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TRANSONIC TURBULENT VISCOUS-INVISCID INTERACTION OVER AIRFOILS

Tsze C. Tai
Naval Ship Research and Development Center

Bethesda, Maryland

Abstract

A theoretical model is formulated consisting of
both inviscid external and viscous boundary-layer
flows. The former is solved by the method of inte-
gral relations; the latter, by the integral method.
Both attached and separated boundary layers are
considered for either weak or strong interactions.
In case of strong interaction, the surface pressure
is calculated by the viscous system rather than
prescribed by the inviscid solution. The systems
of resulting ordinary differential equations for
both flows are coupled by the flow angle at the
edge of the boundary layer. The weak interaction
is accounted for by simply correcting the airfoil
surface with the boundary layer-displacement thick-
ness. The theoretical results are in fair agreement
with recent turbulent experimental data.

Nomenclature

a Speed of sound

C = 1 + 2/[(y-I)M 0

C Pressure coefficient
P

c Chord length of an airfoil

E.. Functions defined in Eqs. (A-1)-(A-9)

K = 1/ (f )

M = Mach number

P Static pressure normalized by its free-stream
value

Q,R Functions defined in Eqs. (A-10)-(A-14)

Re Reynolds number

S Entropy

s,n Orthogonal curvilinear coordinates measured
along and normal to the airfoil surface,
normalized by the chord length

U,V Velocity components in Cartesian coordinates,
normalized by the free-stream velocity

u,v Velocity components along and normal to the
airfoil surface, normalized by the free-stream
velocity

-5,V Velocity components in transformed incompress-
ible plane

u Wake velocity

u Friction velocityT

V Free-stream velocity

x,y Cartesian coordinates normalized by the chord
length

(Y Angle of attack

B Eddy viscosity parameter, I + c/j

y Specific heat ratio

6 Transformed boundary layer thickness

6 Transformed boundary layer displacement
thickness

C Eddy viscosity

+ = u T /v

0 Flow angle at the edge of boundary layer
with respect to local surface

8 Surface inclination with respect to the
direction of free-stream velocity

S Fluid viscosity

v Kinematic viscosity

S,T Coordinates in transformed incompressible
plane

p Gas density normalized by its free-stream
value

Tw  Shear stress at wall

Subscripts

e Edge of boundary layer

j jth field strip boundary

t Total

o Initial condition

1,2 Conditions before and after shock wave

M Free-stream condition

Introduction

In analysis of viscous transonic flows, it is
needful for the analytical model of the viscous
system to have the capability for allowing communi-.
cation of positive pressure disturbance from the
embedded shock wave upstream through the subsonic

This research was sponsored by the Naval Air Systems Command (AIR-320). The author wishes to thank
Dr. H. R. Chaplin, Jr., for his interest and support and Dr. S. de los Santos for his valuable suggestions
and encouragement. Thanks are also due to Drs. G. D. Kuhn, J. N. Nielsen, and I. E. Alber for helpful
discussions.

*Aerospace Engineer, Aviation and Surface Effects Department. Member AIAA

Copyright O American Institute of Aeronautics and
Astronautics. Inc.. 1975. All rights reserved.
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portion of the boundary layer. The surface pressure
should be calculated by the viscous equations rather
than specified by the inviscid system. The communi-
cation of the pressure disturbance through the
viscous layer becomes possible in the sense that
the flow inside the viscous layer is subcritical,
and the boundary layer is no longer dictated by a
specified distribution of inviscid pressure. The
viscous system is linked to the inviscid system
through a common variable by which the change of
flow properties of the outer flow may be transmitted
to the inner flow or vise versa. It reflects the
physical phenomenon of the shock wave/boundary-layer
interaction process wherein there is a steep pres-
sure rise before the arrival of the shock wave
because of the influence exerted by the shock.
This concept of the new viscous system has b en
explored in laminar flows by Lees and Reeves and
Klineberg and Lees2 for cases with supersonic ex-
ternal flows and by Klineberg and Steger 3 and Tai4

in transonic flows.

