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NOTATION

a Duct chord

C1(Z) Mean line ordinate of the duct section measured from
the nose-tail line

E(k) Complete elliptic integral of the second kind

h (a/2 Rd) chord-diameter ratio of the duct

K(k) Complete elliptic integral of the first kind

k Modulus of the elliptic integrals

q Ring-source strength

Rd Duct radius

(r, 0, Z) Cylindrical coordinates

S(Z) Half-thickness ordinate of the duct section

V Free-stream velocity

Wa Axial component of induced velocity

Wo  Component of free-stream velocity in direction of duct
axis

W Radial component of induced velocity

X Radial coordinate nondimensionalized by the propeller
radius

Z Axial coordinate nondimensionalized by the duct chord

a Angle of attack of a duct section

aid Ideal angle of attack of a duct section

Or  Relative angle between free-stream velocity and duct

r Ring-vortex strength

p Mass density of fluid

o Angular velocity

I~___ _ __ __



Subscripts

d Duct

q Ring source

y Ring vortex

Trailing vortex system of the vortex cylinder

Note: Many functions are defined in the text.
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ABSTRACT

A computer program is presented which calculates the aerodynamic char-

acteristics of annular airfoils on an IBM-7090 high-speed computer. A brief re-

view of the theory is also presented. Experimental and computer results indi-

cate that the theory gives reasonable prediction of the lift, induced-drag, and

moment coefficients and also of the pressure distribution except when separa-

tion is present on the annular airfoil. The computer program can also be used

for the design of ducted propellers if an infinite number of blades is assumed.

ADMINISTRATIVE INFORMATION

This work was covered by Subproject S-R011 01 01 of Task 0401 under

the Bureau of Ships In-House Independent Research Program.

1. INTRODUCTION

Annular airfoils have found use in both aeronautics and naval architecture where

their application has generally been as shroud rings around propellers. The aeronautical

application has been to increase the thrust of propellers for hovering flight such as applied

to vertical take-off craft. In naval architecture Kort nozzles have been used for many years

for increasing the efficiency of heavily loaded propellers, whereas pumpjets are a more re-

cent innovation for delaying cavitation.

In most applications the annular airfoil is used as an integral part of the propulsor,

and a theoretical treatment must consider the interaction between the propeller and airfoil.

The present theories, however, use an interative procedure between propeller and annular air-

foil theory so that the usefulness of the complete theory depends on the verification of each

part. One purpose of this report is to present a comparison of theoretical and experimental

results for a number of annular airfoils.

The first theoretical development of annular airfoils is that due to Dickmann 1 who

represented the annular airfoil by a distribution of ring vortices. This approach implies that

the airfoil has no thickness. Other contributors have been Stewart, 2 Kuchemann, 3 , 4 Pivko,5

Malavard, 6 and Hacques. 7 A more complete review of each of these contributions can be

found in References 8 and 9. The most complete theoretical approach to date has, however,

been that by Weissingero' 11 who e-xtended the work of Dickmann and has considered ducts

with thickness, of arbitrary shape and at an angle of attack. His mathematical model of the

annular airfoil was a distribution of ring vortices and ring sources lying on a cylinder of

1References are listed on page 82.
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diameter representative of the duct and of length equal to the duct. This means that the

boundary conditions are linearized and are satisfied on a representative duct cylinder and

not on the duct surface.

A number of investigators have used the Dickmann-Weissinger mathematical model and

have developed numerical methods for computing the pressure distribution on annular airfoils.

Bagley, Kirby, and Marcer 1 2 have presented a simplified method where the boundary condi-

tions are satisfied at only a few points along the chord. A more complete method is that

given in References 13 and 14, which has presented quite an extensive set of tables for a

limited number of airfoil configurations.

In addition to the comparison of theoretical and experimental results mentioned pre-

viously, this report presents a computer program for the IBM-7090 which enables not only the

pressure distribution of the annular airfoil to be obtained but also other aerodynamic charac-

teristics. Specifically, the program calculates the pressure distribution, both linear and non-

linear 1 5 for an annular airfoil of arbitrary section, the ideal angle of attack, the velocity dis-

tribution, both on and in the flow field, and the various aerodynamic forces which arise. The

annular airfoil is assumed to be axisymmetric but may have an angle of attack and be in an

axisymmetric flow field. Consideration of such a flow field allows the inclusion of an infi-

nitely bladed propeller or a central body within the duct. The mathematical model used for

these calculations is the Dickmann-Weissinger model and the approach is that of References

9 and 15.

The following discussion is divided into four main sections. The development of the

theory is reviewed briefly, then the computer program is described, and finally, the results

of the calculations and comparison with the experimental results are presented.

2. LINEARIZED THEORY OF THE ANNULAR AIRFOIL

The linearized theory of the annular airfoil has been developed adequately in the ref-

erences cited, but a brief development will be repeated here for completeness. Details of the

mathematical manipulations which have been omitted will be found in References 9 and 15.

As indicated in the Introduction, the method of singularities is used for representation

of the flow field about the annular airfoil. The mathematical model used will be a distribu-

tion of ring vortices and ring sources lying on a cylinder of a diameter representative of the

duct diameter and of length equal to the duct length (the Dickmann-Weissinger model). In the

use of this approach a number of assumptions are implied. Briefly these are:

a. The fluid is inviscid and incompressible and no separation occurs on the duct.

b. Body forces such as gravity are neglected.

c. The free-stream flow is, in general, axisymmetric but may have a small cross-flow

component.

d. The annular airfoil is axisymmetric and of finite length.

~-- I _ I I I I I I I -r I-1II _ ~.



e. The annular airfoil can be represented mathematically by a distribution of ring vortices

and ring sources along a cylinder of constant diameter. This implies that the boundary condi-

tions are linearized.

f. The trailing vortex system of the annular airfoil has the constant diameter of the an-

nular airfoil and extends from the annular airfoil to infinity.

2.1 BOUNDARY CONDITIONS

The coordinate system used is a cylindrical system (r, 0, Z) with the axis located at

the trailing edge and on the centerline of the duct. For convenience, the axial coordinate

will be nondimensionalized by the chord a and the radial coordinate by the reference radius

of the duct Rd. Figure 1 shows the annular airfoil coordinate system and Figure 2 is a de-

lineation of the system.

The cross section of the annular airfoil is assumed known and will be delineated by

a thickness distribution, a camber distribution, and an angle of attack.

In terms of the thickness, camber, and angle of attack, the slope of the outer surface

of the duct is given by

u'(Z) = C'(Z) + tan a + S'(Z)

and the slope of the inner surface by

b '(Z) = C'(Z) + tan a - S'(Z)

The boundary conditions to be satisfied on the surface of an annular airfoil are that

the normal velocity must be zero and that the Kutta condition must be satisfied at the trailing

edge. In linearized theory, Reference 9, this means that the radial velocity at the reference

cylinder must be equal to the slope of the section, or

W

- (Xd + 0, 0, Z) = -[C(Z) + tana ± S'(Z)] (0 < Z < 1) [2.1.1]

And at the trailing edge the radial velocity is zero, or

W
v ( Xd + 0, 0, 0) = 0 [2.1.2]
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2.2 DERIVATION OF THE RING VORTEX AND SOURCE DISTRIBUTIONS TO REPRESENT
THE ANNULAR AIRFOIL

In order to calculate the pressure distribution on the annular airfoil, the flow field a-
round the foil, and the aerodynamic forces, it is necessary to obtain the strength of the ring

vortices and ring sources. The ring-vortex strength and ring-source strength must be of such

magnitude that they induce radial velocities which satisfy the boundary conditions given by

Equation [2.1.1]. By substituting the equations for the radial velocity induced by the ring vor-

tices and sources into Equation [2.1.11, a singular integral equation is obtained which can be

solved for the various singularity distributions as shown in the following discussion.

The nondimensional elementary circulation of the ring vortices will be taken to be

y(o, Z) and the strength of the ring sources to be q(0, Z). If the ring-vortex strength is a

function of the angular coordinate, then from vortex theory a trailing-vortex system exists

1 cybehind the duct. The strength of the elementary vortex is , and this vortex system
Ad a¢

induces radial velocities at the duct. Since the velocities are linear, they are additive, and
the radial velocities by the duct are found to be

V (X 0, ¢, Z) = (xd, €, Z) + (x d -0, , Z)

y q

+ V(X 01 ) +V Xd Z + O Cos

(0 < z < 1) [2.2.1]

And the various terms are defined as follows:

[Wr (Xd, 0, Z)] The radial velocity induced on the duct
SY by the ring-vortex system.

[Wr (Xd ± 0, 4, Z)] The radial velocity induced on the duct
Sq by the ring-source system.

[Wr (Xd, , Z)]y The radial velocity induced on the duct
by the trailing-vortex system.a¢

I I I illillIlIllmIYYil~im umIIYY ik
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An arbitrary axisymmetric velocity at the
duct such as induced by an infinitely
bladed propeller or a center body.

The radial component of the free-stream
velocity when the duct is at an angle of
attack.

The radial velocity components induced by the various singularity distributions at the

reference cylinder have been derived in Reference 9 and are

For the ring vortices:

FWr 27
rh

(Xd, , Z)
y o

2h(Z - Z ') cos( - € ') y(," Z ') ,
d" dZ"

[4h 2(Z-Z') 2 + 4 sin2 _(O ')J 3 / 2

2
[2.2.2]

For the ring sources:

S(Xd + 0, ), Z
q 0

2n
o

For the trailing-vortex cylinder:

W 1 277

-(Xd, , Z) f
ay o o

[1-cos(O - ')] q(,' Z')

[4h 2(Z-Z')2 + 4 sin 3 /

2

1
cot-( -

2

dy
- (,"Z') d 'dZ"

a

where h =
2 Rd

These radial velocities are substituted

immediately to

2h(Z - Z')

4h 2(Z-Z') 2 + 4 sin 2

1
d6 ' dZ'± - q(o, Z)

2 2

[2.2.3]

1 +1

2

[2.2.4]

into the boundary condition [2.1.1] which leads

q(9, Z) = - 2 S'(Z) [2.2.5]

From this equation it is seen that the strength of the source rings is a function only of the

thickness slope and, for an axisymmetric duct, is independent of angle. In linearized airfoil

[W, (Xd, Z)]

Or cos 6



theory the same equation is obtained. Substituting the slope for the source strength into

Equation [2.2.3], the radial velocity induced by the ring sources at the cylinder becomes

(Xd 0, Z = - '(Z ') k [K(k) - E(k)] dZ ' T S'(Z)

q 0

[2.2.61

where k 2 = -Z - and K(k) and E(k) are complete elliptic integrals of the first and
h 2(Z-Z') 2 + 1

second kind, respectively.

Substitution of the various radial velocities into the boundary condition, Equation

[2.2.1], led to the ring-source strength given by Equation [2.2.5]. This same substitution

also led to the following integral equation for the ring-vortex circulation:

2h(Z - Z ') cos( - 9 ') y ( ,'Z ')
1 27n

o o

a 0 " dZ'

[4h2(Z-Z') 2 + 4 sin2 I (  ') 3/2
2

1
cot-(€- ')

2
I 2h(Z-Z')

L 4h 2(Z-Z') 2 +4 sin 2 1(9_-9)
-2

+1
dy
- (,' z') dg'dZ

= - {[C'(Z) + tan a+ a r
cos ] - S'(Z')k[K(k) - E(k)] dZ- ( d Z)

0

This equation is a singular-integral equation for the ring-vortex circulation y(o, Z).

In order to solve this equation, an assumption is made that y(O,' Z') can be expanded in a

Fourier series in 0, i.e.,

y(,' Z') = gn(Z') cos no + hn(Z ) sin no'

n= n=l1

[2.2.8]

1 277

+ f f

o o

= U(¢, Z) [2.2.71
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The function VU(, Z) is also expanded in a Fourier series in 5, but it is immediately obvi-

ous because of the form of U(O, Z) that only two terms of the series exist, i.e.,

U(S, Z) = + u1 cos S [2.2.9]

where

U0 = - [C1 '(Z) + tano] - S'(Z') k[K(k)-E(k)] dZ'+ V (Xd, Z)J
0

U1 = -ar

If Equations [2.2.8] and [2.2.9] are substituted into Equation [2.2.7] and the neces-

sary mathematical manipulations are performed, a singular integral equation is obtained for

the Euler coefficients go(Z) and gl(Z). All other Euler coefficients are zero since a Fourier

series is unique and, hence, the coefficients can be equated. Only u0o and ulexist on the

right-hand side of Equation [2.2.7]. The two integral equations obtained are

1 go( z ')
g(Z-Z') (Z ') dZ'= H(Z)

1 (Z') 1

(Z -Z') W(Z-Z') dZ'+ rhf g(Z') dZ'= -2nr r

0

[2.2.101

[2.2.11]

where

g(Z - Z ') = k 4h2(Z- Z )2 [K(k) - E(k)] - 2E(k) [2.2.12]

"r f
H(Z) =4r[C'(Z) + tana] -4n (Xd, Z) -4hf

0

S'(Z') k [K(k)- E(k)] dZ' [2.2.131

k 2 =

h2(Z-Z')2 + 1

_ _ _I_



1
W,(Z-Z') = - [(2 - k 2)2 E(k) - 4(1- k 2) 2 K(k)]

k3

Solution of these two integral equations gives the circulation distribution for an axisymmetric

annular airfoil at an angle of attack, i.e.,

y(0, Z) = go(Z) + g1(Z) cos € [2.2.14]

Actually, solution of Equation [2.2.10] gives the circulation distribution for an axisymmetric

annular airfoil at zero angle of attack. It should be noted that the thickness distribution and

the arbitrary axisymmetric radial velocity each contribute to the strength of the ring vortex.

Solution of Equation [2.2.11] gives the circulation distribution on a right circular cylinder at

an angle of attack with length equal to the duct chord and diameter equal to the representa-

tive diameter of the duct. This circulation distribution is independent of the shape of the

duct.

The equations for the circulation distributions have been derived in terms of elliptic

integrals. They can also be derived in terms of the half-order Legendre function of the sec-

ond kind. 8 If the annular airfoil is not axisymmetric and the propeller has a finite number of

blades, the use of the Legendre functions is preferred.

In the next few sections the two singular integral equations just derived are reduced

to Fredholm equations of the second kind and the solution of these equations is discussed.

