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In the previous lecture a system of two coupled oscillators was
described (Figure 23) and we arrived at the equations of motion of the
system, They are:

2
d -

m ;{14- kK y, + Ky, -y) = 0 (XIII-1)
d2y

m, _53 + Ky, + Ky, -y;) =0 (KIII-2)
dt

The effect of pendulum 1 on pendulum 2 and vice versa may be
thought of as perturbation effects. If we removed the perturbation by
considering the system as two separate pendulums attached to springs of
force constant k, but with the other end of the springs attached to a
fixed point, the equations of motion would then be:

2
d

m 1 & (k) + k) y; =0 (xIrr-3)
dt?
2

m, 232 4 (ky+ k) y,=0 (KIII-L)
atl

We call this system the "unperturbed" system.

From our discussion of the simple harmonic oscillator we know
that these lead to natural resonant frequencies
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, + k
£ kil
(XIII-5)
+ k
- 2
2

Let us return to the perturbed system described by equations KIII-1l and

IIII-2, transforming y, and y, to x5 and x, coordinates which are related
1 2 2

by the equations

0 ={my
X, =My ¥,
Then
¢ x, at v a2 dy
= /o L wd —pf = 5
el W T
Substituting into IIII-1l and XIII-2
2
g % (g + k) K _
e R
dt ml rn2
2
J’nf dx2 +(k2+k)_ ) K xl:o
1 T4l T ¢ e
Therefore.
2
g %
2 2
v A Bl Bl (x111-6)
d2 x
= - mg X, = mg X - 0 (X111-7)




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

Memorandum M=1723 Page 3 of 10

where

rn
~

o
I
=

(XIII=5)

RN

Assume

Il
[

o |
(x111-8)

X5

Then from XIII-6 we have

ay (mi -mz) -a, o, =0 (XIII-9)

Q

2 2
e t % (m2 -w) =0 (XI11-10)
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Then, from XIII=9

2
a._ _%
a 2 ?
2 (0)1 -a°)
from XIII-10
i m2 _ m2
i 2
a2 - [

®, =-® ®,
S =
@, (07 -0%)
coh = (mg-mz) (mi-mz)
mh-w (m1+mg) + cnimg -m& =0
2 2
(o] + ®,)
# 2 e J e ad? - ke -
and since
2
ek
2 2
2 e "o

i | 2 2.2 N
L # /(ml"'“z) - b,
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2 & ma 2 _ mz lmh
Therefore eo2 = a 2 + 2 2 1l .
T2 - ) 2 2\2
(enl - cnz) (XIII-11)

For the case

Lo << (af - ad)?
we may use the approximation
/ 1 mel‘ 1 —,—-—20"11
(mlﬁ = 022)2 ~ (ml.. = mg)z (XII1I-12)

Substituting the approximation XIII-12 into XIII-ll, we find for the two
modes of oscillation

L
g 2 c"c
- ® ‘(T'z
@, ~5)
L (XI111-13)
2 2 % ,
@y = o, ¢ (2aD)
) =0,)

Thus we have two possible modes of wibration,with angular frequencies
oy and ®yy+ In quantum mechanics we would refer to these modes as the two

states of the system,

In the above solution we have assumed my # ®,. For the case , = o,
we have degeneracy and this problem will be treated later,

From the equations XTII-8, and the resultant frequencies,




i
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SR

(XIIT-1k)
- t t
X, = &, e LN % o1 ol®ry
Substituting into XIII-6,we find
2
(i 4]
1 F - 2 %21
® =%
2 (XIII-15)
"c
a = 2 2
2117 o, - opy e W5 ¢ §

Let us assume that at time t = 0, :1-::; andx.e-xg where xim.dx;

are positions of maxi mum amplitude.
Then, substi tuting these boundary conditions into equation XIII-1lL, we

find
° = a +
I F Rl (F ¢
5 (XI11-16)
X T &H1v%no
Then, from XIII-15 and XIII-13
o2 2 _ o2 .
a = S a = ml 2 a
11 'y T 9x
[

: [o _° 21 .
"1 2 2
W =%
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2 m2 - 2
2 - De & - 2 =% i
2 IX 2 L 111 mz 1.%T
Wy = + c""c c
2 2 N R
"~
Therefore

a (XxI1I-17)
111 = P2,y
m2'
where p = —2—2-—': and is called the perturbation parameter,
e =
2 "9
Substituting XIII-17 into XIII-1l6
0 - Q l
5 * W% Phan n EEp St hn
or
o - ° . 1
%2 C P8yt 8y %2 Bt 3 an
These equations lead to the values
$- v
a — —
11 l+p
2
x) + px)
1o P>
l+p
0 (x111-18)
IOL = pxz
a8 1 =P
l+p
o 5
%o+ By

L]
|

2 11 1+ p
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It should be noted that when the coupling is small, as was assumed
in deriving XI11-18, p<< 1, Therefore, a, ;7 and a, ; are of smaller

order of magnitude than a1 and a5 119 indicating that oscillator "1"

vibrates mostly with frequency Oy with slight admixture of the mode II,
Similarly oscillator "2" moves mostly in mode II. The coefficient a 1

is determined primarily by x:?_, for the coefficient of xg is of smaller

order of magnitude than that of x.;. Thus for oscillator "1" the amount of
oscillation in mode I is determined primarily by the initial displacement

of oscillator "1" itself, The amount of admixture of mode II in the motion

of oscillator "1" is determined by coefficient a 110 and is seen to depem
mostly on the initial displacement of oscillator "2", This is easily under=-
stood when we consider that this admixture of the second mode is due to the per-
turbation, i.e. to the fact that the spring goes from pendulum "1" to pendulum
n2n rather to a fixed pointj therefore the amount of admixture of the second
mode depends primarily on the displacement of the second pendulum, The motion
of the second pendulum can be similarly analysed.

5 % attimt=o,x§=-z‘2’=x°

Then, from XIII-1L and XIII-18

Q- S, e,

l+p +p
° tay ¢ iogyt
® ey (p+ 1) e. + plp=1) e
l+p [
o (¢] t
x, =B et ) oy
l+p l+4p
o 3 t t
= _"_.2. -p(p+ 1) e o + (p=-1) e e

l+p =

X [~ t t
=1 . o2 (-p)(-p-1) e = + (L-p) e i
-
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Therefore,
2 2 2
o ® t ) W t
x, = xo j-(lq- . )eimI +2°2(2°2-1)eimn]
1+ _ Wy = &y ®p =y D=0y
m2 2
n ) t c ® t
l+p 2 2 o ) =
) ~w, 2
2
P
(since -3 = -p)
o

Thus we see the solutions are symmetrical,

The method of solution shown here for two coupled oscillators
may be used for n such oscillators. In that case, there would be n modes
of vibration or "states", These n modes will be the solutions of the
determinental equation

( 2-:02) 2 2 2
By ®12 e
2 2 2 2 2
®aq Byp = @ W3 === = = O
co2 r.o2 mz-mz m2 = o
31 32 33 T T T "
| l ) :
| [ | :
I | [ ]
| : | |
12 2 ]2 2 2
®n1 ®h2 n3 ®m = ®
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where

kr;-l- k
%L = Y

n
N (144 g
(N

m,fj

and k‘l;} is the restoring force connecting oscillators 1 and Je This will
be treated later in greater detail,

Signed M '

Signed M «é
orman Menyuk /

wproms B

David R, Brown
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