Although the laminar flow yields an adequate
model for assessing the basic mechanism of the
strong viscous-inviscid interaction process, flows
of practical interest at transonic speeds are
generally in the range of turbulent flows associat-
ed with their high Reynolds numbers. The principal
difference between the laminar and turbulent viscous-
inviscid interactions is that the pressure rises
more rapidly for turbulent than for laminar
layers,5,6 while the displacement thickness of the
boundary layer increases considerably through the
shock, more so for laminar than for turbulent
layers. 7 Reynolds number has a strong effect on
interaction in the case of laminar boundary layers
but almost no effect for turbulent flows. 5,7 The
broad features of the interaction between shock
wave and turbulent boundary layer over airfoils
at transonic speeds have been discussed in detail
by Pearcey et al.8 Previous analyses in the area
of turbulent viscous-inviscid interactions have
been developed by Enseki9 and Kuhn and Nielsen.10
The former paper treats the interaction by using
an integral method for unseparated boundary layers,
combined with various simplified assumptions for
external inviscid flow. The theory excludes shock-
induced separation and thus restricts itself to a
very limited class of weak interaction flows.

9

Separated flows, however, are considered in the
latter paper. With the aid of an integral approach,
the pressure is treated as a dependent variable
with prescribed wall-shear distribution. The pro-
cedure has a capability for handling most inter-
actions except in the shock wave region.10

In the present paper, the turbulent boundary
layer method of Kuhn and Nielsenl

0 is extended
to strong interaction formulation by adding one
more equation to the original ordinary viscous
system. In the new viscous system, the surface
pressure is calculated as well as other boundary-
layer properties, including the wall-shear velocity.
Similar to the analysis for the laminar viscous-
inviscid interaction,4 the inviscid flow field is
calculated by the method of integral relations
along with a newly developed N-2-strip integration
scheme.11,12

Theoretical Model

In the present paper, the theoretical model for
the problem of transonic, turbulent viscous-inviscid
interaction over airfoils consists of an inviscid

external flow and a viscous boundary-layer flow.
The former is solved by the method of integral
relations and the latter by an integral method.
The two flows are coupled by the flow properties
at the edge of the boundary layer.

As shown in Fig. 1, a typical transonic flow over
a lifting airfoil would have supercritical flow over
the upper surface and subcritical flow under the
lower surface. In the forward region of the airfoil,
even the flow is supercritical, the viscous-inviscid
interaction is expected to be weak, and the boundary
layer is attached. The usual formulation of the
boundary-layer theory generally applies, i.e., the
viscous effect can be accounted for by simply correct-
ing the airfoil surface with the boundary layer-
displacement thickness. The viscous system based
on the integral method consists of the momentum and
the moment of momentum equations, to be solved for
the boundary-layer thickness and the friction
velocity. It is referred to as the weak interaction
formulation.

(I 
+

1)TH STRIP BOUNDARY 4

jTH STRIP BOUNDARY
INVISCID FLOW

REGION
IMETHOD OF

I BASE GRHOCK WAVE I TAL

Y ISTRIPBOUNDARY-

VISCOUS FLOW
-REGION (INTE

GRAL ME rHOD)

INVISCID FLOW
REGION

Fig. 1 - Transonic Turbulent Viscous-Inviscid
Interaction Over Airfoil

For the viscous system to respond properly to the
interaction of shock wave and boundary layer in
which the positive pressure disturbance propagating
upstream from the shock causes a steep rise in
pressure, the continuity equation is coupled to the
viscous system so that it becomes capable of calcu-
lating the pressure as well as other boundary layer
properties. The idea is similar to that for the
laminar case. 1 -4 The new system is referred to as
the strong interaction formulation. It is applicable
to attached as well as to separated turbulent bound-
ary layers. When applied to attached flows, the
boundary layer usually separates in a short distance.
If the same flow is treated by the weak interaction
system, numerical experiments indicate that the
boundary layer will remain attached* until shock
jump is encountered. This gives further indication
that the strong interaction system is more suitable
for simulating the process of shock wave/boundary-
layer interaction than is the usual boundary-layer
correction. However, for the region after the shock
wave no matter whether the boundary layer is separat-

+Due to favorable pressure gradients generated
by expansion of flow in supersonic pocket.
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ed or re-attached, care must be exercised in using
the strong interaction formulation to examine the
downstream flow convergence. If the downstream flow
does not converge to or cannot be bracketed to its
proper value, the implication is that there is no
need to use the strong interaction formulation in
that region. The weak interaction system should be
utilized instead.