2.3 REDUCTION OF THE INTEGRAL EQUATION FOR THE AXISYMMETRIC CASE

Following Muskhelishvili, 16 as shown in Reference 9, Equation [2.2.101 can be re-

duced to a Fredholm equation of the second kind by adding and subtracting the term g(Z - Z')

from the kernel. Since at Z = Z'the kernel is equal to -2, i.e., g(Z-Z') = g(O) = -2, Equa-

tion [2.2.10] becomes

1 o(Z ') go(Z) 1
(-- dZ'= [2 + g(Z-Z')] dZ'- -H(Z) = fo(Z) [2.3.11
(Z -Z') 2J (Z-Z') 2

0 0

The integrand of the integral on the right is not singular at the point (Z = Z ') and has the

value of zero. This equation is in the form of the well-known Cauchy-type, singular-integral

equation and has a unique inverse given by

go (Z) = z - fo(Z ')dZ '+ 2f go(Z ') dZ [2.3.2
- 0 0

Ilia - r I I II ~



To this equation the second boundary condition, Equation [2.1.21, is applied. This boundary

condition implies that the circulation at the trailing edge must be zero, and the constant term

1

f go(Z )dZ'is chosen so that g0(0)=0. If fo(Z') is substituted into this equation for fo(Z')
0

and the constant chosen as just described, a Fredholm equation of the second kind is ob-

tained for the circulation distribution:

g(Z) = z go(Z) = f(Z) + K,(Z, z)*(ZZ') dZ
0

[2.3.3]

where

f(z) = -
1Z) (Z

(Z - Z ') Z "

1 SZ" [2 + g(Z "-Z)
272 Z " (Z "-Z) (Z"- ')

0

A new dependent variable is defined by this equation from which the circulation distribution

can easily be obtained. This redefining is necessary since the circulation distribution go(Z)

is generally infinite at the leading edge. The case where go(Z) is not infinite at the leading

edge will be discussed later.

Both functions f(Z) and K1(Z, Z ') are Cauchy Principal-value integrals and to evalu-

ate, part of the integrand will be expanded in a Fourier series. For convenience, a change

1
of variable of the form Z = - (1 + cos 0)

2

1
g (O) = g0(o) sin - 0

2

is made in Equation [2.3.3]. Then

-f(o) +f K(o, 0') go(0') dO'
0

K1(Z, Z ') =

[2.3.41
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1 1 (1-cos 0 ')
f(0) = - - cos - cs ) H(O')dO'22 2 (cos 0'-cos 8)

0

1
K(O, 0') -

2

1 1 (1-cos 0")
cos 2- cos2-o' (cos 0"-cos )

0

2 + g(cos 0 "- cos 0')

cos 8O"-cos 8'

To evaluate the function, f(O), H(0') is obtained in series form. This function

Equation [2.2.131 with the proper change in variable. The following half-range

expansions are made for the slope of the thickness distribution and the section

W W 0
C '(Z) - - (Xd, Z) = C1'(0) - - (Xd, ) = CoZC cos mO

m=1

is given by

Fourier series

mean line:

[2.3.7]

where

Wrr

V
(Xd, 0) dOCo (0) )

o

- (d, 0)

S(Z) = S[(Z)] sin mO

m=1

where

77

Sm f S(O) sin mO dO

0

,,MIIUi IIIIMiil i Illa IIi1III liII

where

[2.3.5]

[2.3.6]

and

cos mO dO

[2.3.8]
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The slope of the thickness distribution is then given by

S 2
S'(Z) =-[0(Z)= - S cos mO

Za sinO m
m= 1

Use of the Fourier series expansion causes no restrictions on the thickness distribution;

however, Equation [2.3.71 requires that the camber line slope be finite everywhere. Intro-

ducing the expansions into Equation [2.2.131 yields the following:

H(o') = [ tan-a + cos mO + 4 SmG(,m) [2.3.91

m=l m=l

wh ere

77

G(,' m) =f k[K(k) -E(k)] cos m0" dO"

0

f t 2k [K(k) - E(k)] cos m (O'- t3 ) dt [2.3.101

k
2

h2 [cos '-cos(8'-t 3)] 2 + 4

The elliptic integral of the first kind K(k) has a logarithmic singularity at k = 1, which re-

sults in the integrand of the left-hand integral of Equation [2.3.9] having a logarithmic sin-

gularity at this point. This is a singularity which can be removed by making the change in

variable of 0'- 0"= t3. This has been done in the right-hand integral.

To complete the solution, the function G(O,' m) is expanded in a Fourier cosine series

in 0,' i.e.,

G(,' m) = ao(m) P(m) cos pO" [2.3.111

p=1



where

I 7

ao(m) G(0 m) dO'

0

7r

2
a (m) =- G(,' m) cos pO'dO'

0

With this expression for G(O,'m), Equation [2.3.9] is substituted into Equation [2.3.31

and the integral for f(O) can now be evaluated. After the order of integration and summation

are interchanged, the resulting integrals are of the Glauert type and f(O) then becomes

f(0) = 2(tan a + Co) + Fj cos --

+ sin mO + ) sin --0 [2.3.12]

m=l m=l

where

6h
Fm= - mao(m)

7T

B(0) = - nm (m) sin pO

To obtain the kernel K(O, 0') also involves the evaluation of a Cauchy principal-value

integral. The method used to evaluate this integral is to expand the part of the integrand

2 + g(cos "-cos ')

cos 0"-cos 0'

in a half-range Fourier cosine series in 0. This term is continuous everywhere for0< 0" rr

and has the value zero for 0"= 0."
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2 + g(cos 0"- cos 0.')
cos o"- cos 0'

00

bo(O ) Z (0') cos nO"
n=l

0 ') 2+g(cos 0"- cos 0'
o f cos 0"-cos 0'

0

2+g(cos 0"-cos 0 ')

cos 0"-cos 0'
cos nO " dO "

Substituting this equation into Equation [2.3.6] and evaluating the integrals gives the

following for the kernel K(O, 0'):

K(O, ') = cos -- -bo(O) cos - 0+sin 0') sin n
n= 1
r l---

[2.3.141

Both f(O) and K(O, 0 ') are now in a form which can be handled numerically so that the Fredholm

equation of the second kind, Equation [2.3.31, can be solved for the circulation distribution.

Several methods exist for the solution of this type of integral equation; 17 however, the ker-

nel K(O, 0') is of the degenerate (or product) type and the method applicable to this type of

kernel will be used here. Details of this method are given in Reference 17 and only resulting

equations are given here. Following this procedure, the equation for the circulation distribu-

tion becomes 9

go(o) = f(0) + C(O) Do(o) Ao + C(0) A1 sin 0 +... + C(O) Asin nO [2.3.151

where f(0) is given by Equation [2.3.121

1. 1
C(0) = -sin -0

r 2

1
D0(0) = -cot - 02

where

[2.3.131

2
bn ) =- [
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and An is given by the following set of simultaneous equations:

Ao(1-Coo) - ACox -A 2C 2 - ....- ACon =do

"--AoClo +A,(1-CI) -A2C12-.' I-nCln =d 1

[2.3.16]

-AoCno - AI Cn 1 -A2Cn2 - + (1-Cnn) =d

where

b(O') D.(O') sin O'dO r; (i, j= 0, 1, 2,.

1
Do(O') = -cot - 0'

2

D.(O') = sin jO'
I

and

-2~dmi -=2Z dim

m= 1

(i=0, 1, 2 ... n)

m=

1
- O'dO'
2

b(O') sin O' sin mO' dO'

b(O') B(O') sin O' dO'

1T

0

.. n)

d= 2(tan S+ Co)m=l

bi(O') cos 2
fi =f

dim = f
0

fm =

0
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2.4 THE IDEAL ANGLE OF ATTACK

In discussing Equation [2.3.2] of the previous section, the statement was made that

the circulation distribution of the annular airfoil was generally infinite at the leading edge.

This is not the case, however, if the annular-airfoil section is at its ideal angle of attack

aid, i.e., if the stagnation point occurs at the leading edge. This angle can be obtained

from Equation [2.3.21 by not only making go(O) = 0 but also by taking the circulation at the

leading edge to be zero, go(1) = 0, and solving for the angle *:

tan a 'idsid" id 92 2
0

f1(z ')
dZ'

(1-Z')Z

f(Z') = fo(Z') + 2 tan a

If this value of the ideal angle is substituted in place of the section angle a, an equation is

obtained for the ideal circulation distribution:

1

id = id(Z) + f Kid(Z, Z ') yid(Z ') dZ '
0

where

1 [H(Z') -4 tana ]
id(Z) = - Z(1Z) (- dZ

0

1

K d(Z, Z')= - Z(1-Z)
2772 f

2 + g(Z"-Z') dZ
dZ "

(Z"-Z') (Z"-Z) VZ"(1-Z")

In this equation it is not necessary to solve for a pseudo-circulation since Yid( 0 ) is not sin-

gular at the leading edge. By the following the procedure of the previous section, the coef-

ficients fid(Z) and Kid(Z, Z ") are obtained as follows:

where

[2.4.11



00

sin mO + B (

m=1 1

o0

sin (0') sin nO

n=l

The coefficients C m Sm, Bm(0), and b (0') are given

ideal circulation distribution [go(O)]id is given by Equation

in the previous section.

[2.3.15] with

Do(O) = 0

and An is given by

A(1 - C1 ) - A 2 12 - . .

-A1C21 +A2 (-C22 )-.

[2.4.2]

-AC -A2C -..... +A (1-C ) = dI n1 2 n2 n n n

All the coefficients are the same as given in the previous section except for di, which is

given by

00

d. = -!2,mdim

m=1, m m'
(i=1, 2, 3 ... n)

fid(o) ==
m=1

and

Kid(, 0') =
27r

The
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Once the ideal circulation distribution is obtained, the ideal angle of attack at which the

section must operate for the stagnation point to be at the leading edge is given by Equa-

tion [2.4.11. Substituting for fl(Z') into this equation yields the following for aid:

a id = f bo(') [g0(O')]id sin O'dO'-
4id - 7

00

F I
m=1/

[2.4.3]

2.5 REDUCTION OF THE INTEGRAL EQUATION FOR THE ANNULAR AIRFOIL AT AN
ANGLE OF ATTACK

In Section 2.2 an integral equation was derived for the circulation distribution of an

annular airfoil at an angle of attack. This equation showed for the linearized theory that the

section shape had no effect on the circulation distribution, which was dependent only on the

chord-diameter ratio h and the angle of attack or.

The reduction of this Equation [2.2.11] to a Fredholm equation of the second kind fol-

lows the procedure outlined in Section 2.3 and is more fully described in Reference 9. The

resulting equation is

g*(0) = (sin 0) g1(o)

1 2 1
= 2a cos -0- fcos -0'

2 7 2
0

- bo( 0 ) cos - o

+ sin 0 (0') sin mO g*(0') dO'
m= 1

A
bo(O') - h +

27

0

1 W1(cos 0"-cos 0') -1

-J (cos 0"-cos 0')
0 -

W(cos 0"-cos 0') -I1

(cos O"-cos 0')

where

[2.5.1]

cos mO" dO "
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Here, as in Section 2.3, it is necessary to solve for a pseudo-circulation. From Reference 17
the solution of this equation for the pseudo-circulation is obtained in the following form:

1 2 1 2
g*() = 2e r cos- 0-- A 0 cos-- .[A sin O+A 2 sin 20+...+ An sin nO]

2 70 2 2
[2.5.2]

The coefficients An are obtained from the set of simultaneous equations given by Equa-

tion [2.3.1], except that the coefficients C and d aren n n

C.. = b(') D.(O') sin 0'dO';
7. o

d = 2,r f

0

cos2 O'bi(O') dO';
2

1
Do(O') = -cot -O'

2

D.(O') = sin jO';
I

(i, j=O, , 2 ... n)

(i= 1, 2, 3 ... n)

(j=1, 2, 3 ... n)

3. VELOCITY, PRESSURE, AND FORCES

3.1 VELOCITY DISTRIBUTION

In linearized theory the flow field is given by summing the free-stream velocity and the
velocities induced by singularities in the flow field. For the annular airfoil at zero angle of
attack, this means that to the free-stream velocity must be added the velocity induced by the
ring sources and ring vortices. For the zero-incidence case, only axial and radial velocities
are induced by the duct and these are 9

Axial-induced velocity:

a 13h
--X, Z) =1/2V x 1/21() -dYf

2(X -1 E(k2)
Xd

(') k2 [K(k2) - E(k 2 )

k2(COS 0-COS Q0)2

1
cos- ( 3 +0) 3 dO

2

with

[3.1.1]
X

"
Ld.3

1 111111
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VI(X, Z)
A 2h(cos -cos ') E(k )

1/2j 2

It I - 1 h2 C S _ S ,2 X -= ~ ) (d fS)' dO[3..2

Radial-induced velocity:

ff h 7

V kAW x 3/2
Y 2v - o

go(') k-[2h(cos 0-cos 0')] K(k )- E(k 1)

2 - E(k 1 )

h2 (cos O-cos 0O)2+

3h

X 3/

(d )

1
cos - 8' dO'

2

S'(O') k2 K(k2) -E(k 2)

2 (TX
d X/X
2 d-~j-1

h 2(cos 8-cos 80)2 _1

d

4d

82 dO

where

k21

h2(cos O-cos 80)2+ + 1)2

x\

h2 [cos 8-cos( 3 +o)] 2 +( +1)

[3.1.3]

V [ , Z)]

E(k
2)

[3.1.4

k2 -
2
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and

1
Z = - (1 + cos )

2

0 -0 = 0 [3.1.5]

The foregoing equations for the induced velocities have been derived in a form for ease
in making numerical calculations. Changes in variables have been made in order to remove
singularities from the integrand.

