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OPERATIONS IN COMPLEX ALGEBRA ISOWORPHIC WITH ADDITION AND

MULTIPLICATION.

In a paper entitled. The Fundanental P_mm_qs.::.tmna .Qj Alg.em:i e
Y
Professor E. V. HUNTINGTON cevelops a set of postulates for orulnaryg

complex algebra in.terms of.the operations Oi‘auultldn and.multipllwft

Ve

cation and. the relation 'less. than" among real numberg« In.the cdurséﬁ,
of . this paper,.three examples are given of mathematical systems 186~
morphic with complex algebra. If we adjoin. to.the ordinary complex

number- systemn. the number infinity, whose formal properties we deter- ﬂ

-

o

mine in an appropriate manner,.then.the field of each of HUNEINGTONﬂxf :

; . O
"systems is.the same as.thad ol ordinary algebrag If we represent;the

k.7

o

analogue of’ addltlon by @, that of multl} llca'tlon by Q; a.nd that (ogitt
~< byea,.the defining formulae for.these are.in.the first aXamplp

a®b-a+hb,

al b - 5&% b,

&ndg:_ < ’

in. the second,




crete empirical data compiled. therein..These are:these properties of
.the. table which result from. the methods‘émployed in schenatizing and
arranging. the data presenteds.This suggests. the possibility hinted af
by Poincaré:that.the certainty of geometry may fégiif be due. to. the

manner. in which. i1t orders our spatiel experiences, and ngt.to.ghese

' ¢ ﬂb.n%ulzcrf
experiences. themnselves. Geometry would.then be, in a way AE he form
of our eiternal sense', but would owe both 1ts certainty and its préd
practical valueé.to.the fact of its beinz a form imposed on.this ex-
.ternal sense with a practical end in view, rather than a form inher-

ent in our ekperience itself.’ Its practical value,.that is, is due:t0;

.the fact.that it is a Iorm chosen by us with.the definite purpose o S

simpliiiing.the eapression ol the laws of physics, which would assume.

an inoa{nately complicated form.1if we were.to express. them directly
in. terms of our iluuediate ekperiences..The sort of schematism enployel

.in deriving Space from experience may-be discovered if we regard. the .
&

processes of measuremnent, etc..that are employed in physics rather as!
defipifions of such entities as distances.than as modes of discovérim;

la the e




It is a simple matter.to prove.that if x# k is of period 3, k = 1.

1 is.thus defineable.in.terms of #. O may be defined as 1 # 1. xy may (|8

be defined asflx # y) #ﬂ;;ﬁf‘r'[;' fos

Kx# v) Bl g™t oot g it
s o
B S
Xy

Qg R
it

= 1w lxy - 1)
ol 0
.This deifinition of xy will evidently give an indeterminate result

‘when x or yor x #y or (x # y) #.1 is O. In.the first.fwo cases, we

definé xy as 0, in.tHe second, as 1, and in.the.third, as x # y =

Tz 1, xy = -1, which we define as.that number,other.than 1,

Which makes x # x = 1. In case x or y:.is infinite, while. the other
factor is not O, we define Xy as infinity, while we assign no meaning B
.to. tue product of zZero by infinitye

X y may be defined as y{(x # 1)]:(x # 1) # 1] # y} PR Al
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y{ " ..-_1_._ |
__:;.y O
yOl 4 x)

y

= Xy

.This definition breaks down if either x, v, x # 1, (x # 8.0,

or (% # T)[(X 0 XSk 3 # y.l8-either ze;b' or infinity%_ql_"..is. indet-
erminate.. Thiallucases  where. thélexpression which we have defined as
x4 y is indeterminate, ii.the expression which, by our definition,
'is y 4= x is determinate, we shal! define X9 v as.the latter. The 'cinly
cases which remain, as a little computation will show, are.those whel
either x or y is infinity or :ero, o; where x and y are finite, and
(x # 1)[(x # 1) # 1.] #y= O We define x-f»O aBd O ~4x a8 X, 0@ +X

wnly X=00 : S : .
and xe 60 85 00 (rewomad L lpo, 1D Which case we a0 not ueliine X“‘

-




s and y are 3,
nor x), while if x Ag,finite and (x # 1} (x # 1) # 1] #.¥7 .= 0,

‘ last
we shall agree.to call x4y 1..The propriety of.this,definition is
dfLEppE1dE# evident, for under.the circumsiances when we have zgreed
. to use it,1-k§,will equal O, and x will equal -y.

We have.thus given a definition of multiplication involving

nothing but # and logical constants, and a definition of addition Wﬂil' 

which can ultimately be expressed in.the same manner, since it in.