For the region under the lower airfoil surface
where the external inviscid flow is presumably sub-
critical, the weak interaction system is employed
in the forward portion where the boundary layer is
attached. Beyond the separation point, the viscous
system is switched to the strong interaction formu-
lation if it yields a converged flow in the down-
stream; otherwise, the weak interaction system
remains in force in the rear zone, even the boundary
layer is separated.

In summary, a strong and a weak interaction
system are postulated for the viscous flow model.
The former consists of continuity, the momentum,
and moment of momentum equations; the latter, the
momentum and the moment of momentum equations.
Both formulations are valid for either attached
or separated boundary layer flows.

Cartesian coordinates (x,y) are employed in the
inviscid flow and surface-oriented coordinates
(s,n) in the viscous flow. However, the viscous
variables are computed in a transformed incompress-
ible plane with independent variables t and I by
means of the Stewartson transformation.

Inviscid Flow

Same as in the laminar analysis, the ordinary
system for the inviscid external flow reduced from
the full Euler equations by means of the N-2-strip
integration scheme associated with the method of
integral relations in Cartesian coordinates are as
follows:4,12

dUe
dx

dx Ge

dU.

- = Fj.dx F

dV

dx j

The pressure and density are evaluated locally
with the aid of equation of state.

1
y-l

e e

Pe 
= Pe 

Y

1

(C-1) (Pt /t ) - U -aV

P (c-1)(P21 Y)

Pj- . Y exp(P / 2 )j

where Fe, Ge, F , and G have been given elsewhere.
4

The subscript e denotes condition at the edge of the
boundary layer and the index j, the condition at the
jth field strip boundary; J varies from I to N,
where N is the number of effective regions; see Fig.
1. The total number of strips is N = N + 1.

Viscous Flow

Governing Equations

The governing equations for a compressible,
turbulent boundary layer in coordinates parallel
and normal to the surface (s,n) are as follows:

Continuity:

l_ + a(pv) = 0 (9:

as an

s-Momentum:

p u dP i - ( uu !+ Opv n= -K +( , -u)Ess an ds p OV Mc n 6n
(10)

The boundary conditions are as follows: at the
surface, u = v = 0. At the edge of the boundary
layer, u = u (s) for weak interaction, and u

2 
+ v

V / sin 2( +e ) for strong interaction. It is
noticed that V is obtained from the inviscid solution.

Stewartson Transformation

To facilitate obtaining the solutions, the above
equations are transformed into incompressible forms
with the aid of the Stewartson transformation

13 along
(2) with the assumptions that the viscosity varies linear-

ly with the temperature and that the Prandtl number

equals unity.

(3) The resulting boundary layer equations in an
incompressible plane are:

10

Continuity:

__ +E = 0
at al

(11)

§-Momentum

i - e 1 RT+_
(12)

Equations (11) and (12) are therefore identical with
(6) the incompressible form. The incompressible formula-

tion of the turbulent-velocity profiles can then be
used by transforming the input quantities to the
incompressible plane, performing the calculation for



an equivalent incompressible boundary layer, and
transforming the results back to the compressible
plane.

Integral Method

Similar to Kuhn and Nielsen,
10

grated across the boundary layer,
by using Eq. (11).

Eq. (12) is inte-
with V eliminated

u- [2.5 In(l+n )+5.1-(3.39 + 5.l)e 0 37 ]

+ 0.5 u[l - cos(r~)] (16)

where uo is the wake velocity, and u is the
friction velocity

6 IdU

Re e

Re. ( i( dj - 0 (13)

where

f(T) = ; o = 0,1 (14

are the weighting functions; a = 0,1 corresponds to
the momentum and moment of momentum equations,
respectively.