On the annular airfoil itself, these equations are considerably simplified since X = Xd '
However, across a singular vortex sheet there is a discontinuity in the tangential velocity
while across a singular source sheet there is a discontinuity in the normal velocity. On the
duct itself then; i.e., X = Xd and 0 - Z - 1,

Axial-induced velocity:

(Xd, Z) -u go(O') k[K(k) - E(k)]cos (03 -o) 302 dO T - g(o )nJ 2" 20
-f/0

a S'(O') kE(k) 2
(Xd, Z) dO'= - sin nOW (cos 0-cos 0') sin n

q n=l

[3.1.61

[3.1.71]

and

an = S'(O') kE(k) cos nO'dO'

Radial-induced velocity:

(Xd, Z) 2( 2 o -cos 0')2 [K(k)-E(k)]-E(k) cos--' dO'
1 j (cos 0-cos 0')cs 2

[3.1.8]si O- sin nO
sin 0f1

n---1
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and

an go (0') cos - O cos nO' dO'
02

[(Xd, Z = S'(O') k [K(k) - E(k)] 2 dOT 2S'(0) [3.1.9]

wh ere

k2
h 2(cos O-COS 0) 2 + 4

[3.1.10]

2 4

h 2[cos 0-COS(0 3 + 0)] 2 + 4

If the annular airfoil is at angle of attack, then to these induced velocities must be

added those induced by the trailing-vortex system and the circulation distribution gl(Z). The

free-vortex system from the duct, when it is at an angle of attack, is straight-line vortices

trailing from the duct to infinity and parallel to the z-axis. Consequently, they do not induce

any axial velocity but only radial and tangential velocities. These induced velocities are

given in Reference 15. On the duct itself, the contribution to the axial-induced velocity due

to angle of attack arises only from the vortex distribution on the duct and is

(Xd, , Z) 1 - (1-k 2 ) [E(k)-3K(k)]

+ 3E(k) - K(k)} dZ' T gl(Z) cos [3.1.11]

It should be noted that at the duct leading edge, the linearized theory gives rise to

infinite velocities unless the duct section is operating at its ideal angle of attack; i.e., un-

less go(1) s oo.
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3.2 PRESSURE DISTRIBUTION ON THE ANNULAR AIRFOIL

Since the flow field is assumed to be irrotational, steady, and incompressible and body

forces are neglected, on the duct itself the pressure distribution is obtained from Bernoulli's

equation as

p(Xd, S, Z)-p o  Wa a
C = = 2 (Xd, 0, Z)- ( d , k, Z)

-p V 2

+ (Xd , , Z + (X d , , Z [3.2.1]

The velocities Wa, Wr, and Wt are the total velocities induced by the various singulari-
ties in the flow. The pressure po is the pressure infinitely far ahead of the duct while

p(Xd, q, Z) is the local pressure on the duct surface. If the perturbation velocities are small,
then the squared terms in this equation can be neglected. This gives the linearized Bernoulli

equation, which on the duct itself is

W
C = 2 -(Xd, k, Z) [3.2.21

P V

Since, as discussed in the previous section, in the linearized theory the axial veloc-

ity induced by the ring vortices has a singularity at the duct leading edge, so does the pres-
sure. An approximate nonlinear correction to the theory which removes this singularity can
be made using the argument given in Reference 15. The result of this argument is to multi-
ply the axial velocity by the coefficient

1
[3.2.3]

1 + [f'(Z)] 2

As normal airfoil shapes have infinite slopes at their leading edges, this coefficient will

suppress the singularity arising in the velocity.
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3.3 FORCES ON THE ANNULAR AIRFOIL

The forces on the annular airfoil follow directly from the Kutta-Joukowski law, 18

which for each section is

F = p VF [3.3.1]

The velocity V is the velocity perpendicular to the direction of the force F and does not in-

clude the self-induced velocity. The function F is the circulation and p is the mass density.

To obtain the total force in any one direction, the force on each section is integrated around

the duct.

The total lift L is defined in some arbitrary direction which here will be taken to be

positive radially outward, perpendicular to the axial coordinate z, and at 0 = 0. For the axi-

symmetric case, the lift on each section is radially outward but, since it is equal at each an-

gular position, the total lift is zero. By the same reasoning, the lift in an arbitrary axisym-

metric velocity is also zero. The only net lift occurs when the duct is at an angle of attack,

and this is given by 9

1 77
L

L  = 2rr g1(Z') dZ= 27 g1 (O)cos- OdO [3.3.2]
p V 2 a 2

d 0 0

The induced drag also follows directly from Equation [3.3.1]. As for the lift, the in-

duced drag of the duct at zero incidence is also zero. However, an arbitrary axisymmetric-

radial velocity by the duct, such as induced by a propeller, does induce a drag. The induced

drag then follows 9 as

D. 1 27W

.CD - y(, Z ) do dZ [3.3.3]
P - Vp2 aRd y

For the duct at zero incidence, this equation reduces to

CD= -4 go(Z') V d, Z ' dZ'= 4 () V)cos -Od [3.3.41
0f 0



where the velocity Wr is the arbitrary axisymmetric-radial velocity by the duct. Obviously,
for the duct at zero incidence and purely axisymmetric flow, the induced drag is zero. If the

duct is at an angle of incidence in otherwise purely axisymmetric flow, Equation [3.3.3] be-

comes, after some manipulation,

CD. = - C2  [3.3.5]

which is the result obtained by Ribner. 19 To find the total drag, the viscous drag must be

added to the induced drag.

The total moment on the axisymmetric duct at zero incidence and, also, in the pres-

ence of an arbitrary axisymmetrical flow is zero. Consequently, the only moment arises when

the duct is at an angle of attack. This moment arises from two sources, one being from the

vertical forces (lift) and the other from the horizontal forces (drag). This differs somewhat

from two-dimensional airfoil theory where only the lift force contributes. The moment M fol-

lows also from Equation [3.3.1] as

CM M CM + CM [3.3.61
p_V 2 a2 R V H

2 d2

where, about the leading edge

CM = - g*() sin 0 sin - 0 dO [3.3.7]
v I21 .e. o

and

L 

1CM - g s() cos - 0 dO
H 4f 2

0

1 1 h(cos O-cos 0")

+ gcos-0 J g*(0)cos-0" - c K(k)-E(k) dOd 0 [3.3.8]
2 2 k

The moment from the drag force is normally small compared to that from the lift force, but it

should not be neglected.
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To obtain the moment about any point on the duct, the contribution due to the vertical

forces is shifted from the leading edge by the following relation:

CM = (CM) e. + CL(1-Z) [3.3.9]

4. COMPUTER PROGRAM

The calculations based on the theory for the annular airfoil operating at a given angle

of attack have been programmed for the IBM-7090 high-speed computer. Input consists of the

section camber and thickness ordinates, the section angle of attack, and the chord-diameter

ratio of the annular airfoil. An arbitrary axisymmetric velocity can also be included.

The standard output consists of the lift, drag, and moment coefficients as well as the

circulation and pressure distribution on the duct. There are options also for obtaining the

ideal angle of attack of the duct section and the velocity field inside the duct.

It takes approximately 10 minutes on the IBM-7090 high-speed computer to calculate

the duct forces, pressure distribution, and the velocity field inside the duct. The input-

output format and the FORTRAN listing of the computer program are discussed in the follow-

ing sections.

4.1 INPUT FORMAT

The duct identification is key punched on the first IBM input card using Format 12A6

where Columns 1 through 72 can be used. The remainder of the input data is punched on IBM

cards using Format F8.6 where up to nine field point parameters, each having a field width

of eight columns, can be punched on a card. These particular formats are described in Ref-

erence 20.

Seven parameters are punched on the second input card with the first four quantities

being the number of camber ordinates, the number of section thickness ordinates, the chord-

diameter ratio of the duct, and the section angle of attack a in degrees, respectively. If

the camber is zero, the number of camber ordinates input is zero and if the ideal angle of

attack is desired, the section angle input is zero. The number of camber and thickness ordi-

nates which can be input is a minimum of 17 and a maximum of 39.

The fifth quantity on the second input card is an option for calculating the ideal angle

of attack of the duct section. If the ideal angle of attack is not to be calculated, the fifth

input quantity is zero; if this angle is to be calculated, 1.0 is used. The sixth and seventh

quantities on the second input card are input options concerning the induced radial and axial

velocities, respectively. If these velocities are taken as zero, the input values are zero; if

either or both of these velocities are zero, 1.0 is used.
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The stations along the section chord and the corresponding camber ordinates, nondi-

mensionalized on the section-chord length, are punched on the first and second sets of input

data cards, respectively. These cards are omitted, however, if the section camber is zero.

The stations along the section chord and the corresponding half thickness ordinates,

nondimensionalized on the section chord length, are punched on the third and fourth sets of

input data cards, respectively. If the section ideal angle of attack is to be computed, no

other input data is required for the computer program.

The numb er of points (a minimum of 17 and a maximum of 39) along the section chord

where the radial velocity is given as input should be punched on the next input data card.

Following this card, the stations along the section chord and the corresponding radial veloc-

ity, nondimensionalized by the ship speed, are punched on the fifth and sixth sets of input

data cards, respectively. If the input radial velocity is zero, these data cards are omitted.

The number of points (a minimum of 17 and a maximum of 39) along the section chord

where the axial velocity is given as input should be punched on the next input data card.

Following this card, the stations along the section chord and the corresponding axial velocity,

nondimensionalized on the ship speed, are punched on the seventh and eighth sets of input

data cards, respectively. If the input axial velocity is zero, these data cards are omitted.

The number of different geometric angles of attack for computing the duct pressure

distribution (which must be less than 41) is punched on the next input data card. Geometric

angles of attack in degrees and the corresponding angular positions of the duct section in

degrees at which the calculations are to be made are punched on the ninth and tenth sets of

input data cards, respectively. The program always makes calculations for = 0; thus it is

not necessary to input this value.

The next card is an option card for calculating the velocity field inside the duct. If

this velocity is not to be calculated, the input quantity is zero; if the velocity is to be cal-

culated, 1.0 is used. If the input is zero, no additional data are required for the computer

program.

Two input quantities should be punched on the next card if the above input data are

1.0. The first quantity gives the number of different radial positions (which should be less

than or equal to 11). The duct radii and the stations along the duct chord are punched on

the eleventh and twelfth sets of input data cards, respectively. An example showing the in-

put data for a duct where the radial and axial-induced velocities are zero and the pressure

distribution and velocity field inside the duct are desired is shown in Appendix A.

Option 10, which allows the program to overload the operating system, 2 0 must also

be added to this program. The binary common reassignment card must have a minus sign, 7,

and 9 punched in Column 1, a plus sign punched in Column 2, and a plus sign and zero punch-

ed in Column 6.
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4.2 OUTPUT FORMAT

The input is printed on the first page of output and the duct forces, including the lift,

drag, and moment coefficients, are given on the second page. The third page of output gives

the duct circulation distribution, nonlinear corrections, and the nonlinear pressure distribu-

tion inside and outside the duct for a given geometric angle of attack. It should be noted

that the pressure distribution includes the effect of adding the axial-induced velocity given

as input to that induced on the annular airfoil. If more than one geometric angle of attack is

given as input, the parameters presented on the third page of output will be printed on a new

page for each additional geometric angle of attack. The axial and radial velocities along the

duct chord at a given radius inside the duct are printed on the next page of output if desired.

If more than one duct radius is given as input, these velocities are printed on a new page

for each additional duct radius given as input.

Note that if only the section ideal angle of attack is desired, this computed value,

rather than the duct forces, will be printed on the second page of output. The output obtain-

ed from the input data of the annular airfoil given in Section 4.1 is also shown in Appendix A.

4.3 FORTRAN LISTING

The FORTRAN listing of the computer program is given in Appendix B. In addition to

the subroutines furnished automatically by the Bell Monitor System on the IBM-7090, the bi-

nary coding for the BE-ELIP, E2-AMGMHA, B4-LACBRT, DI-GLGAU2, AMMAT1, AM-SIUF,

VG-AS+C, and E1-AQAKK1 subroutines must be added to the FORTRAN listing of this

program.

5. EXPERIMENTAL AND THEORETICAL RESULTS

5.1 EXPERIMENTAL RESULTS

Two ducts, 20 inches in diameter, were manufactured and tested in the Subsonic Wind

Tunnel of the Aerodynamics Laboratory. The tests were run at a Reynolds number of

2.06 x 10.6 Both ducts had chord-diameter ratios of 0.8 and the section shapes were as

shown in Figure 3. The cross section of Duct I is an NACA 0010 thickness distribution

with an NACA 250 mean line of maximum camber-chord ratio of -0.0375. Each section op-

erates at an angle of attack of 6 degrees. Such an annular airfoil typifies the shape used for

Kort nozzles. Duct II has a cross section made up of an NACA 66 Mod. thickness distribu-

tion of maximum thickness-chord ratio of 0.10 with an NACA a = 0.8 mean line of a maximum

camber-chord ratio of 0.04. The angle of attack of the section is zero.

Also shown in Figure 3 is a duct shape tested by the Bureau Technique Zborowski in

France. 2 1 This duct has a chord-diameter ratio of 0.96. The section is an NACA 66-006

with no camber, and the angle of attack of each section is zero.



Force data in coefficient form, i.e., lift (CL), drag (CD), and moment (CM), are plotted

in Figure 4 for Duct I. These tests were carried out for geometric angles of attack covering

a range of + 10 degrees. Pressure distributions were made on both the inside and outside of

the duct at geometric angles of attack from 0 to 10 degrees in steps of 2 degrees. Flow sepa-

ration occurred on this duct even for zero angle of attack thus only the results for 0 and 6 de-

grees are shown here. Figure 5 shows the pressure distribution plotted against the chordwise

location of the pressure tap for the zero angle of attack case. The results for the 6 degree

angle of attack are plotted in Figures 6 and 7. Figure 6 is the pressure distribution for the

duct section which is in the upward position as shown in Figure 1; i.e., 0 = 0 degrees. Fig-

ure 7 shows the pressure distribution at the lower section; i.e., 0 = 180 degrees.

The force data for Duct II are plotted in Figure 8 and again, the range of tests was

+ 10 degrees. Pressure distributions for this duct are plotted in Figures 9 through 15. Fig-

ure 9 gives the pressure distribution of the inside and outside of the duct for zero angle of

attack. Figures 10 and 11 give the pressure distribution for 4-degree angle of attack for the

position 0 = 0 degrees and 0 = 180 degrees, respectively. Figures 12 and 13 are the pres-

sure distributions for 8 degrees and 0 = 0 degrees and 0 = 180 degrees, respectively; Fig-

ures 14 and 15 are for 10 degrees for 0 = 0 degrees and 0 = 180 degrees, respectively.

The force data for the BTZ duct are shown in Figure 16, and the pressure distributions

are given in Figure 17 through 19. Figure 17 gives the pressure distribution for the zero angle

of attack case; Figures 18 and 19 are for the 9-degree angle of attack with = 0 degrees and

= 180 degrees, respectively.

5.2 THEORETICAL RESULTS

5.2.1 Axisymmetric Duct

In this section, results of theoretical calculations are compared to the test results

just presented. The theoretical calculations were made on an IBM-7090 computer by the

Applied Mathematics Laboratory with the FORTRAN program presented in Section 4.

