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Optimum Conditions for Maximum Power 1n
. .

Class A Amplifiers
WAYNE B. NOTTINGHAMT, ASSOCIATE, I.R.E.

SYMBOLS

The symbols to be used can best be defined in terms
of the idealized tube characteristic curves shown in
Fig. 1. The static tube characteristics over the range of

Summary—By following a simple analysis, it is shown that ther€
are three cases for which optimum operating conditions may be estab-
lished for class A amplifiers. These are for (I) the small signal, (II)
the fixed quiescent plate voltage, and (III) the fixed quiescent plate
dissipation. There is a “best” operating condition, which might be
considered as a fourth case, if both the quiescent plate voltage and the
quiescent plate dissipation are fixed. For cases (I) and (II) the
results are definite and give R=rp and R=2rp but for (I1I) R=20r,
and for the fourth condition R=8rp. In the last two conditions R
is not exactly the same for all tube types but depends to some extent
on the tube characteristic. The undistorted power delivered to the load
for these cases varies by a factor of nearly 3.

INTRODUCTION

HE FIRST optimum condition for class A power
| amitens was established long ago! for the case

of a small amplitude of grid swing and resulted in
‘he relation R=r, where R is the load resistance and
v, the plate resistance of the tube. The second relation
applies in case the grid swing is limited only by the
distortion properties of the tube and the quiescent
plate voltage is specified. Brown? showed that the
maximum power is delivered to the load when k=27,
assuming that the no-signal plate dissipation is ade
quate. The third case, which so far as the author is
aware, has never been published, applies if the quies-
cent plate dissipation is specified and no limitations
are placed on the plate voltage. The grid swing is as-
sumed to be limited by the distortion properties of the
tube just as in the second case above. The optimum
plate load for the third case turns out to be of the order
of fifteen to twenty times the plate resistance 7, and
depends on the quiescent plate dissipation and the
minimum plate current permitted by the tube charac-
teristics. Since the treatment of all three of these cases

can be unified so easily, it will be presented here as

briefly as possible.

* Decimal classification: R132. Original manuscript received by
the Institute, September 26, 1940; revised manuscript received,
August 25, 1941.

1 George Eastman Laboratory of Physics, Massachusetts ‘Insti-
ute of Technology, Cambridge, Massachusetts.

1H. J. Van Der Bijl, “The Thermionic Vacuum Tube,” Mec.
Graw-Hill Book Company, New York, N. Y., 1920, p. 188.

2 W. I. Brown, Proc. Phys. Soc. (London), vol. 36, p. 218; 1924
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Fig. 1—Idealized tube characteristics to illustrate symbols used.
a—a’ is load line for small signal; A-A4’ is load line for large
signal always terminated at zero grid volts at 4 and a minimum
plate current at A’. Maximum plate dissipation requires
quiescent point to lie on line P,,,—P,., or below it.

approximate linearity are represented by
1

ip = — (ue. + ep — ¢€)
PR

where
iy = instantaneous total plate current

e. =1nstantaneous total grid voltage
es = instantaneous. total plate voltage
vr» = plate resistance over the linear part of the char-

acteristic
u=amplification factor
e=Iintercept on the voltage axis of the extrapolated

e.=0 curve
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In the equations below the following symbols have the Case II
meanings: In order to limit the distortion produced in a power

E.o=quiescent grid voltage amplifier it is common practice to specify that
Io = quiescent plate current -E.,=E,;n (that is the grid must not go positive) and

Eso = quiescent plate voltage the minimum value of the plate current should never
Pyo= I Ey = quiescent plate dissipation fall below some arbitrary minimum current Zymin which
P,»=maximum quiescent plate dissipation :s determined in the practical case by the true charac-

bm =minimum total plate current for a specified grid teristics of the tube and the amount of distortion which
signal can be tolerated. If, in addition to these limitations, the

 min =minimum total plate current permitted as set quiescent value of the plate potential Ey, is specified,
by distortion then the optimum operating conditions and the load

I'm = Ito — 1pm =maximum value of varying component -esistance may be determined uniquely.
of the plate current The first and second conditions above yield the fol

Eym =maximum value of the varying component of lowing two general equations which may be written di-
grid voltage rectly from an inspection of the curves of Fig. 1 and

P =alternating-current component of the power de- the use of (1):
livered to the load R 75(2050 — Tbmin) = €bnin — € (nM

R=load resists. since (2Iy—1min) is the current at point 4 of Fig. 1.