To determine the strong viscous-inviscid inter-
action in the shock wave region, the continuity
equation, Eq. (11), is also integrated in the
present work. In so doing, one obtains:

d fUd1_u d = -
d 0 e e

(15)

It increases the capability of the present viscous
system for handling the strong interaction near the
shock wave, where no calculations were made in Ref.
10; see Fig. 2.

SONIC LINEI SHOCK/ SHOCK
M I

-- I SEPARATED REGION
I S

R

PREVIOUS ANALYSIS PRESENT ANALYSIS
(KUHN-NEILSEN, REF. 10)

duF1
- = F1
d F

db

du, -
- = F

1dt

dt

du,
- = G
d
T

VISCOUS
SYSTEMS d6

-- =G2

u T (T /IT )(IT /p) (17)

Equation (16) represents velocity profiles which are
composed of an inner part, consisting of a laminar
sublayer and the law-of-the-wall function, and an
outer part, a wake function. It is a modification
of Cole's law 14 with a laminar sublayer added.

Eddy Viscosity

The eddy viscosity model used in the present work
is also similar to that of Kuhn and Nielsen,

10

except that for separated flows, the expression
derived by Lees 5 is employed for the inner layer
eddy viscosity. The expressions for the eddy
viscosity are summarized as follows:

for attached flow, inner layer

S= 1 + 0.0533 e .41 T -[1 + 0.41

(18)+ 0.5(0.41 -)
T

for attached flow, outer layer

0.013 + 0.0038e (6 /Tw) (dP/d )/l5

1 + 5.5( r

for separated flow, inner layer

= + 0.018 UTee1 -(s)]
Ue

e 6 Re (19)e

(20)

for separated flow, outer layer
du

d6 -

dd

du,

dE G3

0.013 j 6*Ree a
B =

1 + 5.5(3)

(21)

* CALCULATIONS NEAR
THE SHOCK WAVE

Fig. 2 - Analyses for Transonic Turbulent
Viscous-Inviscid Interactions

Velocity Profile

The velocity profile utilized in performing the
integration of Eqs. (13) and (15) is

Viscous Ordinary System for Strong Interactions

Substitution of Eq. (16) into Eqs. (13) and (15),

with u eliminated by evaluating U at = 6, three

ordina y differential equations are yielded as
follows:

* NO CALCULATION NEAR
THE SHOCK WAVE
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E1 1 E1 2 E1 3

E21 E2 2 E2 3

E3 1 E23 E3 3

du MIM11IIMIM IN iililiYuIIYiIIiYmiYinIiIiI m

- du

dg

de

edF

where E and Qj are presented in the appendix.

Reduced Viscous System for Weak Interactions

For the upstream region where the flow has little

influence exerted by the shock wave, the viscous-
inviscid interaction is weak and therefore the
viscous effect can be accounted for by augmenting
the airfoil surface with the boundary-layer displace-
ment thickness in accordance with the usual formula-

tion of the boundary-layer theory. The static
pressure at the edge of the boundary layer is

specified; therefore, the d e /dt becomes an input
term. The viscous system consists of only the
momentum and the moment of momentum equations as
follows:

F du 1
E E2 -I

E21 E22 d

L 222J L dtJ

R]

r 1 I
R2

(23)

where R 's are listed in the appendix, and E 's

are the same as appeared in Eqs. (22)

Equations (23) are also applicable in regions
where the outer inviscid flow is subcritical.

Initial Conditions

The initial values for the viscous variables are

evaluated based on Schlichting's skin-friction for-
mula for incompressible flowl6 modified for taking
account of the pressure gradient.

0.122
U -0.1

Re

- 1.24 + 0.24/m
U
e

S ue 3.4 + 2.4/m d0.1

and
m-

* =1.4 [k(m + 1) 3.4+0.24/m 1m+1
6 = 1/ inm e d( (25)

3.4 1/m e
u mRe o

where the quantities k and m depend to a certain

extent on the Reynolds number. For the present
problem, the values suggested by Eq. (21.12) of
Ref. 16 were used.

m = 4 , k = 0.0128

For a given initial station where Ue value is

known, u , 6*, and 6 are found and so is the initial
velocity profile.