In making theoretical predictions of the aerodynamic characteristics of the annular

airfoil, the first step involves the calculation of the section circulation distribution as given

by Equations [2.3.4] and [2.3.15]. The circulation distributions for the three ducts are de-

scribed in the previous section are shown in Figure 20 for a zero angle of attack. Since the

BTZ duct has zero camber, the circulation distribution is solely a function of the thickness

distribution. For Duct I the effect of local angle of attack is dominant near the leading edge,

which no doubt gives an indication of the separation which occurred on the duct. For Duct II

it must be concluded that camber is the dominant-effect since the thickness distribution leads

to a negative circulation distribution. It should be noted that these circulation distributions

must be divided by 1--z in order to obtain the actual circulation.
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The actual circulation distribution is singular at the leading edge except when each

section is operating at its ideal angle of attack. This ideal angle of attack is obtained from

Equation [2.4.31. For these three ducts, this equation gives the ideal angle of attack as:

a id aC Design

degrees degrees

Duct I -1.67 6

Duct II 0.78 0

BTZ 0.020 0

The theoretical pressure distribution on the ducts is given by Equation [3.2.21. Re-

sults of evaluation of this equation, using the nonlinear correction given by Equation [3.2.31

for the axisymmetric case, are shown as solid lines on Figures 5, 9, and 17 for Ducts I, II,
and BTZ, respectively. The prediction is poor for the outside of Duct I where separation oc-

curred near the leading edge. Inside the duct, however, the prediction is good. For both

Duct II and the BTZ duct, the agreement between theory and experiment is quite good. Also

shown in Figure 9 is the pressure distribution for Duct II, calculated from the linearized the-

ory and by the method of Chaplin. 2 2 This last method is a nonlinear theory; therefore, this

plot gives the comparison between the linear theory, nonlinear theory, and experiment. It is

clear that the linear theory does not give quite as good a prediction as either the nonlinear

correction or the nonlinear theory. However, the theoretical pressure distribution by any of

the methods is quite reasonable except when separation occurs on the duct.

The separation occurring near the leading edge on Duct I is undoubtedly a laminar sep-

aration. With this type of separation, usually called leading edge bubble, the flow reattaches

itself near the transition region. At high angles of attack, turbulent separation, of course,

does occur and the annular foil stalls. These various flow regimes have been mapped on an

annular airfoil by Eichelbrenner. 2 3

In addition to knowing the pressure distribution on the duct (or velocity distribution),
it is desirable to know the velocities induced anywhere in the flow field by the presence of

the duct. These velocities, for the axisymmetric duct at zero angle of attack, are calculated

by the computer program from Equations [3.1.1] to [3.1.4]. Figure 21 shows the radial varia-

tion of the velocity at the 1/2 chord point of Duct II as calculated from these equations. No

experimental results are available for comparison.
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5.2.2 Duct at an Angle of Attack

For the duct at an angle of attack, the forces and the effect on the pressure distribu-
tion are independent of the section shape except for the moment which arises from the hori-

zontal forces C H. The forces and pressure distribution are, of course, dependent on the

chord-diameter ratio h.

Figure 22 shows the theoretical lift coefficient versus the chord-diameter ratio. Also
plotted on this curve are the test spots from Ducts I, II, and BTZ along with test results by
Fletcher. 2 4 The ducts tested by Fletcher had Clark-Y sections with thickness-chord ratios

of 0.117. The theory gives a surprisingly good prediction, even for Duct I which had separa-
tion. The theoretical lift is also plotted on Figures 4, 8, and 16 as a solid line. These plots
show that the theory gives good prediction of the lift through 10 degrees.

The induced drag is a function of the lift sequared as shown by Equation [3.3.5]. The
theoretical values, calculated from this equation, are shown on Figures 4, 8, and 16. Here
the drag at zero angle of attack was taken as the profile drag and no attempt was made to cal-

culate this drag.* It can be seen that the theoretical drag gives a good prediction; however,
at the higher angles of attack, more deviation occurs than for the lift. For Ducts I and II the

theory underpredicts the drag at the high angles of attack, which no doubt is due to separation.

It should be noted that the much higher profile drag of Duct I is a consequence of a high pres-

sure drag.

The theoretical moment, as given by Equation [3.3.6], consists of two parts, one due

to vertical forces CM and the other due to horizontal forces M. The moment CM , as given

by Equation [3.3.7], is plotted in Figure 23. Figures 4, 8, and 16 show the total theoretical

moment as a solid line compared to the experimental values. Also shown on Figures 4 and 8
as a dashed line is the moment CMV . The effect of the horizontal term is small but its use

does give a better prediction, especially for Duct II. It would be expected that the moment

of Duct I would deviate somewhat from the theoretical value since the leading edge consid-

erably alters the pressure distribution.

The theoretical pressure distribution contributed by the angle of attack as calculated

using Equations [3.1.11] and [3.2.2] is shown in Figure 24 and is further tabulated in Ta-

bles 1 through 10. It can be seen that the chord-diameter ratio has a considerable effect on

the pressure distribution and that the shorter the chord, the greater the effect. To obtain the

total pressure distribution on a duct at an angle of attack, these values are added to those

obtained for the axisymmetric case. For Duct I, the pressure distribution is shown at a

6-degree angle of attack in Figure 6 for the angular position 9 = 0 degrees, and in Figure 7

*The method of predicting drag of axisymmetric bodies as discussed by Granville 2 5 should give a reasonable
estimate of the profile drag.
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for the angular position 0 = 180 degrees. Because of the flow separation occurring on the

outside of the duct, the prediction is poor at 0 = 0 degrees; however, for 0 = 180 degrees,

the predicted pressure distribution is quite reasonable. It is apparent that no separation is

occurring in this part of the duct at the 6-degree angle of attack.

Theoretical pressure distributions are shown on Figures 10 through 15 for Duct II at

various geometric angles of attack. All theoretical pressure distributions look reasonable

up through 8 degrees. At 10 degrees, however, separation occurs on the inside of the duct

at the angular position 0 = 180 degrees (Figure 15). At 8 degrees there is some deviation

from the experimental values as shown in Figure 13, which would indicate that flow is start-

ing to separate at this angle. The predicted pressure distribution on the outside at 4 = 0 de-

grees is quite reasonable even at 10 degrees (Figure 14).

For the BTZ duct, theoretical pressure distributions are plotted with the experimental

points on Figures 18 and 19. The geometric angle of attack is 9 degrees, and for both the

0 = 0-degree and 4 = 180-degree angular positions, the comparison between theory and ex-

periment is good. Some deviation does occur near the trailing edge inside the duct at

= 0 degrees.

CONCLUSIONS

From the results of this investigation on the aerodynamic characteristics of annular

airfoils, we can make the following conclusions:

1. The theory gives good predictions of the lift, induced-drag, and moment coefficients

even when laminar separation occurs at the leading edge.

2. The theory gives good predictions of the pressure distribution except when separation

is present.

3. The moment coefficient from the drag forces is normally small compared to that from

the lift force but should not be neglected.

4. The nonlinear correction to the pressure distributions is normally small but should not

be neglected.

5. The computer program, as compared to other methods, is efficient and quite versatile.

6. The computer program can be used for ducted propeller designs with the restriction of

the assumption of infinite number of blades since an arbitrary axisymmetric velocity can be

given as input.

7. The computer program can be used to obtain the ideal angle of attack of the duct sec-

tion which is important for design purposes.



TABLE 2

Pressure Distribution per Degree for
Chord-Diameter Ratio of 0.2

Outside

Pressure Distribution per Degree for
Chord-Diameter Ratio of 0.4
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TABLE 3

Pressure Distribution per Degree for
Chord-Diameter Ratio of 0.6

Outside

TABLE 4

Pressure Distribution per Degree for
Chord-Diameter Ratio of 0.8
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TABLE 6

Pressure Distribution per Degree for
Chord-Diameter Ratio of 1.0
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Pressure Distribution per Degree for
Chord-Diameter Ratio of 1.2
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-0.344394E-02
-0.282235E-02
-0.232401E-02
-0.191926E-02
-0.159530E-02
-0.133561E-02
-0.114164E-02
-0.997250E-03
-0.873475E-03
-0.776786E-03
-0.701805E-03
-0.647667E-03
-0.611354E-03
-0.575331E-03
-0.537518E-03
-0.489071E-03
-0.428520E-03
-0.345683E-03

C.289993E-00
0.143497E-00
0.940389E-01
0.688954E-01
0.535178E-01
0.430'97E-01
C.354218E-01
0.295897E-01
0.249802E-01
0.212461E-01
0.181399E-01
0.155455E-01
0. 133432E-01
0.114723E-01
0. 988470E-02
0.851984E-02
0.735143E-02
0.635319E-02
0.549180E-02
0 .475463E-02
0.412795E-02
0. 558765E-02
0.311922E-02
0.269530E-02
0.231G60E-02
0.197644E-02
0.167182E-02
0.139021E-02
0.112274E-02
0.864556E-03
0.626921E-03
0.406926E-03
C.209419E-03
C.325264E-04

-0.116533E-03

TABLE 5



TABLE 7

Pressure Distribution per Degree for
Chord-Diameter Ratio of 1.4

Outside

Pressure Distribution per Degree for
Chord-Diameter Ratio of 1.6

Inside Outside

0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180

-0.
0. 190265E-02
0. 7596 13E-02
0.170371E-01
0.301537E-01
0.46846 E-01
0.669873E-01
0.904240E-01
0.116978E-00
0.146447E-00
0.178606E-00
0.213212E-OC
0.250000E-00
0.288691E-00
0;328990E-00
0.370590E-00
0.413176E-00
0.456422E-00
0.500000 E-00
0.543578E 00
0.586824E 00
0.629410E 00
0.671010E 00
0.711309E 00
0.750000E 00
0.786788E 00
0.821394E 00
0.853553E 00
0.883022E 00
0.909576E 00
0.933013E 00
0.953154E 00
0.969846E 00
0.982963E 00
0.992404E 00
0.998097E CO
0.10000E 01

0.268439E-00
0. 132540E-00
0.865490E-01
0.630933E-01
0.486953E-01
0.388590E-01
0.316645E-01
0.2615914E-01
0.217908E-01
0.182615E-01
0.153341E-01
0.129028E-01
0.108568E-01
0.914038E-02
0.770710E-02
0.650732E-02
0.549231E-02
0 .463429E-02
0.392775E-02
0.333137E-02
0.283407E-02
0.242522E-02
C,207971E-02
0.177143E-02
0.149708E-02
0 .126588E-02
0.105973E-02
0.872 107E-03
0.686444E-03
0.507227E-03
0.340504E-03
0.186156E-03
0.478772E-04

-0.765343E-04
-0. 180529E-03

5
10
15
20
25
30
35
40
145
50
55
60
65
70
75
80
85
90
95

100
105
110
115
120
125
130
135
140
1t45
1506
155
160
165
170)
175
180

0 -0.
0.190265E-02
0.759613E-02
0.170371E-01
0.301537E-01
0.46846 E-01
0.669873E-01
0.904240E-01
0.116978E-00
0.146447E-00
0.178606E-00
0.213212E-00
0.250000E-00
0.288691E-00
0.328990E-00
0.370590E-00
0.413176E-0C
0.456422E-00
0.500000E-00
0.543578E 00
0.586824E 00
0.629410E 00
0.671010E 00
0.711309E 00
0.750000E 00
0.786788E 0.0
0.821394E 00
0.853553E 00
0.883022E 00
0.909576E CO
0.933013E CC
0.953154E 00
0.969846E 00
0.982963E 00
0.992404E 00
0.998097E 00
0.100000E 01

-0.250702E-00
-0.123203E-00
-0.797532E-0 1
-0.573351E-0 1
-0.433723E-01
-0.337093E-0 1
-0.265577E-0 1
-0.210525E-01
-0.167207E-01
-0. 132567E-0 I
-0. 105061E-01
-0.830683E-02
-0.657091E-02
-0.519987E-02
-0.411720E-02
-0.327047E-02
-0.262269E-02
-0.213069E-02
-0.1 74218E-02
-0.144554E-02
-0.121080E-02
-0.101731E-02
-0.863545E-03
-0.752582E-03
-0.669549E-03
-0.593629E-03
-0.529996E-03
-0.478792E-03
-0.446736E-03
-0.429288E-03
-0.411852E-03
-0.395353E-03
-0.371745E-03
-0.342680E-03
-0.300843E-03

0.250994E-00
0.123660E-00
0.804648E-01
0.583663E-01
0.447579E-01
0.354217E-01
0.285874E-01
0.233411E-01
0.191828E-01
0.158336E-01
C.130707E-01
0.107950E-01
0.890124E-02
0.733639E-02
0.605331E-02
0.500111E-02
0.412972E-02
0.340905E-02
0.283019E-02
0.235419E-02
0. 196967E-02
0. 166382E-02
0.141153E-02
0.118862E-02
0.993472E-03
0.833982E-03
0.694860E-03
0.567996E-03
0.440409E-03
0.311796E-03
0.193106E-03
0.807532E-04

-0.191505E-04
-0. 109748E-03
-0.185021E-03

Inside

-0.268096E-00
-0.132028E-00
-0.857773E-01
-0.619910E-0 1
-0.472244E-01
-0.370195E-01
-0.294746E-0 1
-0.236439E-0 1
-0.190330E-0 1
-0.153137E-01
-0.123229E-01
-0.989410E-02
-0.794083E-02
-0.636780E-02
-0.510071E-02
-0.408935E-02
-0.329832E-02
-0.268399E-02
-0.219116E-02
-0. 180986E-02
-0. 150820E-02
-0.126114E-02
-0.106453E-02
-0.920742E-03
-0.813915E-03
-0.719491E-03
-0.643241E-03
-0.581799E-03
-0.543877E-03
-0.518784E-03
-0.495685E-03
-0.471045E-03
-0.438358E-03
-0.397558E-03
-0.340104E-03

TABLE 8



TABLE 10

Pressure Distribution per Degree for
Chord-Diameter Ratio of 1.8

Outside

Pressure Distribution per Degree for
Chord-Diameter Ratio of 2.0

Inside Outside Inside

0
5

10
15
20
25
3C
35
40
45
50
55
60
65

f> 70
75
80
85
90
95

100
105
110
115
120
125
13C
135
140
145
150
155
160
165
170
175
180

-0.
0. 190265E-02
0.;759613E-02
0. 170371E-01
0.301537E-01
0.468461E-C 1
0.669873E-01
0.904240E-01
0.116978E-00
0.146447E-00
0.178606E-0"0
0.213212t-00
0.250000E-00
0.288691E-0G
0.328990E-00
0.37059CE-00
0.413176E-00
0.456422E-00
0.5000000E-00
0.543578E 00
0.586824E OC
0.629410E 00
0.671010E 00
0.711309E 00
0.750000E 00
0.786788E 00
0.821394E 00
0.853553E CO
0.883022E GO
0.909576E 00
0.933013E 00
0.953154E 00
0.969846E 00
0.982963E 00
0.992404E 00
0.998097E 00
0.100000E Cl

-0.236248E-00
-0.115851E-00
-0.747192E-01
-0.534313E-0 1
-0.401356E-0 1
-0 .309215E-0 1
-0.241062E-01
-0 . 188 181E-01
-0 . 147924E-01
-0.115567E-0 1
-0.901301E-02
-0.702777E-02
-0.548329E-02
-0.427916E-02
-0.336099E-02
-0 .264991E-02
-0.211661E-02
-0. 171912E-02
-0.140916E-02
-0.117439E-02
-0.987638E-03
-0.828179E-03
-0.708317E-03
-0.619911E-03
-0.550U50E-03
-0.489603E-03
-0.434823E-03
-0.390801E-03
-0.363594E-03
-0.349901E-03
-0.336550E-03
-0.324515E-03
-0.306620E-03
-0.284776E-03
-0.253669E-03

