic f i e l d s are expressible 
i n the form l T - He i w t . 

VxH?. - V*Hre.c. + V*Hc«c + V***! " € E* • -f^ • 0 

s i n c e Vxifa - 0 

V X E " - - ^ 

LIV-2 
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Since Ha is not space dependent, VxHa • 0. The second equation indicates that 
-Hf lags the e.m.f. which is in phase with Hrec by 90°. From the first equa
tion it is seen that HaeiC leads the e.m.f. by 90°. The phase diagram of figure 
125 results. Theoretically it should be possible to obtain a material with zero 
ohmic conductivity in which H a e c ̂  Hj. In such a case Hj and Ha would be 180° 
out of phase. In actual practice there are always some ohmic eddy currents pre
sent, but it has been possible to obtain a phase shift between Ha and Hj which 
is greater than 90°. 

Brockman defined an effective permeability neff by the equation: 

B T - [ieff H a LIV-3 

the 
He then found an exact solution for M-eff Jjy imposing the boundary conditions 
Ha • Hj> at the surface of the cylinder. H^ then decreases as one goes into 1_ 
material. If a is the radius of the cylinder he obtained for an average across 
the speciraan 7 

2^ [mjm LJV^ 
^eff " aw T p T J0(a* TfF ) 

when JQ and \ are Bessel functions of the zeroth and first orders, respec
tively. Thus M-eff will have a resonance at those values of a for which 

J0(aw J M 3 ) - 0. 

Brockman found a variation of the flux density through the cylinder 
at different frequencies as shown in figures 126 and 127. These curves can 
best be understood from a consideration of the phase diagram. If Ha is fixed, 
the phase relations will be as shown in figure 128. For metals H c a c is negli
gibly small. The field induced by eddy currents increases as one goes toward 
the axis of the cylindrical specimen. If H r e c increases, (Hx-hc^)a* Hj de
creases as the axis of the cylinder is approached. Because most of the eddy 
current is induced near the surface, the largest rate of change in H<p will be 
near the surface of the specimen. In ferroxcube III, however, H c e c is large. 
If Hj >"Hcec, Ha and Hy will be less than 90° out of phase and the component 
of Hj parallel to Ha will be positive. If H c e c increases more rapidly than 
the phase component of (Hf-Hcac.) which is parallel to Ha decreases with in
creasing H r e c, as is the case in ferroxcube III at 1.3mc, % will increase 
toward the axis of the cylindrical specimen. As Hrec—*"Ha, the phase compon
ent of (HT-HGec) parallel to Ha decreases more rapidly than Hcec increases 
so that H T decreases. H r e c - Ha when Hf - Hcec» If Hcec>"HT» there is more 
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than a 90° phase shift between Hj and Ha so that Hf is negative when Ha is posi
tive. This can result in a negative total flux at the axis of the cylinder com
pared to the flux at the surface of the cylinder. This latter case occurs in 
ferroxcube III at the resonance frequency of 1.6 Mc. 

Hogan, at this meeting, added nothing new physically. He presented, 
however, a simple approach with the hope of obtaining a better physical intui
tion for the mechanisms involved in Brockman's mathematics. His phase diagrams 
help one to obtain an understanding of the curves of figures 126 and 127* From 
the phase relationships it is a natural step to go to an equivalent circuit for 
an explanation of the resonance phenomena observed in \i and £•. Since an equiva
lent circuit deals with average values, the flux density is assumed constant 
throughout. This is the simplifying assumption which introduces error into his 
analysis. 
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He first rewrites Maxwell's equations to define a magnetic current Im 

in analogy with the customary electric current IT. Thus he defines 

ViM > 

VxE*. 

V 

•*r-

» / J .dS 
« m 

—m 

J T 

J m 

3* LEV-5 

Similarly a magnetic impedance is defined by analogy with the electric impedance 
by the relations 

e.m.f. • Zlrn 

m.m.f. • Zjjlm LIV-6 

An equivalent circuit is then set up wherein the phase diagram is used for the 
assignment of equivalent electrical components for the respective m.m.f.'s. This 
is shown in figure 129 wherein the components exhibit the values assigned by 
Hogan. A is the cross-sectional area of the cylinder andO its conductivity. 
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To calculate these components, one proceeds as follows. Electrically the voltage 
across a capacitor is Vc

 r £ (idt. In the magnetic analogy, 

- H T - ^ / v t - - &•• - «ftr "I l o t . 