Coupling of Two Flows

Similar to the laminar analysis, the viscous

system is coupled directly to the inviscid system

(22) by the induced angle of inviscid streamline at the
edge of the boundary layer in case of strong inter-

actions:

V

Se(inviscid)O sin MaM a
e e (viscous)

(26)

where V is calculated by the inviscid system, while
the velocity magnitude Meae is obtained by the viscous

system. The parameter 8 is a common variable for both

inviscid and viscous systems and its value is governed

by the viscous-inviscid interaction process. Since

the two flows are coupled by the inviscid streamline

angle rather than the streamline itself, mass transfer
between the outer inviscid and inner boundary layer

flows is allowed in accordance with the continuity

equation.

d6 tan 8 + _ d p u )
ds peue ds

d6 tan 8 + (6-6*) d jn( u
ds ds e)

(27a)

(27b)

It is apparent that B has direct bearing on the

growth of the boundary layer.

Since the velocity at the edge of the boundary

layer is found from the viscous system, Eq. (32),

its horizontal component in the compressible plane

is then determined by the relation:

Ue = (a /ae- Vesin 9) sec 9 (28)

Therefore, Eq. (1) of the inviscid system, which also
gives Ue, becomes redundant.

For weak interactions, the inviscid and viscous
flows are linked indirectly. As in a usual procedure,
the boundary layer quantities are calculated based

on the specified inviscid pressure distribution and

the inviscid solution is updated based on the surface
augmented by the boundary layer displacement thick-

ness. In so doing, the two flows are connected at

the locus of the boundary layer displacement thick-

ness. The latter serves as a streamline through

which mass transfer, or more importantly, direct

communication between the outer inviscid and inner

boundary layer flows is prohibited. The inclination

of the "streamline" passing through the effective

surface for determining the inviscid solution is:

S+ e = tan (d6 + tan- (d) (29a)

S= tan( d- )

If Eq. (27b) is rewritten in the form

0= tan-
1  d -(6-6* ) d- n(PeUe)]

ds _Oe ds 't(eed

(29b)

(27c)



It is obvious that the (6-6*)(d/ds)Ln(peue) term
has been neglected in the conventional boundary
layer correction procedure. Its effect is mostly
predominate in the region in front of the shock
wave where the inviscid flow is locally supersonic;
the flow is inclined for expansion at smaller 8
values and compression at larger 8 values. Conse-
quently, the supersonic region has to be terminated
by a sudden pressure jump at the shock wave even
with the effective airfoil surface updated with
boundary layer displacement thickness. The above
argument is consistent with the previous statements
on inadequacy of weak interaction formulation for
detecting communication of the positive pressure
disturbance from the shock wave.

The inviscid equations associated with the weak
interaction are the same for the strong interaction
except that here Eq. (9) for Ue must be used and
Eq. (10) for Ve is replaced by the condition at the
edge of the boundary layer.

Ve = Ue tan (8 + 8)

of the inviscid system. 12 Here the solution not
only is updated for the boundary-layer correction as
mentioned before but also has to satisfy the regular-
ity condition at the sonic point. This is done by
varying one of the inviscid-flow parameters, namely,
the flow inclination at the strip boundary adjacent
to the airfoil surface. Fig. 4 shows velocity
gradients near the sonic point with viscous correc-
tions over a 10-percent bump at M - 0.7325. The
solid curves with various V1i values are branch
solutions of the subject elgenvalue problem. Each
solid curve represents a viscously corrected and
converged solution.

LAMINAR

(30)

Numerical Calculations

With the previously mentioned set of ordinary
differential equations for both inviscid, Eqs. (1)
to (4), and viscous flows, Eqs. (22) or (23), the
numerical integrations were carried out simultane-
ously for both flows along the longitudinal axis x
by using a standard fourth-order Runge-Kutta method.
Similar to the laminar problem, the complete
solution procedure consists of five iteration
processes. Among which four processes, namely,
those for the upstream integration, treatment of
sonic point, integration for subcritical flow and
enforcement of Kutta condition are exactly the same
as discussed in the laminar analysis.