0.236508E-00
0.116277E-00
0.753922E-01
C.544133E-01
0.414533E-01
C.325388E-01
0.259968E-01
C.209 758E-01
C. 1TO31E-01
0.138189E-01
C. 112206E-01
0.908701E-02
0.734267E-02
C. 593344E-02
0.478589E-02
C.387189E-02
0.313129E-02
0.253218E-02
C.206246E-02
0.168587E-02
0.139090E-02
0.116782E-02
0.980632E-03
0.819277E-03
0.682773E-03
0. 569663E-03
C.475546E-03
0.388977E-03
C.298941E-03
0.2C4930E-03
0.117333E-03
0.332564E-04

-C.414382E-04
-C. 109492E-03
-0.166498E-03

0
5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
9C
95

100
105
110
115
12C
125
130
135
140
145
150
155
160
165
170
175
180

-0.
0. 190265E-02
0.759613E-02
0.170371E-01
0.301537E-01
0.468461E-01
0.669873E-01
0.904240E-01
0.116978E-00
0.146447E-0O
0. 178606E-00
0.213212E-CO
0.250000E-00
0.28869 E-CO
0.32899CE-CO
0.370590E-00
0.413176E-00
0.456422E-OC
0.500000E-CO
0.543578E 00
0.586824E 00
0.62941CE CC
0.671010E 00
0.711309E 00
0.750000E 00
0.786788E 00
0.821394E CO
0.853553E 00
0.883022E OC
0.90.9576E OC
0.933013E 00
0.953154E 00
0.969846E 00
0.982963E GO
0.992404E 00
0.998097E 00
0.100000E C1

-0.223994E-00
-0. 109605E-00
-,0.704300E-0 1
-0.500914E-01
-0.373631E.-0 1
-0.285317E-0 1
-0.220 37E-0 1
-0.170249E-01
-0.131607E-01
-0.101332E-0 1
-0.778614E-02
-0.598549E-02
-0.461079E-02
-0.355927E-C2
-0.2772 72E-02
-0.217353E-02
-0.173 146E-02
-0.14Co97E-02
-0.115641E-02
-0.967345E-03
-0.815445E-03
-0.684354E-03
-0.585700E-03
-0.513458E-03
-0.455465E-03
-0.404081E-03
-0.356165E-03
-0.317883E-03
-0.294347E-03
-0.28332CE-03
-0.272834E-03
-0.263224E-03
-0.249886E-03
-0.2332C8E-03
-0.209266E-03

0.224233E-CO
0.110CCC9E-00
0.710751E-01
C. 510427E-01
C.386250E-C 1
0.300653E-01
0.237771E-01
0.189544E-01
0. 151509E-01
0.121216E-01
0.967312E-02
0.768701E-02
C.608804E-02
0 .481972E-02
C.380791E-02

.302005E-02
C.239583E-02
0.193158E-02

*.152280E-02

0. 122632E-02
0.100 112E-02
0 .364 13E-03
0.699954E-03
0.582333E-03
C.484254E-03
0. 404837E-C3
C .34C758E-03
C.280811E-03
0.215905E-03
0.145219E-03
0.785421E-04
0.141526E-04

-0.441411E-04
-C.972240E-04
-0.141654E-03

TABLE 9
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Figure 1 - The Annular Airfoil Coordinate System
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Figure 2 - Delineation of the Annular Airfoil Section
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Duct N° I

Duct N2 II

BTZ Duct

Figure 3 - Duct Profiles
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Figure 4 - Lift, Drag, and Moment Coefficients for Duct I
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Figure 5 - Pressure Distribution for Duct I at Zero Angle of Attack (ar = 0)
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Figure 6 - Pressure Distribution for Duct I, Cr = 6 Degrees and 0 = 0 Degrees
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Figure 7 - Pressure Distribution for Duct I, or = 6 Degrees and p = 180 Degrees
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Figure 8 - Lift, Drag, and Moment Coefficients for Duct II
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Figure 9 - Pressure Distribution for Duct II at Zero Angle of Attack (cr = 0)
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Figure 10 - Pressure Distribution for Duct II, ar = 4 Degrees and 4 = 0 Degrees



Figure 11 - Pressure Distribution for Duct II, ar = 4 Degrees and 0 = 180 Degrees
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Figure 12 - Pressure Distribution for Duct II, a r = 8 Degrees and 0 = 0 Degrees
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Figure 13 - Pressure Distribution for Duct II, ar = 8 Degrees and 4 = 180 Degrees
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Figure 14 - Pressure Distribution for Duct II, or = 10 Degrees and 4 = 0 Degrees
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Figure 15 - Pressure Distribution for Duct II, C r = 10 Degrees and 4 = 180 Degrees
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Figure 16 - Lift, Drag, and Moment Coefficients for BTZ Duct



-1.2

-0.8

-0.4

Inside

- 0 Outside
Cp 0

0.4

0.8

0 Experiments Outside

0 Experiments Inside

1.2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

x

Figure 17 - Pressure Distribution for BTZ Duct at Zero Angle of Attack (cr = 0)
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Figure 19 - Pressure Distribution for BTZ Duct, ar = 9 Degrees and = 180 Degrees
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Figure 20 - Circulation Distribution for the Three Ducts
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Figure 21 - Radial Variation of Velocity at Chord Point for Duct II

Va, Vr 0



1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

. Figure 22 - Lift Curve Slope as Function of Chord-Diameter Ratio
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Figure 23 - Moment from Vertical Forces as Function of Duct Angle of Attack and Chord-Diameter Ratio
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Figure 24 - Pressure Distribution as-4-Function of Duct Angle of Attack and Chord-Diameter Ratio
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APPENDIX A - INPUT AND OUTPUT FOR AN ANNULAR AIRFOIL

3 5 7 8 9 1o 1)P 1 13 4 -1 I 16 1 J? 2C 91 o ; Q' ^" I-V 'JM 307 S; 330( -2- G33 -3 9 K) 3 3 0-- 4 , 4& 4 4-7 49 L1 9 5S - S; 5 E 7 6 ;1 60 ( 544 45 ( 0 64 Of 70 71 -7,

DUCCS I-*I R ---E-S- SSE QIS71 07tZ, _4I C44 d A-Glc S

2/-7 .. i . .

,f. p,78 0 -,/94 512 /v 1 1
, lo .3 ,./2 .2 , ,6 ,1 ,9

7. .4 . .I .
-6-' I - -7 " - "- -

/. 5 _ 4 ,l32e6 3 / 2, /12 ,6216 7 .66 4341 ,tol/o10 _1 ,2o

- , 6 £ ,- - , l I , I I , . _

.6 _//lS/ .6/3 , A S926 ,02_4 ._62 .d _6 2 .6 !3Z ..

2.....



OUTPUT

DUCT I1 MAXIMUM CAMBER=O004.
25.000000 17.000000 0.800000
-0. 0*005000 0.007500
0.200000 0.250000 0.300000
0.700000 0.750000 0.800000

-0. 0.001691 0.002380

0.027971 0.031617 0.034539
0.035564 0.032483 0.028106

-0. 0.012500 0.025000
0.450000 0.500000 0.600000

-0. 0.011550 0.015300
0.050000 0.049620 0.046530

MAXIMUM THICKNESS=0.IO
-0. -0. -0.
0.012500 0.025000 0.050000
0.350000 0.400000 0.450000
0.850000 0.900000 0.950000
0.003629 0.006345 0.010845

0.036807 0.038457 0.039523

0.021697 0.014345 0.006851

0.050000 0.075000 0.100000

0.700000 0.800000 0.900000

0.020950 0.025400 0.029200
0.040350 0.031100 0.018770

0.075000
0.500000

1.000000

0.014627

0.040000
-0.

0.200000

0.950000

0.040020

0.011430

0.100000 0.150000

0.600000 0.650000

0.017926 0.023478

0.039140 0.03/732

0.300000
1.000000
0.046370

-00

0.400000

0.049520

CHORD DIAMETER RATIO

LIFT COEFFICIENT PER DEGREE (EQ3.3-2)

INDUCED DRAG COEFFICIENT (EQ3.3-5)

MOMENT COEFFICIENT FROM VERTICAL FORCES (E03.3-7)

MOMENT COEFFICIENT FROM HORIZONTAL FORCES (EQ3.3-8)

TOTAL MOMENT COEFFICIENT ABOUT L. E. (EQ3.3-6)

INDUCED DRAG DUE TO RADIAL INDUCED VELOCITY (EQ3.3-4)

0.8000

0.1215

0.0009

-0.0236

0.0038

-0.0197



GEOMETRIC ANGLE OF ATTACK IN DEGREES

POSITION OF SECTION AT ANGLE (PA) IN DEGREFS

T X GSTAR

0 -0. -0.3111E-01

5 0.1903E-02 -0.2721E-01

10 0.7596E-02 -0.1606E-01

15 0.1704E-01 0.7947E-03

20 0.3015E-01 0.2110E-01

25 0.4685E-01 0.4230E-01

30 0.6699E-01 06196E-01

35 0.9042E-01 0.7822E-01

40 0.1170E-00 0.9010E-01

45 0.1464E-00 0.9761E-01

50 0.1786E-00 O01017E-00

55 0.2132E-00 0.1040E-00

60 0.2500E--00 0.1066E-00

65 0.2887E-00 0.1114E-00

70 0.3290E-00 0.1200E-00

75 0.3706E-00 0.1329E-00

80 0.4132E-00 0.1501E-00
85 0.4564E-00 0.1705E-00

90 0.5000E-00 0.1922E-00

95 0*5436E 00 0.2131E-00

100 0.5868E 00 0.2308E-00

105 0.6294E 00 0.2433E-00

110 0.6710E 00 0.2490E-00

115 0.7113E 00 0.2474E-00

120 0.7500E 00 0.2385E-00

125 0.7868E 00 0.2231E-00

130 0.8214E 00 0.2026E-00

135 0.8536E 00 0.1786E-00

140 0.8830E 00 0.1530E-00

145 0.9096E 00 0.1272E-00

150 0.9330E 00 0.1026E-00

155 0*9532E 00 0.8006E-01

160 0.9698E 00 0.5997E-01

165 0.9830E 00 0.4237E-01

170 0.9924E 00 0O2692E-01

175 0.9981E 00 0.1304E-01

180 0.1000E 01 0.3125E-08

T AND X=STATIONS ALONG CHORD WHERE

NCO

0.
0.5711E 00

0.6801E 00

0.8713E 00

0.9170E 00

3.9377E 00

0.9524E 00

0.*640E 00

0.9727E 00

0.9785E 00

0.9837E 00

0.9885E 00

0.9918E 00

0.9945E 00

0.9967E 00

0o9982E 00

0.9993E 00

0.9999E 00

0.9999E 00

0.9993E 00

0.9982E 00

0.9964E 00

0.9941E 00

0.9906E 00

0p9869E 00

069802C 00

0.9720F 00

0.9666E 00

0.9626E 00

0.9633E 00

0.9555E 00

0.9486E 00

0.9405E 00

0.9371E 00

0.9291E 00

0.9388E 00

0.

-0.
0.1800E 03

NCI

0.
0.7803E 00

0.8829E 00

0.9915E 00

0.9989E 00

0.9993F 00

0.9997E 00

0.9998E 00

1.0000E 00

1.0000E 00
1.0000E 00

1.0000E 00

1.O000E 00
1.0000E '00

1.0000E 00

1.0000E 00

0.9999E 00

099999E 00

0.9998E 00

0.9998E 00

0.9997E 00

0.9997E 00

0.9996E 00

0.9997E 00

0.9998E 00

1.0000E 00

0.9999E 00

0.9999E 00

0.9998E 00

0.9998E 00

1.0000E 00

0.9986E 00

0.9969E 00

0.9941E 00

0.9927E 00

0.9910E 00

O.

PO

-0.
0.3241E-00

0.8081E-01
-0.6569E-01

-0.1777E-00

-0.2540E-00

-0.3029E-00

-0.3300E-00

-0.3400E-00

-0.3376E-00
-0.3287E-00

-0.3186E-00

-0.3103E-00

-0.3069E-00

-0.3100E-00

-0.3192E-00

-0.3335E-00

-0.3505E-00

-0.3671E-00

-0.3805E-00

-0.3874E-00

-0.3856E-00
-0.3736E-00
-0.3503E-00

-0.3169E-00
-0.2735E-00

-0.2228E-00

-0.1685E-00
-0.1121E-00

-0.5597E-01

-0.1507E-02

0.4849E-01

0.9245E-01

0.1297E-00
0.1583E-00
0.1805E-00

-0o

PI

-0.
-0.5307E 00

-0.2205E-00

-0.6268E-01

0.4916E-01
0.1199E-00
0.1606E-00

0.1779C-00
0.1774E-00
0.1651E-00
0.1471E--00

0.1283t-00

0.1137E-00

0.1062E-00

0.1013C-00

0.1169E-00
061333E-00

0.1542E-00
0.1766E-00
0.1974E-00

0.2144E-00

0.2262-00

0.2321F-00
0.2330F-00

0.2297L-00
0.2240E-00

0.2179E-00

0.2124-00

0.2091C-00

0.2086E-00

0.2109-00

0.2148E-00

0.2194E-00

0.2226E-00

0.2227E-00

0.2164E-00

-0.

POP

0.
0.3241E-00
0.8081E-01

-0.6569C-01
-0.1777E-00

-0.2540E-00
-0.3029E-00

-0.3300E-00

-0.3400E-00
-0.3376E-00
-0.3287E-00

-0.3186E-00

-0.3103E-0U

-0.3069E-00
-0.3100E-00

-0.3192E-00

-0.333bF-00

-0.3505E-00

-0.3671E-00

-0.3805E-00

-0.3874E-00

-0.3R56E-00

-0.3736E-00

-0.3503E-00

-0.3169E-00

-0.2735E-00

-0.2228E-00

-0.1685E-00

-0.1121E-00

-0.5597E-01

-0.1507E-02

0.4849E-01

0.9245E-01

0.12971-00

0.1583E-00

0.1805E-00
-0

PIP
().