GENERAL EqQuaTiOoNs Evo — smn Eso — 75(2150 — Gomi) —

A general equation for the power delivered to the R= Tho — fomin TT Too — iomin —- (8
load Ris

Cir oem 1 Cy If we differentiate (8) and remember that both
P= 3lpm’R = 5(Lo — ion)’R. 2) (d Ey/d R) and (d ismin/d R) are zero, then

If the power is maximized with respect to R then dls alse
(dP/dR)=0 and we have (Ino — min) + R = - -— 27, rl (9)

Iym + 2R(dI,m/dR) = 0 (3a) }
With the use of (3b) it follows that the optimum value

} of the load resistance is given by
} d(Lvo — Tom)

(Iso — pm) + 2R —— = 0. (3b) R = 2r,,
dR

the optimum quiescent plate current is

OT

The maximum value of the varying component of the
plate current is related to the grid signal by

vEm = Lom(7, + R) = (Iso - Tom) (7p + R). (4)

APPLICATION TO SPECIFIED CASES

As mentioned above, there are three specific cases of
interest which are (I) small but fixed grid signal, (II)
specified quiescent plate voltage, and (III) specified
quiescent plate dissipation. These will he discussed in
this order.

-— 32
In = xlbmir - (11

and the optimum quiescent grid voltage is

E o=
37p } 3 }

— (Ign — Tbmin) = te (Eso — €—7plbmin)- (12°
u Any

If the conditions of this case are adhered to and R

made equal to 27,, then the quiescent plate dissipation
Ps may exceed P,, which is the maximum permitted
without tube damage. This results if the value of Ey
is too large. It is clear that under these conditions the
problem is “overspecified” and it is not necessary to de
termine the optimum load resistance by differentiation
since it may be determined directly from (8) because
the maximum value of I;¢is determined by the specified
P,» and Ey. The other constants of the equation may
all be determined from the tube characteristics. If the
value of R calculated from (8) is greater than 2r,, then
this is the best value consistent with a specified maxi-

3 There is a value of Is for which the greatest amount of power mum Ey and Pom but if this value of R is less than
can be delivered to the load of resistance R=r, without exceeding 27, then a choice of R=2r, is the optimum and P,,
the quiescent plate power rating Ppm. This may be calculated using yjI1 be less than P....

ca Yo Cini /9)(e)21 sii — VV — (ise /3)(e/21min — 1) The calculationof the maximum value of Eg, for
POT om 30 J bmn[7 LEE nbn Hmin/ STLE/ ET utbmin (6a) which Case II can be said to apply without exceeding



Proceedings of the I.R.E.

a specified maximum P,, is straightforward and the (16) and the corresponding value of Fy may be found
result is from the relation

(max) Epo = 3} — 3ipmin?
PoE ier (13)

+167, Pp + (6 — 3itmin?s)?).

(18)

A consideration of the usual magnitudes of constants
of the above equation leads to the approximation

(max) Evo = 2 7p Pom. (13a)

Equation (19) serves to determine the optimum value
of the quiescent grid voltage Eo

(r» + R) :
Eo = ? — (Ino — Tbmin) - (19)

uw

If the maximum value of E,, permitted by the tube
manufacturer is greater than that given by (13a), then
(8) determines the best value of R unless this value ex-
ceeds that determined under Case III below. Under
those circumstances the value of R determined by the
equations of Case III is the optimum.

Case II]

If the limits set by distortion are again restricted by
the two conditions (1) the grid must not go positive
and (2) the minimum value of the plate current must
not fall below 74min and in addition the maximum quies-
cent plate dissipation is specified as P,n, then a unique
solution to the problem of finding the optimum operat-
ing conditions is available.

Since (dPpm/dR) =0 it follows that

d(I50 Eso) dle d Ey
ir Bw Tle = 0.