4 The new
iteration in the present work involves adjustment
of the flow angle at the edge of the boundary layer
at the juncture of the weak and strong interaction
regions. It replaces the iteraction procedure for
determination of initial location of the strong
interaction region in the laminar case. 4 The
reason for the replacement is that in the turbulent
case, when the flow enters the strong interaction
zone, it turns away from the surface in response
to a rapid separation bubble growth, triggered from
the toe of the shock; see Ref. 8. The mechanism
of turbulent viscous-inviscid interaction differs
from that of laminar interaction. For the latter
case, the compression before the shock is fairly
long and smooth and involves no rapid change in the
flow angle at the edge of the boundary layer; see
Fig. 3.

The numerical integration first starts from the
upstream and proceeds to the airfoil region. Since
there is little influence exerted by the shock wave
in the forward portion of the airfoil, the viscous
quantities are calculated by the weak-interaction
formulation, i.e., the usual boundary-layer correc-
tion. The calculated boundary layer-displacement
thickness is then superimposed to the airfoil
surface, and the inviscid flow is recalculated,
based on the new airfoil surface. The procedure
is repeated until the variation in augmented surface
becomes minimal.

As the integration proceeds, the velocity at the
edge of the boundary layer approaches the sonic
value. The sonic point causes a singularity

* LOW Re, * HIGH Re,

Re, ( 0.15 x 10 Re, > 0.3 x 10P

* LONG COMPRESSION
BEFORE SHOCK

* SLIGHT INCREASE IN
E AT SHOCK WAVE

* SHORT COMPRESSION
BEFORE SHOCK

* NOTICEABLE INCREASE IN
8AT SHOCK WAVE

Fig. 3 - Comparison of Laminar and Turbulent
Viscous-Inviscid Interactions

Fig. 4 - Velocity Gradients near the Sonic Point
with Viscous Corrections

The boundary-layer flow so far has been attached.
The positive pressure disturbance caused by the shock
wave propagating upstream is almost undetected by
the flow because the boundary-layer behavior is
practically dictated by the prescribed inviscid-
pressure distribution in the weak interaction formu-
lation. In such a conventional formulation, the flow
experiences the shock wave by a sudden pressure jump
rather than a gradual pressure rise as experimentally
observed.

At this stage, therefore, the integration is
switched to the strohg interaction formulation a
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short distance in front of the shock wave. The
location of the shock wave, however, is determined
by the inviscid method. The boundary-layer quanti-
ties uT and 6 are assumed to be continuous at the
juncture of the two regions. The inviscid and
viscous equations are integrated simultaneously

with the flow angle at the edge of the boundary

layer as the common variable. The value of this

angle is adjusted at the juncture so that a converg-

ed flow in far downstream may be obtained by a

bracketing procedure, i.e., the free-stream static

pressure value is bracketed by two integral curves

based on two flow angles.
12 

The boundary layer is

attached at the start of the strong interaction

region; however, it usually separates in a short

distance. Computation is then switched to the sub-

routines based on separated velocity profiles of

the strong interaction system. Fine adjustment is

made by varying the uT values for the convergence

of the flow downstream of the separation point as

shown in Fig. 5. Integration then proceeds

through the shock wave region and toward the trail-

ing edge. In the region near the trailing edge

where the viscous-inviscid interaction attenuates,
use of strong interaction subroutines is examined

whether it leads to divergent flow downstream.

Otherwise the weak interaction system is employed
even for separated turbulent boundary layers.

Fig. 5 - Friction Velocity Gradients Downstream

of the Separation Point

The procedure for numerical integration in the

lower surface follows the same pattern as for the

upper surface, if the flow is supercritical. If

the flow is subcritical, weak interaction usually

exists for both attached and separated boundary

layers. When the numerical integration along the

upper and lower surface reaches the trailing edge,
the resulting static pressure should be equal in

order to satisfy the Kutta condition. The iteration

procedures for the subcritical flow and the enforce-

ment of the Kutta condition at the trailing edge

are identical to those as in the laminar case.
4

Results and Discussion

Results of calculations at supercritical free-

stream Mach numbers are presented for a 10-percent

thickness bump and an NACA 0015 airfoil at an angle

of attack. Flow conditions were chosen to enable

comparisons with available experimental data. The

viscous results were calculated in terms of boundary

layer quantities in a transformed incompressible

plane and were then transformed back to a compress-
ible plane.