L]




OPERATIONS IN COMPLEX ALGEBRA [SOMORPHIC WITH ADDITION AND

MULTIPLICATION,

N, Wiener.
HHHBHAH A H A T H AR AR v

.There are several different ﬁethods‘in accordance with which we
may consider a mathematical system. A m@thod.that has recently been
much used for.the characterization of a mathematical system.is.that'd'
ggéiulglgg, A mathematical system has been regarded as determined as
.to all its mathematical properties when certain relationships betwee}l
certain of.the entities of which.it.treéts have begn specified explic
.itly in a given small number of prOpésitions..This method is unqi€s~
.tionably one of.the utmost mathematical and logical value, but. it
nevertheless.is obviously ufigplgé liable.to.tell us both.too little am
. too muéh about.the.mathematical system which it specifies. It is a

familiar fact, first,.that a multitude of sets of postulates, dealing

with quite different operations and relations, may define. the same

system, and secondly,.that.there are scarcely any.two mathematical {‘

systems so diverse.fhat it . is not possible. to arrange some consfructiﬁ :1
ion out of.the elements of.the one whichAWill fulfill. the coﬁﬁiiiéﬁEJ
of.the other. For. these reasons, a more precise specification of a
matﬁematical system may be obtained by considering, not.the formal

properties of any single opsration or relation entering into.its




constitution, but a definition which will enable us.to determine
whether any given operation or relatdon belongs.tq.the system, and #
by deiermining; fw”“f-uf-"'wnf'#&&ﬁ%ﬁi##ﬁ#####g########ﬂ######;those
properties which any element whatsoever of.the system possesses by
virtue of its position in.the system..This may be done by a set of
postulates, but not every set of postulates does.this. For example,
as KEMPE pointed out #),.the algebra of logic may retain its formal
#)
properties unchangéd under.transformafions.that él{pr any element of
. the spstem into any other, yet most of.the postulates for.the.algebra
of logic single out.two elements of.the system under. the names of O
and 1, and correspondingly concern. themselves with certain specific
operations dependent on.these entities. If we desire.to replace sucha
set of postulates by one which does not. thus over-specify.the entities
with which it deals, and which consequently gives us a.truer idea of £
.the.internal_structure of.the system it defines, one of.the first
preliminary steps for us.to.take.is naturally.that of making a survey
of . the system.to determine. to what extent we have been over-speciiy-

-ing. the system in our postulates..This naturally involves.the gquestiam
ard chraleons—

-

of Jjust precisely what entitiesA

o;the system defined by our/pdgtilds




ofic
tostulates possess. the formal properties of. the entities, relatioms, :
and Operaiions dealt with. in:dur postulates. Of course,.the most obvi- -
~ous 0f.these formal properties are precisely.those formulated in.the
postulates. themselves. We.thus obtain. the following fundamental ques-
.tion concerning any specified sysdem of relations énd operations
which is regarded as generated by a set of postulates concerning cer-_

.tain of. these:

dealt with.this question in.the form in which it appears in Boolean

algebras #).[1 propose. to devote. this paper. to. the discussion of. the

| #). In an article which will have appeared.in. these. TRANS-
ACTIOCNS.

corresponding problem in.the ordinary algebra of complex quantities.

A set of postulates has been developed for.this algebra by HUN-

. TINGTON #)..This set concerns. 1tself with the operatlons of addition

#). See Monograph IV. in qgngg;@p s QuLTQQJQ gﬁ El gmggxgzx
mw edited by J. W, A, Young,.
awsd multiplication among complex numbers and.the relation of "greater

. than" among real numbers. Now, both.the operation of addition and

. that of multiplication'oan be_derivéd from.the iteration of.the

operation




on. the numbers. to be added or multiplied and given constant numbers.

. This may be shown by.the following formulae:

el

23

s =(3) {=xy) P &

By V)i Syiaix

XeJ - X 5 ¥ = X
X o=

y-x(-1) x4y
T3 R 1 clear,.then,.that.the'operation @ and.the pair of operations,
addition and multiplication, determine one another reciprocally in s#ﬁ_;
such a manner. that.the question of what pairs of algebraic operations

possess. thg same formal properties as addition and multiplication

‘reduces itself.to.the question as.to what algebraic operations posses




b

;tha.same-formal properties as @, and. that it. is possible. to construct
a set of postuates for complex algebra in.terms of @ and.the relation
"greater.than"alonea_.

Since complex algebra is a categorically determined system #),

#)s. 1bid, sec. 32.

any formal properties of @ which do not involve. the naming of any
special algebraic entities, but simply. the statement. that all or no @
some such entities have a certain property, follow from.the postulates
of. the algebra.itself, and must be possessed by any algebraic operat-
.ion satisfying a set of postulates for @;ij we wish.to,investigafe_
Jjust what operations in algebra have. the same formal properties'as @,
however, we may restrict our. investigation somewhat. It.is a familiar
fact. that a projective.tTansformation changes every algebraic operat-
.ion.into another algebraic operation, and.that. if we adjoin. the entiy
. 00.to cur number-system, making.the appropriate alterations in our

definition of an algebraic operation, etc., a projective. transformata

.ion will be isomorphic, and will not alter any of.the formal proper=_.

.ties of. the operations. it. transforms. Furthermore, a projective. trans-~ i;
formation may be found which will. transform any.three numbers into awy
other. three. We may. therefore restrict our search for operations of

.the same formal properties as @.to.those operations which bear. the ##