NUMERICAL EXAMPLES

In order to illustrate the use of these equations, a
aumerical example has been computed for a tube char-
cteristic which is approximately that of the RCA 845
ube. The basic constants are as follows:

Maximum quiescent plate dissi-
pation Pon = 100 watts

2late resistance r, = 1700 ohms

Maximum quiescent plate voltage Ey, = 1250 volts
Amplification factor uw =35.3
Estimated intercept e = 85 volts

Estimated minimum plate current Zpmin = 10X 10-3

ampere.
TABLE I

| Eps Ing R0) Ing P | R P _ _
Case Volts Ampere Watts Ohms R/rp) Watts Baia Equa

: man 172x107 100 | 1700 | nl «2.3 | (6a) (6)

11 Theis wT Te | o! an | «ao

Lighted| 1250 | 80X10~ 100 | 13,000 | 7.65] 31.9 | (18) (8)Ep
1 | 1950 | 51x10 | 100 | 41,500 | 24.4 | 35.3 | an | ae)

Equation (8) may be differentiated to obtain

dlp dE also
(Ito — %bmin) + R——=———27,——+(15)“Gand dR dR dR

Substitutions from (3b) and (14) result in the relations

E Pun
R= 2rp + —2 = 27, + 2. (16)

Ino Tha?

Four examples have been worked out using the
above constants and the results are tabulated in Table

[. Circuit constants have been chosen so that the qui-
escent plate dissipation is 100 watts in every case and
the power delivered to the load is computed to be the
maximum consistent with the two limitations that the

zrid must not swing positive and.that the plate current
must not swing to a value less than 10X10—% ampere.
[n the last two columns of the table, the numbers of
‘he equations used to compute the values of Ip and R
are recorded. The value of Ens comes from (18) in every

axample.

The elimination of R between (8) and (16) gives the
final relationship by which the optimum value of I
mav be determined as follows:

Ppmlbmin
——————— = 47,1 ho — 37nlbmin + € (17)

I:02

This equation is a cubic in It depending only on known
quantities* Pon, %imin, 7p, and e. It may be solved by
plotting the left-hand side of the equation as a function
of arbitrarily chosen values of I; and finding the inter-
section of this curve with the stright line which repre-
sents graphically the value of the right-hand side of
the equation for the same range in I. Since the rela-
tions here are so simple, it is also an easy matter, with
the help of a slide rule, to find the solution to (17) by
trial. After having found the optimum value of I,
the ontimum load resistance R may be determined by

4+ A brief discussion of the selection of %mia comes later in this
paper but here it seems desirable to interpret (17) for the inde
terminate case of Zmin=0. Here I,,—0 and E— » in such a way
that IwoEro= Pa... Of course R— «= at the same time.

DiscussioN oF RESULTS

The maximum voltage for which Case II applies to
he 845 tube is 840 volts and yet, since the manufac-
urer’s maximum rating is between 840 volts and 1950
volts, the best operating conditions for this tube are
10t determined by the true maximization with re-
spect to power delivered. The fact that the power
delivered with Eo =1250 volts is less than 10 per
cent below the absolute maximum which can be ob-

rained under operating conditions as defined, shows
‘hat the manufacturer’s rating is a practical and reas-
sonable compromise.

In making the above calculations, 7;min Was assumed
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0 have the same value for every case whereas experi-

nce shows that the higher the value of the load re-
sistance the lower the value of 4ymin for a given distor-
sion. There are no simple rules by which the harmonic
distortion can be determined for a given tube charac-
-eristic although the graphical methods explained by
Reich? are helpful and would serve for estimating the
harmonic distortion expected after the optimum load

5 H. J. Reich, “Theory and Application of Electron Tubes,” Mc-
Graw-Hill Book Company, New York, N. Y., 1939, p. 248.

-esistance has been determined for a definite assumed

ralue of 4ymin If the resultant harmonic distortion is
yreater or less than the amount considered tolerable,
‘hen a new value of 7puin would have to be assumed and

1 new value of load resistance determined using the
methods outlined here. These results are applicable to
circuits with resistance feed, choke feed, or transformer
feed of the plate power as long as the input impedance
to the plate load is dominated by its resistance com-

ponent.
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Optimum Conditions for Maximum Power in
Class A Amplifiers’

WAYNE B. NOTTINGHAM, ASSOCIATE, LR.E.