10-Percent Thickness Bump

The bump is basically a 10-percent circular arc,
faired with cosine curves at both ends. Fig. 6
gives the typical velocity profile at different
stations over the 10-percent thickness bump at
M = 0.7325 and Re = 1.75 x 106. The profile at
x = 0.2 is the initial profile, calculated by using
Schlichting's skin friction formula based on power
law distribution.16 Good comparison between the
calculated and available measured profiles of Alber
et al. 17 at x = 0.5 and 0.875 indicates the adequacy
of the present approach.

O0
-0.2

Fig. 6 - Turbulent Boundary Layer-Velocity Profiles

on a 10-Percent Thickness Bump at M. = 0.7325

Fig. 7 shows the distribution of the friction

velocity over the same bump. Note that the friction

velocity in the strong interaction region is calcu-

lated in the present analysis, rather than prescribed

as in Ref. 10. The flow separates in a fairly short

distance after it enters the strong interaction zone

influenced by the shock. The friction velocity

remains almost constant downstream of the separation

point and then increases gradually toward reattach-

ment.

The results for the case of a 10-percent thick-

ness bump compare fairly well with recent turbulent

experimental data of Alber et al.
17 

as presented

in Fig. 8. The agreement between theoretical and

experimental results is good both for pressure

distribution and separation point. Also plotted

are the inviscid solutions obtained by using the

method of integral relations with and without en-

tropy change across the shock. Note that the shock

foot is smeared as a result of the strong viscous-

inviscid interaction. The compression starts at

I _ ^_~~__~__ _ IIIIY



x - 0.575 where the strong interaction begins. The
turbulent boundary layer is attached throughout the
supersouic region, and the strong interaction starts
in front of the shock wave. Flow separation takes
place downstream of the shock wave at a peak Mach
number of 1.14. The trend is consistent with that
found experimentally by Alber et al. (Ref. 17) for
cases with Mp < 1.32. The turbulent boundary layer
reattaches downstream of the bump. The difference
between the theoretical and experimental pressures
in the rear of the bump is attributed to the in-
sufficient damping effect in the inner layer eddy
viscosity model. There is also reason to believe
that it may be due to overprediction of the flow
by the strong interaction equations.

Fig. 7 - Calculated Friction-Velocity Distribution
over a 10-Percent Thickness Bump at M = 0.7325

-1 2
- PRESENT TURBULENT

SOLUTION A
-1 0 -A. EXPERIMENTAL DATA.

TURBULENT (ALBER
ET AL, REF 17) SEPARATION

INVISCID SOLUTION \ POINT
(MIR)

6-

as
-0.4- aS>

airfoil where the flow could have become turbulent.
In the present work, therefore, the turbulent viscous-
inviscid interaction model is employed for flows in
the rear portion of the airfoil. The transition zone
is assumed to be short enough so that the continuity
of boundary layer properties may be maintained. The
corresponding initial turbulent shear velocity is
then estimated based on similar velocity profiles
for both laminar and turbulent boundary layers. The
weak interaction system is utilized in actual compu-
tation after the strong interaction formulation fails
to produce a converged solution. Calculated results
are given in Fig. 9 along with the previous laminar
solution4 and the experimental data of Graham et al. 18

As indicated in Fig. 9, the pressure values over
the rear region of the airfoil calculated by the
present turbulent theory compare fairly well with
the experimental data, Ref. 18, which were measured
at Reynolds numbers on the order of 2 x 106. The
flow over the upper surface has undergone strong
viscous-inviscid interaction in the vicinity of the
shock wave between x - 0.34 and 0.6, but it seems to
have returned to weak interaction process after
x = 0.6; even the boundary layer is still separated
thereafter. The boundary layer remains separated
all the way to the trailing edge. It follows a
similar flow pattern to that observed by Pearcey et
al. 8