Therefore "Cw • uA. Also from equation LIV-2 there follows 

Vxi5 . e c ' (ft LIV-7 

V^Tcec - | ° LIV-8 

Whereas, i f everything i s expressed in cartesian coordinates, there follows from 
equation LIV-5 

V x l ^ - A V x J - A X 7 x V x F - A ^ V E ^ ^ E 

B u t V E - hwp/^ - 0 and ^72E - 6 H J | + £n 2 _ | ~ - e u ^ i T f o r the f e r r i t e s a t 
vt 

high frequencies wherein £*&/&' is small. It is assumed here that the fundamental 
frequency component predominates. Therefore 

^7x1^ - £u<a2AE . LIV-9 

Electri: illy the voltages across a resistance and an inductance are, respectively, 
Vp • IR i.nd V^ • L dl. In the magnetic analogy, therefore, 

dt 

Hrec ' ImMRW 

?ceo " V £ . 

If the curl of each equation is taken, there follows immediately from equations 
LIV-7, «, and 9, 
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d"l • "R"e.HC02Air 

at dt 

The condition for resonance in an LC circuit is coL • 1/coC. Since this condition 
is satisfied by the values of ^L" and "C" above, the frequency may be taken as 
the resonance frequency co0 and "R" • <f//\,,

 WL" » £ //^ when-/2Q «£nco0^A. This 
agrees with Hogan's parameters only if-/\, * hv. According to Brockroan's solution^ 
equation LIV-U, the resonance frequency co0 occurs when J0(acov

rfTir ) • 0. Here a 
is taken as the radius of the cylinder of cross-sectional area A • trâ . The 
first root of J0(a) is x • 2.U

=:32. Therefore the resonance frequency is given 
approximately by 

co0 « h/u.£a
2 - W n £ A LIV-10 

which is the necessary relation f^r-^b " hv. 

It is now possible for Hogan to calculate a neff from the equivalent 
circuit since 

^ - 7 - -A dB'1 

- y •Lm ~ A •—-

% dt 

and % - HefX - | ̂ ^ j HJ. 

-* A • ** (ft - ̂ )W. Since 

LIV-11 

Finally the equivalent circuit analysis was extended to calculate the 
switching time in a ferrite core. This analysis does not concern itself with 
the actual mechanism by which a core is switched, le. the creation and motion of 
domain walls. If, a memory core is switched by a square wave input Ha, the time 
dependence of the voltage cit from the core can be calculated by determining the c it fro 

•<h/at. time dependence of Im * 9 < f y a t . The Laplace transform for the d i f fe rent ia l 
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equation of the equivalent circuit i s 

"L"pg(p) • »R"g(p) • figw - Ha 

/ \ . a p ^J „ "R" J2. . / " R \ ' 1 g(p) * fD77ra—' w d * * aW . (p+*r-o>d 

Therefore 

Im(t) 

where the case of cr i t ica l damping has been taken, for small values of t this 
becomes 

I n ( t ) 
Ha -«^t 

« t •B" 

which has an extremum when t - 1/oC- 2"L"/"R" " 2 C^f . Although the components 
*Rn and "L* are frequency dependent, nevertheless 2gL/k" is not explicitly so . 
This, however, is not sufficient justification for applying a square wave pulse 
to an equivalent circuit which requires linear components and a single frequency 
component. The parameters of the equivalent, circuit are all frequency dependent* 
However, if the values of C and S at resonance for ferroxcube III are used, the 
maximum in the voltage output of a switching memory core occurs at t - 2<£.^« 1.75nsec« 
The curves for this are shown in figure 130. 

Signed 

ALL/JBO/NM/PKB:Jrt 

Group 62 (25) Approved 
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