Summary—By following a simple analysis, it is shown that ther€
ire three cases for which optimum operating conditions may be estab-
lished for class A amplifiers. These are for (I) the small signal, (II)
the fixed quiescent plate voltage, and (III) the fixed quiescent plate
lissipation. There is a “best” operating condition, which might be
considered as a fourth case, if both the quiescent plate voltage and the
quiescent plate dissipation are fixed. For cases (I) and (II) the
results are definite and give R=ry and R=2r, but for (III) R=20r,
and for the fourth condition R=8rp. In the last two conditions R
is not exactly the same for all tube types but depends to some extent
on the tube characteristic. The undistorted power delivered to the load
for these cases varies bv a factor of nearly 3.

INTRODUCTION

4 HE FIRST optimum condition for class A power

| mpi was established long ago! for the case
of a small amplitude of grid swing and resulted in

‘he relation R=r, where R is the load resistance and
/» the plate resistance of the tube. The second relation
applies in case the grid swing is limited only by the
distortion properties of the tube and the quiescent
plate voltage is specified. Brown? showed that thc
maximum power is delivered to the load when R=2r,
assuming that the no-signal plate dissipation is ade-
quate. The third case, which so far as the author is
aware, has never been published, applies if the quies-
cent plate dissipation is specified and no limitations
are placed on the plate voltage. The grid swing is as-
sumed to be limited by the distortion properties of the
tube just as in the second case above. The optimum
slate load for the third case turns out to be of the order
of fifteen to twenty times the plate resistance 7, and
depends on the quiescent plate dissipation and the
minimum plate current permitted by the tube charac-
teristics. Since the treatment of all three of these cases

san be unified so easily, it will be presented here as
oriefly as possible.

* Decimal classification: R132. Original manuscript received by
he Institute, September 26, 1940; revised manuscript received,
August 25, 1941.

1 George Eastman Laboratory of Physics, Massachusetts Insti:
-ute of Technology, Cambridge, Massachusetts.

1H. J. Van Der Bijl, “The Thermionic Vacuum Tube,” Mc-
Sraw-Hill Book Company, New York, N. Y., 1920, p. 188.

2 W. I. Brown, Proc. Phys. Soc. (London), vol. 36, p. 218; 1924.

SYMBOLS

The symbols to be used can best be defined in terms
of the idealized tube characteristic curves shown in
Tig. 1. The static tube characteristics over the range of
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“ig. 1—Idealized tube characteristics to illustrate symbols used.
1-a’ is load line for small signal; A-A4’ is load line for large
signal always terminated at zero grid volts at 4 and a minimum
plate current at A’. Maximum plate dissipation requires
quiescent point to lie on line Ppu—Pom or below it.

approximate linearity are represented by
1

ip = — (ue, + ep — ¢) i

where

i =1nstantaneous total plate current
e.= instantaneous total grid voltage
es = instantaneous total plate voltage
r»= plate resistance over the linear part of the char-

acteristic

u=amplification factor
e=intercept on the voltage axis of the extrapolated

e.=0 curve
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In the equations below the following symbols have the Case I]
meanings: In order to limit the distortion produced in a power

E.o=quiescent grid voltage amplifier it is common practice to specify that
Io =quiescent plate current —E.,,=E,, (that is the grid must not go positive) and
Eso = quiescent plate voltage the minimum value of the plate current should never
Po =I oEp = quiescent plate dissipation fall below some arbitrary minimum current Zymin Which
P,»=maximum quiescent plate dissipation is determined in the practical case by the true charac

lym = minimum total plate current for a specified grid teristics of the tube and the amount of distortion which
signal can be tolerated. If, in addition to these limitations, the

immin=minimum total plate current permitted as set quiescent value of the plate potential Eu, is specified,
by distortion then the optimum operating conditions and the load

Im = Io — 1m = maximum value of varying component resistance may be determined uniquely.

of the plate current The first and second conditions above yield the fol
E,n=maximum value of the varying component of lowing two general equations which may be written di-

grid voltage rectly from an inspection of the curves of Fig. 1 and
P =alternating-current component of the power de- the use of (1):

livered to the load R 75(2I50 — %bmin) = €bnin — € (7

R=load resistance. since (2p —7min) is the current at point 4 of Fig. 1.

