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ABSTRACT

The author solves the problem of stresses in a cylindri-

cal shell with a circular hole, the edge of which is rein-

forced with a thin elastic ring. The complex function of

the stresses a differs from the analogous functions of

A. I. Lurye only by the real addends. The coefficients of

the function are determined with the aid of boundary con-

ditions of the junction of shell and ring and are ex-

pressed by formulas. The effect of the rigidity of the

reinforcing ring on the magnitude of the normal stresses

at two points is investigated. By reinforcing the edge of

the hole in the shell, a considerable decrease may be

attained in the stress concentration coefficient.

Let us consider a cylindrical shell subjected to the uniform in-

ternal pressure po. The lateral surface of the shell contains a small

circular opening, the edge of which is reinforced by a thin elastic ring.

If the opening is absent, the state of stress in the shell is given by the
PoR

stress resultants S1 = ph and S = qh, where 2p = q and R is the
1

radius of the cylinder. It is known that the solution of the problem

consists of the determination of the complex stress function a which

establishes additional stress field in the shell that arises in the

vicinity of the opening. This additional stress field is due to the

presence of the hole and the reinforcing ring. 4

Within the accuracy of the square of the small parameter A =
2VRh

we shall take the imaginary and the real parts of the function

a in the form:

1References are listed on page 5.
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where (Ph) are polar coordinates (pole in the center of the opening,

polar axis is directed along the cylinder generator); T'=In Po

In =0,577216, ; and Po is the radius of the opening. Our function a

differs from the function of A. I. Lurye only by the additional real term

2 Ap2p ln_ For the determination of 12 unknown coefficients of
U PO
function a, we have the boundary conditions of continuity between the shell

and the thin ring on the contour p = p . In a special case when one of the

principal axes of inertia of the ring cross section is located on the

middle surface of the shell, the boundary conditions are written as

follows :
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where S,, Spp, Q*. M, are stress resultancs and moments in the shell,

which can be obtained from function a by the use of the known formulas;1
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up, and ux are the displacement components in polar coordinates, the

corresponding combinations of these displacements are also determined from

a;1 A, B, C, and F are the rigidities of the ring in flexure (in two

planes), torsion and extension, respectively; and El is the Young's modulus

of the ring. The shears p = -Popo are in equilibrium with pressure Po

that acts on the surface of the opening.

By substituting Equation [1] and the corresponding expressions

for u and u% in Equation [2], we obtain four expressions for the function

a at p = po. In these expressions we equate the corresponding coefficients

in B and 2; namely, by means of equating separately the free members and

separately the coefficients attached to sin 2% and cos 2X, or cos 4k. As a

result, we obtain a system of equations which enables us to determine the

following:

Ao = 0~" (p4 + q) ( f +v) a, - (1 - ,v) 8q
4Eh (1 + v) ,* + (I + v)8 4
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where a = 12( 1--v, a, .- 12 (1-v) p/h',
a. =(1 + v) aC + a. (3 + v) (48, + 8,) + 12(3 - v) 8sI4,

1 -= (1 - v) [4' (1 - v) + (5 - v) + (1 - (4y' + 3) + 2 (3 + v) +

+ 8, 12 (1 - v) (2y' + 1) + (3 + v) - 8 (42' + 1),

S(1 - ) (1 - 3) - (5 + 3) + 1 3)

+a=443(-v61 (15+v)' + (13--)]--)+45(l'+ )

,(19-6 (31 - V)- (9- 4v- 3v+, (6(v- 3)+3v --13)
+ . [61' (1 + v) + (3v + 5) ] + 981i (2T' - 1), (4)

=, = 6y' (I -- v)2 + 2 (v2 -v + 4) + 11 6Y' (3 -- v) + 2 (5 - ) -

6 (6 - 5+ 3) + ( + v) + 2 (2 + 5v) 6758, (3' I),

% = (I - v) (I -3v) - 61 (5 + 3v) - 86 (I - 3v)- 458,8,,

a6 - 413 (1 - v) + 61 (15 + 3v) + 36, (3 + v) + 456816],

a7 -(19v - 3 - Iv 2) - &1 (9 - 1) +I 82 (6 + 10v) + 1506,82,

as 6 [ (6v - 5v' + 3) + (&, + 6,) (9 + 5v) + 75,81,
2, = (1 - v) (3 + v) - (5 + v) (, .+ 6) + 38, ,
,o= (1 -v ) (3 + v) + (9 + v) (8 + 8) +158.

&I = A C B EFpo
PD POD PoD D

r = Poisson's ratio; D = flexural rigidity of the cylinder; h = shell

thickness.

If in Equations [3] and [4] we let 61 = 62 = 63 = 64 = 0, we obtain

the solution of the case considered by A. I. Lurye; that is, when the

reinforcing ring is absent. (In the solution1 there was an inaccuracy in

the equation (4.9.22) and formula (4.9.15).) If 61 = 62 = 63 = , =

we have a limiting case of an absolutely rigid ring or disk.

We have calculated the complete normal stresses ap and a at the

points P(p 0) and N(p T) for the case of the rectangular ring with the
o o2

sides b, hl as a function of the ratio of the Young's moduli of the ring

and the shell _ and when b= 0,1po, v =0,3, Po= 15h hi = 3h, Po =-0,5 I/Rh..
E -- v'
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I P I N
The curves of the most significant quantities -a, (curve 1), a

1 p 4 q

(curve 2) and aP (curve 3) for the exterior surface of the shell are

given in Figure 1. We have used x= . The curves show that for

A = 0.14, that is, when 6 = 3.25, then P =a> 1,45 ; and the stress
2 3.3]

concentration factor 2 at this point is decreased in the order of = 2.28

as a consequence of reinforcing the edge of the opening by elastic ring.

3.3/

J2

Figure 1
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