-32
- --PRESENT TURBULENT SOLUTION (ReI, = 1 74 x 106)

--- - PREVIOUS LAMINAR SOLUTION
4

-2 4 ~ EXPERIMENTAL DATA (Re. ' 2 x 106)
FROM GRAHAM ET AL '

INVISCID SOLUTION (MIR)
-16-

C, NORMAL SHOCK. AS = 0
-08 -. SONIC PRESSURE

0.8

0 0.2 04 06 08 10

Fig. 9 - Pressure Distribution on an NACA 0015

Airfoil at M = 0.729 and a = 4 Degrees

Conclusions and Recommendations

cP " The boundary layer integral method coupled with
-0.2- \.. A the inviscid method of integral relations provides

a relatively simple and adequate means for analyzing

0 SEPARATION the essential features of transonic turbulent viscous-

POINT inviscid interaction over airfoils. The advantage
02 of the integral relationship in both inviscid and

S_ _ viscous flows is that it allows the flow properties

04 I I I ~ to be computed simultaneously for direct coupling of
0.2 0.4 0.6 0.8 1.0 two flows in strong interaction regions. A limited

comparison of the present results for surface pres-

Fig. 8 - Pressure Distribution over a 10-Percent sure, as well as velocity profile and separation

Thickness Bump at M = 0.7325 and Re = 1.75 X 10e points, with available experimental data yields
o ofairly good agreement.

NACA 0015 Airfoil at an Angle of Attack

The flow over an NACA 0015 airfoil at M - 0.729
and a = 4 deg has been investigated as an example
for the lifting case. This particular flow condi-
tion has been calculated in the laminar analysis.

4

There the agreement between the laminar theory and
the experiment was good except in the rear of the

In the shock wave region, the flow is characterized
by the strong viscous-inviscid interaction, regardless
of the boundary layer status. On the other hand, in
lower subcritical flow regions, or far downstream of
the shock wave, the flow may be characterized by the
weak interaction, even the boundary layers are separ-
ated. It would be therefore proper to classify the
level of viscous-inviscid interaction by flow regions
rather than by boundary layer status.
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The solution of the strong interaction formula-
tion does not automatically approach that of the
weak system when the viscous-inviscid interaction
attenuates. It is therefore recommended that a
rather extensive investigation be carried out to
establish a rational criterion regarding the appli-
cability of each formulation.

Unlike the laminar case, the viscous system in
the strong interaction formulation has a very slow
converging saddle-type singularity at zero friction.
It is recommended therefore that future efforts be
made to investigate the feasibility of employing
a single-parameter-designated turbulent velocity
profile in transonic flows so that the previously
mentioned singularity may be removed.

Appendix

The E. 's and Q 's in Eq. (33) are as follows:

E11= (2 - -1)(E -a )
o e T

E = (2 - -)(. -a )d()
o e

i ()

E = (2 -1) d( )-
13o e (u

E = ( a - )a-)Fd(T)21 o 16U

E (5 a a Fd
22 .6 

a  
u)Fd 6

E Fd(2) - 0.523 o 0

1 - e )d()
31  afu a eu 6

o T T

E e Ue-) d( )
32 a6 \ 6 Cu 6

E - d(2)33 '. u 6
o

1 Re e w

Q2  Re 6re o d8 )

Q3 - Ve

where

e o6
F = 2 6- -"d + d()

e o e o e

(A-l)

(A-2)

(A-3)

a l - 2.5 n(1+6*)-(4.887 - 1.438t,) ;*e
- 0.

3 7' *

+ 5.1(1-e-0.37 )+ 2., *

a2 = UrI I Re[L 2.5 -(1.5 - 1.233 *) e-0.37 ]

The right-hand side of the equations for E 's and
Q, may be integrated numerically by using te
Simpson rule.19

dt
R1 = - E 3 de + Q1 (A-13)

(A- 14)
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