ne Epo — epmin _ Ey — 7p (210 — Tbmin) — € (8)

Iwo - Shum Io - fmm

Cir ep 1 Cw If we differentiate (8) and remember that both
P = 3Lm’R = §(Iso — im)’R. (2) (d Eny/d R) and (d tsmin/d R) are zero, then

If the power is maximized with respect to R then dls dl so
(dP/dR)=0 and we have (Ito — %hmin) + R rh 27, Tr (9)

Tom + 2R(dIm/dR) = 0 (3a)
With the use of (3b) it follows that the optimum value
of the load resistance is given by

} d(Is0 — 7m)
(Iso — pm) + 2R ——— = 0. (3b) R = 2r,,

dR

the optimum quiescent plate current is

Hh
The maximum value of the varying component of the
plate current is related to the grid signal by

Em = Ipm(ry + R) = (Ito — om) (rp + R). (4)

APPLICATION TO SPECIFIED CASES

As mentioned above, there are three specific cases of
interest which are (I) small but fixed grid signal, (II)
specified quiescent plate voltage, and (III) specified
quiescent plate dissipation. These will be discussed in
this order.

— 3.
To = $%bmin -

=

(11
Ip

and the optimum quiescent grid voltage is

37» } 3 :

Eo=—— (Ino — Thmin) = 0 (Ero — € — ?plbmin)- (12)

If the conditions of this case are adhered to and R

made equal to 27,, then the quiescent plate dissipation
P,o may exceed P,, which is the maximum permitted
without tube damage. This results if the value of Ey
.s too large. It is clear that under these conditions the
problem is “overspecified” and it is not necessary to de-
termine the optimum load resistance by differentiation
since it may be determined directly from (8) because
the maximum value of I is determined by the specified
Pn and Eg. The other constants of the equation may
all be determined from the tube characteristics. If the
value of R calculated from (8) is greater than 27,, then
this is the best value consistent with a specified maxi-
mum Ej and P,, but if this value of R is less than
27, then a choice of R=2r, is the optimum and Pua
will be less than P,,.

The calculation of the maximum value of Eu, for
which Case II can be said to apply without exceeding

Case 1

With a fixed grid signal (d E,»/d R)=0, and the
optimum load resistance is obtained by differentiating
(4) with respect to R and combining this with (3a).

0=(r,+ R)(@Ipn/dR) + Lym = Ipm + 2R(dI,n/dR). (5)

From this we obtain

R = (6)

for the optimum load resistor 3

3 There is a value of In for which the greatest amount of power
can be delivered to the load of resistance R=r, without exceeding
the quiescent plate power rating P,m. This may be calculated using
the equation ,

Ioo=[(Ppm/37») + (%bmin/9) (e/27%bmin - 1222 - (%hmin/ 3) (e/27nlbminPp t)6a



Proceedings of the I.R.E.

a specified maximum Pn, is straightforward and the (16) and the corresponding value of Epo may be found
result is from the relation

(max) Eso = le — 3iomin?p 13) Eso = Pom i (18)
+1675 Pom + (€ — Binmnts)?| Tro

A consideration of the usual magnitudes of constants
of the above equation leads to the approximation

(max) Ey = 2/7, Pp; . (13a)

If the maximum value of E, permitted by the tube
manufacturer is greater than that given by (13a), then
(8) determines the best value of R unless this value ex-
ceeds that determined under Case III below. Under
those circumstances the value of R determined by the
equations of Case III is the optimum.

Case 111

If the limits set by distortion are again restricted by
the two conditions (1) the grid must not go positive
and (2) the minimum value of the plate current must
not fall below %ymin and in addition the maximum quies-
cent plate dissipation is specified as P,n, then a unique
solution to the problem of finding the optimum operat-
ing conditions is available.