-0.5307E 00
-0.2205F-00

-0.6268E-01
0.4918E-01
0. 1199E-00

0. 1606E-00

0.1779E-00

0 1774T-00

o. 16bl-00

0. 1471E-00

0 1233E-00

0.1137E-00

0.1 062E-00

0.1073E-00

0.1169E-00
0.1333E-00

0.1542E-00

0. 1766E-00

0 1974E-00
0.2144F-00

0.2262E-00

0.2321E-00
0.2330L-00

0.2297E-00

0.2240E-00

0.2179E-00

0.2124E-00

0.2091E-00

0.2086E-00

0.2109E-00
0.2148E-00

0.2194E-00

0. 2226E-00

0.2227E-00

0.2164E-00

-0.

X=.5(1-COS(T))
GSTAR =CIRCULATION DISTRIBUTION (EQ2.3-15)

NCO AND NCI=NONLINEAR CORRECTION OUTSIDE AND INSIDE DUCT RESPECTIVELY (EQ3.2-3)

PO AND PI=NONLINEAR PRESSURE DISTRIBUTION OUTSIDE AND INSIDE THE DUCT RESPECTIVELY FOR PA=O DEGREES

POP AND PIP =NONLINEAR PRESSURE DISTRIBUTION OUTSIDE AND INSIDE THE DUCT RESPECTIVELY FOR PA=INPUT



GEOMETRIC ANGLE OF ATTACK IN DEGREES
POSITION OF SECTION AT ANGLE (PA)

T X GSTAR

0 -0. -O.3111E-01

5 0.1903E-02 -0.2721E-01

10 0.7596E-02 -0.1606E-01

15 0O1704E-01 0.7947E-03

20 0.3015E-01 0.2110E-01

25 0.4685E-01 0.4230E-01

30 0.6699E-01 0.6196E-01

35 0.9042E-01 0.7822E-01

40 0.1170E-00 0.9010E-01

45 0.1464E-O0 0.9761E-01

50 O.1786E-00 0.1017E-O0
55 0.2132E-00 0.1040E-00

60 0.2500E-00 0O1066E-00

65 0.2887E-00 0.1114E-00

70 0.3290E-00 0.1200E-00

75 0.3706E-00 0.1329E-00

80 0.4132E-00 0.1501E-00

85 0.4564E-00 0.170SE-00

90 0.5000E-00 O.1922E-00

95 0.5436E 00 0.2131E-00

100 0.5868E 00 0.2308E-00

105 0.6294E 00 O.24j3E-00

110 0.6710E 00 0.2490E-00

115 0.7113E 00 0.2474E-00

120 0.7500E 00 0.2385E-00

125 0.7868E 00 0.2231E-00

130 0.8214E 00 0.2026E-00

135 0.8536E 00 0.1786E-00

140 0.8830E 00 0.1530E-00

145 0.9096E 00 0.1272E-00

150 0.9330E 00 0O.026E-00

155 0.9532E 00 0.8006E-01

160 0.9698E 00 0.5997E-01

165 0.9830E 00 0.4237E-01

170 0.9924E 00 0.2692E-01

175 0.9981E 00 0.1304E-01

180 0.IO00E 01 0.3125E-08

T AND X=STATIONS ALONG CHORD WHERE

IN DEGREES

NCO

0.

0.571tE

0.6801E

0.8713E

0.9170E

0.9377E

0.9524E
0.9640E

0.9727E
0.9785E

0.9837E

0.9885E

0.9918E

0.9945E
0.9967E

0.9982E

0.9993E

0.9999E

0.9999E

0.9993E

0.9982E

0.9964E

0.9941E

0.9906E

0.9869E

0.9802E

0.9720E

0.9666E

0*9626E

0.9633E

0.9555E

0.9486E

0.9405E

0.9371E

0.9291E

0.9388E

0.

0O.000E 02
O.1800E 03

NCI
0.
0.7803E 00
0.8829E 00
0.9915E 00
0.9989E 00
0.9993E 00
0.9997E 00
0.9998E 00
1.0000E 00

OO000E 00
1.0000E 00
le0000E 00
1OO000E 00
.000OE 00

1.0000E 00
1.000E 00
0.9999E 00
0.9999E 00
0*9998E 00
0.9998E 00
0.9997E 00
0.9997E 00
0.9996E 00
0.9997E 00
0.9998E 00
1e0000E 00
0.9999E 00
0.9999E 00
0.9998E 00
0.9998E 00
1.0000E 00
0.9986E 00
0.9969E 00
0.9941E 00
0.9927E 00
0.9910E 00
0.

0.
-0.1692E 01
-0.1108E 01
-0.1066E 01
-09496E 00
-0.8673E 00
-0.8033E 00
-0.7453E 00
-0.6879E 00
-0.6304E 00
-0.5759E 00
-0.5277E 00
-004869E-00
-0.4557E-00
-0.4351E-00
-0.4241E-00
-0.4212E-00
-0.4236E-00
-0.4277E-00
-0.4306E-00
-0o4289E-00
-0.4197E-00
-0.4017E-00
-0.3734E-00
-0.3361E-00
-0.2895E-00
-0.2361E-00
-0.1797E-00
-0.1217E-00
-0.6423E-01
-0.8610E-02
0.4248E-01
0.8766E-01
0.1262E-00
0.1563E-00
0.1804E-Op

-0.

PI
0.
0.2232E 01
0.1334E 01
0.1090E 01
0.9085E 00
0.7962E 00
0.7136E 00
0.6415E 00
0.5732E 00
0.5076E 00
0.4466E-00
0.3920E-00
0.3474E-00
0.3145E-O0
0.2934E-00
0.2838E-00
0.2833E-00
0.2892E-00
0.2982E-00
0.3070E-00
0.3132E-00
0.3152E-00
0.3121E-00
0.304 8E-00
0.2937E-00
0.2808E-00
0.2679E-00
0.2560E-00

0.2467E-00
0.2405E-00
0.2374E-00
0.2362E-00
0.2361E-00
0.2349E-00
0.2313E-00
0.2216--00

-0.
X=.5(1-COS(T))

GSTAR =CIRCULATION DISTRIBUTION (E2.3--15)

NCO AND NCI=NGNLINEAR CORRECTION OUTSIDE AND INSIDE

POP
-0.

0.2341E 01
0.1270E 01
0.9342E 00
0.5941E 00
0.3593E-00
0.1974E-00
0.8522E-01
0.7945E-02

-0.4479E-01
-0.8155E-01
-0.1094E-00
-091336E-00
-0.1580E-00
-0.1848E-00
-0.2143E-00
-0.2459E-00
-0.2775E-00
-0.3065E-00
-0.3303E-00
-0.3460E-00
-0.3514E-00
-0.3455E-00
-0.3272E-00
-0.2977E-00
-0.2575E-00
-0.2095E-00
-0.1572E-00
-0.1025E-00
-0.4770E-01
0.5595E-02
0.5449E-01
0.9724E-01
0.1332E-00
0.1602E-00
0.1806E-00

-0.

PIP
-0.
-0.3294E 01
-0.1775E 01
-0.1215E 01
-0.8101E 00
-0.5564E 00
-0. 3923E-00
-0.2858E-00
-0.2185E-00
-0.1774E-00
-0.1524E-00
-0.1355E-00
-0.1201E-00
-0.1020E-00
-0.7893E-01
-0.5014E-01
-0. 1673E-01

0.1918E-01
0.5489E-01
0.8770E-01
0.1156E-00
0.1372E-00
0.152 1E-00
0.1613E-00
0.1657E-00
0.1673E-00
0.1678E-00
0. 1687E-00
0.1714E-00
0. 1767E-00
0.1844E-00
0.1935E-00
0.2027E-00
0.2102E-00
0.2142E-00
0.2112E-00

-0.

DUCT RESPECTIVELY (EQ3.2-3)

PO AND PI=NONLINEAR PRESSURE DISTRIBUTION OUTSIDE AND INSIDE THE DUCT RESPECTIVELY FOR PA=O DEGREES
POP AND PIP =NONLINEAR PRESSURE DISTRIBUTION OUTSIDE AND INSIDE THE DUCT RESPECTIVELY FOR PA=INPUT



INDUCED VELOCITY INSIDE THE DUCT AT A DUCT RADIUS OF *5000E 00

Z VA
-0. -0.180319E-01
1.000000E-01 -0.211596E-01
0.200000E-00 -0.249795E-01
0.300000E-00 -0.296651E-01
0.400000F-00 -0.354283E-01
0.500000E 00 -0-425123E-01
0.600000E 00 -0.511505E-01
O.700000E 00 -0.614325E-01
0.800000E 00 -0.729618E-01
O.900000E 00 -0.843027E-01
0.100000E 01 -0.930511E-01

VR

0.465712E-02

0.566405E-02

0.690175E-02

0.840268E-02

0.101747E-01

0.121610E-01

0.141616E-01

0.157083E-01

0.159617E-01

0.139761E-01

0.977397E-02



APPENDIX B - FORTRAN LISTING OF COMPUTER PROGRAM

DIMENSION SSM(181),SCM(181),CT(181).ST(181).CTH(181),STH(181),SJT(

140,40),CJT(40,40)tG(40.20),SM(182),APM(20,20),F(20),CB(40,20),B(40
2.20).C(20.20).FF(181),A(20),G1(181),W(181).SU(181),VG(200),VO(200)

3. BVQ(181).
4FII(20), DIMM(20), FIMM(20).AX(100),BX(100).RY(200),GX(200)

COMMON SSM.SCMICToST,CHSTHSSTHTCJCJTGSMAPMFCBB.C,FFAGI W,S
IUsVG,VQ,RVQ.FIIDIMMFIFIMM,AXBXRY.GX,HI11 2, 13DXXIX3,X4,NPNH

DIMENSION Y(181).S(181).TITLE(12).X(181).XX(181).XC(40.2),XT(40,2)
1 XSC(40 2)
COMMON YS, TITLE*X*XX.XCXTXSC

DIMENSION AXI(40) BXI(40) ,AX2(40),X2(40)
COMMON BF.BSAKAOIA02,ALFA,MP1
DIMENSION GG(181),GP(181),SMZ(20),XI(20).TI(181).T2(181),ZI(20),Z
12(20) WR2(20,40),WT2(20,40)
COMMON GGGP,SMZXI,T1,ZI,Z2,T2,WR2,WT2 ,WK ,AT

DIMENSION WR4(20.40) WT4(20.40),WR6(20)

COMMON WR4,WT4*WR6,CDI

DIMENSION POL(181),PIL(181),PORL(181),PIRL(181),POO(181),PII(181)
OMMON POL*PILP-ORLPIRLPOO.PI I ,CLI CTDALFAR,CL CD,CMCMI CM2,PH

II

11=1

13=181
12=5
NPP=5
NH=36
MP1=5
ERASE IN
IM1=0
DO 9999 1=11.13I2
IN=IN+1

IF(I-1) 9992.999399992
9992 IM1=IM1+I2

9993 T=FLOATF(IMI)/57.29b78
TH=.5*T

CTH(I)=COSF(TH)
STH( I)=SINF(TH)
DO 8888 J=1936
TJ=FLOATF(J)*T
CJT(IN.J)=COSF(T J)

SJT( INJ)=SINF(TJ)
CT(I)=CJT(IN.1)

8888 ST(I)=SJT(INl)
9999 CONTINUE

PRINT 103
103 FORMAT(lH1))

CALL SUB HA
X1=0 00

J=O
ERASE IN

D0 11=11.1312
IN=IN+
IF(I-1)92,93.92

92 J=J+12

93 T=FLOATF(J)/57o29578
DO 90 K=1IMPI
M=K
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NP=NPP+M

SL=-CUBERTF( 3.1416-T)
ULT=CUBERTF ( T)
PR=GAUSS(SLTULTNPDT)

AK=SQRTF(4./(H**2(CT(I)-COSF(T-DT**3) )**2+4.))
IF(AK-I.) 2,10,10

2 IF(AK-.99) 8,9,9

8 CALL ELLIP(X1,AK*X3,X48FvBS)
GO TO 7

9 AK2=AKM*2

CALL YSELL(AK2,BS.BF)

GO TO 7
10 ERASE RF,BS
7 PR=DT**2*AK*(8F-BS)*COSF(FLOATF(M)*(I-DT**3))

90 G(INK)=PR
1 NP=NPP

ALFA=ATANF(ALFA)

DX=FLOATF([2)/171.88734
DO 1801 1=2,1392
SM(I)=4.0

1801 SM(I+1)=2.0
SMII)=1.0
SM(I3)=1.O
DO 200 M=1,MP1

ERASE APIN

DO 300 I=I11I3,I2
IN=IN+1

300 AP=AP+G(IN,M)*SM(I)

APM(1,M)=AP*DX/3.1416

200 F(M)=6.oO*HFLOATF(M)*APM(1,M)/3.1416

00 400 IP=2,MP1
DO 400 M=1IMP1
ERASE AP,IN

DO 11500 I=I11,I3,I2
IN=IN+1

11500 AP=AP+G(INM)*SM(I)*CJT(IN,IP-1)
400 APM(IP.M)=.636618*AP*DX

ERASE IN

DO 500 1=I11l3.I2
IN=IN+I

DO 500 M=1,MP1
ERASE SUM

DO 501 IP=2,MP1
501 SUM=SUM+APM(IPM)*SJT(INIP-1)

500 CB(INM)=-6.0*H*FLOATF(M)*SUM/3.1416
ERASE IN
DO 600 I=11II3,I2
IN=IN+1

DO 611 K=IMP1
NP=NPP+M
M=K- 1
PR=GAUSS(O.0.3.1416.NP,DT)

CMC=COSF(DT )-CT( I)

IF(CMC) 699,610,699
699 AK=SQRTF(4./(H**2*CMC**2+4.0))

IF(AK-I.) 602,610,610

602 IF(AK-.99) 608.609.609
608 CALL ELLIP(XI,AKoX3.X4DBFUS)
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GO TO 607

609 AK2=AK**2

CALL YSELL (AK2.BS,BF)
GO TO 607

610 FX=O.O
GO TO 660

607 FX=(Io/CMC)*(2.+AK*(H**2*CMC**2*(BF-BS)-2.*8S))
660 IF(M) 6669666.555

555 FX=FX*COSF(FLOATF(M)*DT)
666 PR=FX

IF(M) 777,777,888

777 B(INoK)=o319308*PR
GO TO 611

888 B(INoK)=o636618*PR
611 CONTINUE
600 NP=NPP

ERASE C11.C12.IN
DO 910 1=I11l3.12

IN = IN+l

CII=C11+B(IN
X l1)*(1.+CT(I))*SM(I)

910 C12=C12+B(IN

O .1)*((ST(I))**2)*SM(I)