Since (dP,,/dR) =0 it follows that

@(Ip0 Eso) aly dE
————— = Epo ——+ Iyo——— = 0.dR “aR TI aR

Equation (8) may be differentiated to obtain

dl dE, dlp
(Ivo — Zpmin) + R— = —— — 27, ——+ (15)

no dR dR dR

Substitutions from (3b) and (14) result in the relations

E Posi
R =r, + —= = 2, + 22. (16)

Ira J..2

The elimination of R between (8) and (16) gives the
final relationship by which the optimum value of I.
may be determined as follows:

2 ail min
 mn Tn — 3p da (17)
I: a2

This equation is a cubic in I; depending only on known
quantities* Ppn, min, 7p, and e. It may be solved by
plotting the left-hand side of the equation as a function
of arbitrarily chosen values of I,, and finding the inter-
section of this curve with the stright line which repre-
sents graphically the value of the right-hand side of
the equation for the same range in I. Since the rela-
tions here are so simple, it is also an easy matter, with

the help of a slide rule, to find the solution to (17) by
trial. After having found the optimum value of Is,
the optimum load resistance R may be determined bv

* A brief discussion of the selection of fymin comes later in this
paper but here it seems desirable to interpret (17) for the inde-
terminate case of fmin=0. Here I,c—0 and Es— « in such a wav
that InoEra= Py... Of course R— © at the same time.

Equation (19) serves to determine the optimum value
of the quiescent grid voltage FE.

E., = (rs+R (Iso — Tbmin): (19)
u

NUMERICAL EXAMPLES

In order to illustrate the use of these equations, a
numerical example has been computed for a tube char-
acteristic which is approximately that of the RCA 845
cube. The basic constants are as follows:

Maximum quiescent plate dissi-
pation Pom = 100 watts

Plate resistance rp, = 1700 ohms

Vlaximum quiescent plate voltage Ey = 1250 volts
Amplification factor uw = 35.3

Estimated intercept e = 85 volts

Estimated minimum plate current Zpmin, = 10X 10-3

ampere.
TABLE 1

. Ep
nits

0Ae =
\

: R | P 0“e (R/r ) Equa- Equa-
i | P’| Watts tion tion

0 72 (6a) (6)

Io | 20.0 | (11) (10)
T.65031.9) a8) | (®

41.500 | 24.4 | 35.3 an | (6)

Limitea , 1zov

Epg
III 1950 | .51 X10?

S19 XLT
a

OU AL 1.

100

Four examples have been worked out using the
above constants and the results are tabulated in Table

I. Circuit constants have been chosen so that the qui-
escent plate dissipation is 100 watts in every case and
the power delivered to the load is computed to be the
maximum consistent with the two limitations that the
rid must not swing positive and that the plate current
must not swing to a value less than 10X 10~3 ampere.
In the last two columns of the table, the numbers of
he equations used to compute the values of I, and R
wre recorded. The value of Eig comes from (18) in every

sxample.
Discussion oF RESULTS

The maximum voltage for which Case II applies to
che 845 tube is 840 volts and yet, since the manufac-
-urer’s maximum rating is between 840 volts and 1950
7olts, the best operating conditions for this tube are
10t determined by the true maximization with re-

spect to power delivered. The fact that the power
lelivered with E;=1250 volts is less than 10 per
cent below the absolute maximum which can be ob-

rained under operating conditions as defined, shows
hat the manufacturer’s rating is a practical and reas-
»nable compromise.

In making the above calculations. 2: was assumed
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to have the same value for every case whereas experi-
ence shows that the higher the value of the load re-
sistance the lower the value of 74min for a given distor-
tion. There are no simple rules by which the harmonic
distortion can be determined for a given tube charac-

ceristic although the graphical methods explained by
Reich? are helpful and would serve for estimating the
narmonic distortion expected after the optimum load

3 H. J. Reich, “Theory and Application of Electron Tubes,” Mc-
Graw-Hill Book Company, New York, N. Y., 1939, p. 248.

‘esistance has been determined for a definite assumed

value of 7ymin If the resultant harmonic distortion is
zreater or less than the amount considered tolerable,
‘hen a new value of 7yuin would have to be assumed and

1 new value of load resistance determined using the
methods outlined here. These results are applicable to
circuits with resistance feed, choke feed, or transformer
feed of the plate power as long as the input impedance
to the plate load is dominated by its resistance com:
ponent.
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