C(11l)=-.159154*C11*DX
C(1.2)=.159154*C12*DX
DO 911 J=3,MP1
ERASE XCIIN
DO 912 I=tllI3,12
IN=IN+1

912 XCI=XC1+B(INl)*SJT(IN.J-1)*ST(I)*SM(I)

911 C(1,J)=.159154*XCI*DX

DO 920 K=2,MP1
ERASE XCKIIN
DO 913 I=I1113,12
IN=IN+I

913 XCKI=XCKL+B(INK)*(1.+CT(I))*SM(1)
920 C(KI)=-.159154*XCK1*DX

DO 921 K=2oMP1
DO 921 J=2,MP1
ERASE XCIN
DO 922 I=I1,I31I2
IN=IN+t

922 XC=XC+B(IN,K)*SJT(INJ-I)*ST(I)*SM(I)
921 C(K,J)=.159154*XC*DX

IF(AT) 1312.1313,1312

1312 C(11)=1.O
DO 1314 K=2,MPI

1314 C(K,1)=0.O

1313 DO 1100 K=1IMP1
DO 1100 J=1.MPL

IF(K-J) 1102.1101,1102

1101 C(K. )=1.-C(KJ)
GO T6 1100

1102 C(K.J)=-C(K.J)

1100 CONTINUE
ERASE IN

8000 DO 1300 I=I1113,I2
IN=IN+1



ERASE SUM1,SUM2,SUM3
DO 1200 M=1IMPI

SUM =SUM1+SSM(M)*F(M)
SUM2=SUM2+SCM(M+I)*SJT(IN.M)

1200 SUM3=SUM3+SSM(M)*CB(IN.M)
IF(AT) 1316,1323,1316

1316 FF(I)=-2.*SUM2+SUM3

GO TO 1300
1323 FF(I)=((2**SINF(ALFA)/COSF(ALFA)+2.*SCM(1)+SUMI)*CTH(I)+STH(I)*(-2

I .*SUM2+SUM3))
1300 CONTINUE

DO 1301 K=1,MP1

ERASE FI.IN

DO 1201 1=11.13I12
IN=IN+ 1

1201 FI=FI+B(INK)*CTH(1)**2*SM(I)*DX
1301 FII(K)=FI

DO 1405 K=1,MPI
DO 1500 M=1,MP1
ERASE DIMFIMIN
DO 1400 I=II.I3, 12
IN=IN+1

DIM=DIM+B(INK)*ST(I)*SJT(IN,M)*SM(I)*DX

1400 FIM=FIM+B(INK)*CB(INSM)*ST(I)*SM([)*DX
DIMM(M)=DIM

1500 FIMM(M)=FIM

S4=2.*(SINF(ALFA)/COSF(ALFA)+SCM( ))*FII(K)

ERASE S19S2,S3
DO 1404 M=1,MP1

SI=SL+SSM(M)*F(M)*FII(K)
S2=S2+SCM(M+1 )*DIMM(M)

1404 S3=S3+SSM(M)*FIMM(M)
IF(AT)1318.1333,1318

1318 A(K)=-2.*S2+S3
A(1)=O.0
GO TO 1405

1333 A(K)=SI-S2+.5*S3+S4
1405 CONTINUE

IF(AT)2200.2000,2200

2200 MPI=MPI-1
DO 3333 K=1,MPI

DO 3333 J=1,MP1
C(K, J)=C(K+ 1,J+1)

3333 A(K)=A(K+I)
2000 CALL MATINV(CMP1*AIQOID)

IF(ID-1) 160191600,1601
1601 PRINT 88

88 FORMAT(14H C IS SINGULAR)
GO TO 1603

1600 IF(AT)1660.1670,1660
1670 GI(1)=FF(1)-.318309*A(1)

IN=1
19=11+12

DO 1700I=1913,912
IN=IN+1
ERASE SUM

DO 1701 J=29MP1

1701 SUM=SUM+.318309*STH(I)*A(J)*SJT(IN.J-1)
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1700 G1(1)=FF(I)-.318309*CTH(I)*A(1)+SUM
CALL SUB AT

29993 NH=36
ERASE NX

DO 20001 1=11.13.12
NX=NX+1

20001 GX(NX)=Gl(l)
NN=2*NX-2
KX=NX-2

DO 20002 KK=1IKX

NX1=NX+KK

NX2=NX-KK
20002 GX(NX1)=+GX(NX2)

CALL GMHAS(NN.NH.GX.RY(200))
AO=RY(200)
DO 20003 J=1NH
JFIX=200-J*5
AX( J)=RY(JF IX)

20003 BX(J)=RY(JFIX-1)
BO=RY(199)

20004 FORMAT(II0.2E15.6)
ERASE IN

PRINT 103

DO 20006 I=11.I3.12
IN=IN+1
ERASE Y1IY2
DO 20005 K=1.NH

YI=Y1+AX(K)*CJT(IN.K)

20005 Y2=Y2+BX(K)*SJT(IN*K)

Y3=AO+YI+BO+Y2
IF(1-1)27000927001.27000

27001 GG(I)=Y3/SINF(1./57.29578)
GO TO 27002

27000 GG(I)=Y3/STH(I)
27002 L=I-1

XE=-(5*(1.+CT( I)) )+1.
20006 CONTINUE

ERASE Y1
DO 28001 1=1.181.5

28001 Y1=Y1+12.5664*Gl(1)*W(I)*CTH(I)*SM(I)*DX
CDI=YI
CTD=2eH*CDI/3. 1416

.28004 FORMAT(I10.2E15.6)
26000 FORMAT(9F8.6)
26009 FORMAT(7E15.6)

PRINT 103

ERASE IN.J

00 1900 I=I11.1312
ERASE XU
IN=IN+1
00 1901 M=1IMP1

1901 XU=XU+FLOATF(M)*SSM(M)*CJT(IN*M)

1900 SU(I)=XU
ERASE IN
DO 20007 IB=II,13I12

IN=IN+1
IF( IB-I )20009.20008.20009

20009 J=J+I2
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20008 T=FLOATF(J)/57.29578
SLT=-CUBERTF(T)
ULT=CUBERTF(3.1416-T)
PR=GAUSS(SL TULTNP. OT)
AK=SORTF(4./(H**2*(CT(IB)-COSF(DT**3+T))**2+4.))
IF(AK-1.) 20011,20012.20012

20011 IF(AK-.99) 20014.20013.20013

20014 CALL ELLIP(X1.AK.X3.X48FBS)
GO TO 20015

20013 AK2=AK**2

CALL YSELL(AK2,BS.BF)
GO TO 2 0 015

20012 ERASE BSBF
20015 ERASE Y.1Y2

DO 20016 K=1.NH

ZK=FLOATF(K)*(DT**3+T)

YI=YI+AX(K)*COSF(ZK)
20016 Y2=Y2+BX(K)*SINF(ZK)

Y3=AO+Y1+BO+Y2

PR=Y3*AK*(BF-BS)*COSF(.5*(DT**3+T))*3.*DT**2
VG(IB)=. 159154*H*PR

DO 1807 1=1113.12

AK=SQRTF(4./(H**2*(CT(IB)-CT(I))**2+4.))

IF(AK-1.)180291810.1810
1802 IF(AK-*99)1808.1809,1809

1808 CALL ELLIP(X1.AK.X3.X4sBFBS)
GO TO 1807

1809 AK2=AK**2

CALL YSELL(AK2*BSgBF)
GO TO 1807

1810 BS=1.0

1807 BVO(I)=SU(I)*AK*BS
ERASE GXO

DO 6666 1=1113.12
6666 GXO=GXO+BVO( I)

X *SM(I)*DX/3.1416
DO 6662 M=lMPI
ERASE GXX.INN

DO 6661 I=I1113.12
INN=INN+1

6661 GXX=GXX+2o.BVO(I)*SM(I)*CJT(INN.M)*DX/3.1416
6662 GX(M)=GXX

ERASE SUMIOSUM9.SUM8
00 11905 M=1MPI
SUMIO=SUMIO+GX(M)*SJT(INM)
SUM9=SUM9-FLOATF(M)*GX(M)*2.

11905 SUM8=SUM8+2.*(-1.**M)*FLOATF(M)*GX(M)
IF(I18-1) 11912.11908.11912

11912 IF(1B-181) 11907.11906.11907
11907 WQ=(-2./ST(IB))*(GXO+SUM10)

GO TO 20007
11908 WO=SUM9

GO TO 20007

11906 WO=SUM8

20007 VO(IB)=WQ
ERASE IN

20000 DO 20020 IB=11.I3.12

IN=IN+1
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IF(IB-1)20021,20020.20021

20021 HV6=VG(IB)+T2(18)
GISTH=.5*GI(IB)/STH(IB)

WGO=HV6-GISTH
WGI=HV6+G1STH
WOO= VO(IB)
WGG=VG(IB)
PO=2**( WGO+ WOO)
PI=2**(WGI+WQQ)
POL(IB)=PO

PIL(IB)=PI
PON=S(IN)*PO
PIN=Y(IN)*PI

X(IN)=.5*PO
XX(IN)=.5*PI

20020 CONTINUE
20023 FORMAT(I1O,7E15.6)

GO TO 1603
1660 ERASE IN

A(1)=0.0
DO 1669 I=I1,13,12
IN=IN+1
ERASE SUM

DO 1661 J=2,MPI
1661 SUM=SUM+A(J)*SJT(IN.J-1)

GI(I )=FF(I)+.159154*SUM
GG(I)=G1(I)
IX=I-1

1669 CONTINUE
ERASE TIN
DO 1234 I=I 1,1312

IN=IN+1
1234 T=T+B(INI)*GI(I)*ST(I)*SM(I)*DX

ANT=ATANF(.079577*T-.5*SUM1-SCM(1))*57.29578
ERASE AT

1753 FORMAT(55H1IDEAL ANGLE OF ATTACK IN DEGREES

1F9.6)
PRINT 1753.ANT
DO 20024 I=e1113.I2

20024 G1(I)=G1(I)*STH(I)
IF(AT) 1667,1668.1667

1667 CALL SUB AT
GO TO 29993

2102 FORMAT(I10,5E15.6)
101 FORMAT(8F9.6)
100 FORMAT(5I4.4F10.6/1814)

1752 FORMAT(8F10.6)
801 FORMAT(8E15.6)
1603 CALL SUBWR

1668 CALL END JOB

ED
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FOR
SUbROUTINE SUB HA
DIMENSION SSM(181) ,SCM(181)CT(181)ST( 181),CTH(181),STH(181).SJT(

140,40),CJT(40,40),G(40,20),SM(182).APM(20,20).F(20),CB(40,20).B(40
2 .20),C(20,20).FF(181),A(20),G1(181),W(181),SU(181),VG(200),VQ(200)

3, 8VQ(181),
4FII(20), DIVM(20), FIMM(20),AX(100).BX(100),RY(200),GX(200)
COMMON SSM,SCMTCTSTCTSTSHSJT,CJToG,SMAPMtFCPR,BC,FFA.GI ,WS
1UVGVO,HVO,FII,DIMMFIMM.AX,BXRYGXsHoll1l2,13,DX,XIX3X4NPNH

DIMENSION Y(181).S(181),TITLE(12),X(181),XX(181).XC(40.2)tXT(40.2)
IXSC(40,2)
COMMON YS.TITLE,XXX,XCXT,XSC
DIMENSION AX1(40)BXI (40),AX2(40),LX2(40)
COMMON BFS, AKAO ,A02,ALFA MP I
DIMENSION GG(181).GP(181),SMZ(20),XI(20).T ( 181),T2(181),ZI(20).Z

12(20)vWR2(20,40),WT2(20,40)
COMMON GG.GPSMZXI.TI,ZIZ2.T2,WR2,wT2 ,WK ,AT
DIMENSION WR4(20,40) WT4(20,40),WRo(20)
COMMON WR4. WT4,WR6 ,CDI
DIMENSION POL(181),PIL(181),PORL(181),PIRL(181),POO(181),PII(181)
COMMON POLPIL.PORLPIRLPOOPI ICDICTDALFARCLCDCMCM1,CM2.PH

II

ERASE IN,TIT2
DO 2901 I=1.181,5

IN=IN+1

XX(IN)=.5*(I.-CT( I))
2901 X(IN)=FLOATF(I-1)

PRINT 103

ERASE XC,XT
ERASE AXBX
READ 21993.TITLE
PRINT 21990,TITLE
READ 21948,CC TT,HALFAoAT9WK*WW
PRINT 1752 CC TTH9ALFAAT WK, WW
NC=CC
NT=TT
M=NC/2

21993 FORMAT(12A6)
21990 FORMAT(1H1,12A6)
21998 FORMAT(9F8*6)

ERASE XSC.SCM

IF(CC)2601,2602,2601
2601 READ 21998,(X(I),I=1,NC)

READ 21998*(Y(I)I=1,NC)
PRINT 1752,(X(I).I=1,NC)
PRINT 1752,(Y(I),I=19NC)
DO 2599 I=1,37

SI=XX(I)
CALL DISCOT(S1 S1,XY,Y,-120,NC.0,S2)

2599 TI(I)=S2
2602 READ 21998,(X(I).I=1,NT)

READ 21998,(Y(I)I=1.NT)
PRINT 1752,(X(I)*I=1,NT)
PRINT 1752.(Y(I).I=1,NT)
DO 2598 1=137
Sl=XX(I)
CALL DISCOT(SIS1.X,YY.-120TNTOS2)

2598 T2(I)=S2
3000 FORMAT(3EI3.4)

21005 FORMAT(IlIO4E15.6)
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21000 FORMAT(I8,4F8.6)
00 21888 IC=1,2
DO 2597 I=1,37

2597 Y(I)=T1(I)

Y(1)=.0
Y(37)=.0

3001 FORMAT(9E13.4)
2498 FORMAT(3E15.6)

DO 21001 KK=1.35
NX1=37+KK
NX2=37-KK

21001 Y(NX1)=-Y(NX2)

IF(IC-2) 2408,2409.2408
2408 IG=2

GO TO 2410
2409 IG=1

2410 DO 21002 IS=1.IG
IF(TI(5)) 21977,21978R21977

21978 ERASE RY

GO TO 21976

21977 CALL GMHAS(72.36.Y.RY(200))
21976 AO=RY(200)

XC(1,IS)=AO
DO 21997 J=1,36
JF I X=200-J*5
AX(J)=RY(JF IX)
XC(J+1 IS)=AX(J)
BX( J)=RY(JF IX-1)

21997 XT(JeIC)=BX(J)
BO=RY( 199)
ERASE IH

21996 FORMAT(I10.2E15.6)
ERASE IN

DO 29000 1=1,181,5
IN=IN+1
ERASE YI1Y2,SS
L=I-1
DO 21995 K=1,36
YI=Y1+AX(K)*CJT(INK)
Y2=Y2+BX(K)*SJT(IN.K)
IF(IS-2)24000,23000.24000

23000 ERASE S

GO TO 21984

24000 IF(I-1)21983.21982,21983

21983 IF(I-181)21981,21980921981
21982 TOS=2./SINF(1./57.29578)

GO TO 21995
21980 TOS=2./SINF(179./57.29578)

GO TO 21995

21981 TOS=2e/ST(I)
21995 SS=SS-FLOATF(K*8X(K)*CJT(IN.K)*TOS

Y(IN)=-SS

XSC(INIC)=-SS
S(I)=-SS

21984 Y3=AO+Y1+0B+Y2
29000 CONTINUE

DO 21006 KK=1,35
NX1=37+KK
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NX2=37-KK
21006 Y(NXI)=+Y(NX2)

Y(37)=Y(36)
21002 Y(38)=Y(36)

DO 2596 I=1.37
2596 TI(I)=T2(I)

21888 CONTINUE
21994 FORMAT(I102E15.6I10o3E15.6)

ALFA=SINF(ALFA/57.29578)/COSF(ALFA/57.29578)
29001 DO 22001 I=1,37

S(I)=1./SQRTF(1.+(XSC(I 1)+ALFA+XSC(1,2))**2)
22001 Y(I)=1./SQRTF( 1.+(XSC(I1)+ALFA-XSC(I,2))**2)

DO 22889 J=1,36

SCM(J)=-XC(J.2)
22889 SSM(J)=XT(J.2)

S( 1)=.0
Y(1)=.0
S(37)=.0
Y(37)=.0
ERASE INoW
DO 22222 1=1,181,5
IN=IN+I

X( IN)=FLOATF(I-1)
22222 XX(IN)=.5*(1.-CT(I))

ERASE IN

IF( WK)9697,96
97 ERASE W

GO TO 190
96 READ 21998,ANR

NR=ANR
READ 21998.(TI(I),I=1NR)
READ 219989(T2(I).I=1,NR)
PRINT 17529(T1(I).I=19NR)
PRINT 17529(T2(I),I=1NR)

ERASE IN

DO 2699 I=1.181,5
IN=IN+1

SI=XX(IN)
CALL DISCOT(SI.S1,T1.T2.T2.-120.NR.O.S2)

2699 W(I)=S2
190 IF(WW)196.197,196

197 ERASE T2

GO TO 95
196 READ 219989ANA

NA=ANA

READ 21998.(TI(I)1=1.NA)

READ 219989(T2(I)I=1.NA)
PRINT 1752,(T1(I) I=1,NA)
PRINT 1752,(T2(1I)I=1,NA)
ERASE IN

DO 2698 I=1,181,5
IN=IN+1

S1=XX(IN)

CALL DISCOT(S1lS1I,TI ,TT2,-120NAO,S2)
2698 T1(I)=S2
1752 FORMAT(9FO.6)

103 FORMAT(1H1)

95 RETURN

END
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FOR

SUBROUTINE SUB AT

DIMENSION SSM(181).SCM(181).CT(181)oST(181),CTH(181)oSTH(181).SJT(

140.40).CJT(40.40).G(40.20).SM(182).APM(20.20).F(20).CB(40.20),B(40
2,20).C(20.20)oFF(181).A(20)o.G(181).W(181).SU(181)*VG(200).VQ(200)
3. BVO(181),
4FII(20), DIMM(20)9 FIMM(20),AX(100),BX(100I)RY(200).GX(200)

COMMON SSM*SCM.CT.STCTH.STSTHSJT*CJTG.SM.APM*F.CB.BCFF,A.G1W.S
IU.VGVOBVQIFII.D IFIMMeFIMM.AX.BX.RYeGX.H.Itil2.I3.DX.XlX3.X4,NP.NH
DIMENSION Y(181).S(181).TITLE(12),X(181).XX(181)eXC(40.2),XT(40,2)

1.XSC(40O2)

COMMON YS* TITLE.XXX.XCoXT*XSC

DIMENSION AXI(40),BXI(40).AX2(40) BX2(40)

COMMON BF.BS.AKqAO1.AO2wALFA.MP1
DIMENSION GG(181),GP(181),SMZ(20,).XI(20),TI(181).T2(181).Z1(20).Z
12(20).WR2(20*40).,WT2(20.40)

COMMON GG.GPSMZ9XIT1Z1XZ2.T29WR29WT2 9WK *AT

DIMENSION WR4(20.40).WT4(20.40),WR6(20)
COMMON WR4.WT4.WR6.C f

DIMENSION POLl181),PIL(181).PORL(181)tPIRL(181).POO(181),PII(181)

COMMON POLoPIL.PORL*PIRL*POOPII.CDICTD.ALFAR.CL.CD.CM.CM1,CM2,PH
II

DIMENSION SCD(181).CXT(1811.P(181)
DIMENSION R(181)

ERASE PII.POO.ALFAR.PHI.CL.CD.CM.CM1.CM2
ALFAI=ALFA

NM=10O
NPP=5
KI=10

J1=10

NH=36

ALFAR=1.
PHI=.O

7556 ALFA=ALFAR

21994 FORMAT (8E15.6)
2498 FORMAT(8F9.6)

XI=0O
ERASE IN
DO 11 1=11.13.12
IN rN+1

93 00 10 K=19NM
M=K-1
NP=NPP+M

PR=GAUSS(O.O3.1416.NP&DT)
CMC=COSF(DT) -CT(I)

IF(CMC)99.2,99
99 AK=SQRTF(4./(H

1 **2*CMC**2+4.))

IF( AK --1 )111.2.2

111 F(AK-.99)108o109.109

108 CALL ELLIP(X1.AK9X39X4,BFB8S)

GOTO 107

109 AK2=AK**2

CALL YSELL(AK2.BSBF)

GOTO 107

2 Z=0.
.GOTO 60
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107 Z=(((2.-AK**2)**2*BS-4.**(l-AK**2)**2*8F)/(CMC*AKe*3)-I./CMC)
60 IF(M)6o6.5
' Z=Z*COSF(FLOATF(M)*DT)
6 PR=Z

IF (M)7.798
7 B(INoK)=-1.5708*H+.318309*PR

GO TO 10
8 B(INK)=.63bol8*PR
10 CONTINUE

11 NP=NPP

20 FORMAT( 1814)
40 FORMAT(14/(1OF7.3))

DX=FLOATF(12 )/171.88734
DO 501 I=2,13.2
SM(I)=4.0

501 SM(I+1)=2.0

SM(I)=1.0
SM(I3)=1.0

8000 ERASE C11.F1C12IN

00 1100 I = I1 m 13.12
IN=IN+1

CII=C11+.636618*B(IN,1)*CTH(I)**2*SM(I)*DX
FI=FI-2.*ALFA*B(IN1)*CTH(I)**2*SM( I)*DX/57.29578

1100 C12=C12+.318309*B(IN.1)*ST(I)**2*SM(I)*DX

C(Ist)=C11
C(1,2)=C12
F(I)=FI

DO 100 J=3.JI
ERASE XClIN
DO 1200 I = I1 9 13,12

IN=IN+1

1200 XCI=XC1+.318309*ST(I)*SJT(INJ-I)*SM(I)*DX*B(INl)
100 C(IJ)=XC1

DO 200 K=2*K1
ERASEXCKI .XF
ERASE IN

DO 1300 I = II 9 13 I2
IN=IN+1
XCKI=XCK1-*636618*B(INK)*CTH(I)**2*SM(I)*DX

1300 XF=XF+2o*ALFA*B(INK)*'CTH(I)**2*SM(I)*DX/57o29578

F(K)=XF

200 C(Kel)=XCKI
DO 1500 K = 2 , KI

DO 1500 J ,= 2 , J1

ERASE XCIN

DO 1600 I = 11 13,I2
IN=IN+I

1600 XC=XC-.318309*B(IN.K)*SJT(IN.J-1)*ST(I)*SM(I)*DX
1500 C(K.J)=XC

00 700 K=1IK1
00 700 J=1.J1

IF (K-J)702.701,702
701 C(KJ)=1.-C(KIJ)

GO TO 700
702 C(K*J)=-C(K.J)
700 CONTINUE

DO 799 K=1sK?
799 A(K)=F(K)
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801 FORMAT (///////8E15.6)

7700 CALL MATINV(CK1A,1sX,.ID)
IF (ID-1)901.900,901

901 PRINT 88

88 FORMAT (14H C IS SINGULAR)

GO TO 803
900 ERASE SUMA.SGoSG1NXIN

DO 1000 1=1.13,I2

IN=IN+1

SUMA = 0.0

DO 1001 J=2J1I

1001 SUMA=SUMA+A ( J ) *SJT(INJ-1)

IF(I-1)1003,1002,1003

1002 R(I)=(2.*ALFA/57.29578)-.636618
GOTO 1004

1003 R(I)=2.*(ALFA /57.29578)*CTH

1 /STH(I) +SUMA)

1004 SG=SG+R(I)*CTH(I)*SM(I )

NX=NX+

GX(NX)=R(I)

1000 SGI=SG1+R(I)*STH(I)**2*CTH(I)*SI
CL=6 2832*SG*DX

CM=-6.2832*SG1 *DX

CD=.079577*H*CL**2

2492 ERASE CM1.CM2

2493 ERASE FI1IE
DO 2497 1=11.13.12

CXT(I)=GI(I)*CTH(I)

2497 FI=FI+G1(I)*CTH(I)*SM(I)*DX

00 2200 I=I11l3.I2
ERASE XSCD

DO 2100 IP=I1I.I312

AK=SORTF(4./(H**2*(CT(I)-CT(IP)
IF(AK-1.)3111.2100,3111

3111 IF,(AK-*99)3108.3109.3109

3108 CALL ELLIP(XI.AK*X3.X4vBF*8S)

GO TO 3107

3109 AK2=AK**2

CALL YSELL(AK2,BSoBF)

3107 XSCD=XSCD+(R(IP)*CTH(IP)*H*(CT(
2100 CONTINUE

2200 SCD(I)=XSCD
ERASE CM1

00 2300 1=11l13.12

2300 CM1=CM1+CXT(I)*SCD(I)*SM(I)*DX
CM1=+*25*CL*FI+CM1
CM2=CM+CMI
NN=2*NX-2

KX=NX-2

00 2301 KK=1KX

NX1=NX+KK

NX2=NX-KK

2301 GX(NX1)=-GX(NX2)

CALL GMHAS(NN.NH*GX.RY(200))

AO=RY(200)
DO 5000 J=1NH

JFIX=200-J*5

AX(J)=RY(JFIX)

(I) -. 636618*STH(I)*(A(1)*CTH(1)

) **2+4.))

I)-CT(IP))/AK)*(BF-BS)*SM(IP)*DX

I"X ~~------------^ - VCD9na""Clcl)W*U I'W-U "llel~+~~~~lSCM .II1YI .'VI*~~~qLI--I---I-XII-~



5000 BX(J)=RY(JFIX-I)
BO=RY(199)

5006 FORMAT(I10.2E15.6)
DO 5093 I=I11.1312
ERASE Y1.Y2
L=I-I

DO 5003 K=1.NH
TX=FLOATF(L*K)/57.29578

YI=Y1+AX(K)*COSF(TX)
5003 Y2=Y2+BX(K)*SINF(TX)

Y3=AO+YI+BO+YP

5093 CONTINUE
ERASE IN

DO 7500 1=1113,12
IN=IN+1
E=FLOATF(1-1)/57.29578

SLT=-CUBERTF(E)

ULT=CUBERTF(3.1416-E)
PR=GAUSS(SLT.ULT.NPP.DT)

AK=SORTF(4./(H**2*(CT(I)-COSF(DT**3+E))**2+4.0))
IF(AK-I.0) 7502.751097510

7502 IF(AK-.99) 7508,7509.7509

7508 CALL ELLIP(XI.AKX3,X4.BF*BS)
GO TO 7507

7509 AK2=AK**2

CALL YSELL(AK2BS*BF)
GO TO 7507

7510 ERASE BF.BS
7507 ERASE YIY2

DO 7503 K=1.NH

ZK=FLOATF(K)*(DT**3+E)
Y1=YI+AX(K)*COSF(ZK)

7503 Y2=Y2+BX(K)*SINF(ZK)
Y3=AO+YI+B0+Y2

PR=(DT**2*Y3/AK)*((4.-AK**2)*BS-(4.-3.*AK**2)*BF)*COSF(*S*(DT**3+E
1)) *(DT**3+E)**2

Ptl)=(-
X 3.*M/3.1416)*PR

IF(I-1)8701,8700.8701

8700 PII(1)=.0
POO(1)=*0
GO TO 7500

8701 POO(I)=(P(I)-R(I)/STH(I))*COSDF(PHI)
PII(I)=(P(I)+R(I)/STH(I))*COSDF(PHI)

7500 CONTINUE

2499 FORMAT(110.7E15.6)

50 FORMAT(9F8.6)
7555 ALFA=ALFAI

RETURN

803 CALL ENDJOB

END
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FOR
SUBROUTINE SUBWR

DIMENSION SSM(181).SCM(181).CT(181)oST((181).STH(181).SJT(

140.40).CJT(40.40).G(40.20).SM(182).APM(20.20),F(20),CB(
4 0 2 0)B(40

2.20).C(20.20).FF(181)oA(20)oGI(181),W(181)SU(181),VG(200),VQ(200)
3. BVQ(181).
4FII(20). DIMM(20). FIMM(20).AX(100).BX(100I)RY(200),GX(200)

COMMON SSM.SCM.CToST*CTHsSTH.SJT.CJTIGSMAPMtF.CBBvCFFt.AGI W.S

IU.VG.VQ.BVQOFII.DI FIFIMMAX,BX.RYoGX.HIl2.13DXX1,X3.X4oNP.NH

DIMENSION Y(181).S(181).TITLE(12)eX(181) XX(181)oXC(40.2).XT(402)

1.XSC(4092)

COMMON Y.S.TITLEX.XXtXCvXTeXSC

DIMENSION AX1(40)oBX1(40),AX2(40).BX2(40)

COMMON BFvBSAK9AO1.AO2ALFAMPI

DIMENSION GG(181).GP(181).SMZ(20).XI(20).TI(181).T2(181).ZI(20).Z

12(20).WR2(20940),WT2(20.40)

COMMON GG*GP.SMZXI.TI.ZIZ2.T2,WR2.WT2 .WK *AT

DIMENSION WR4(20.40)9WT4(20.40).WR6(20)

COMMON WR4.WT4.WR6*CDI

DIMENSION POL(181),PIL(181)PORL(181)oPIRL(181).POO(181).PII(181)

COMMON POL*PIL.PORL.PIRLoPOOPI oCDI*CTD.ALFAReCLeCDeCMoCM1.CM2.PH
11
DO 11801 I=Il113,I2

ERASE BRG9BRO

DO 11807 IP=1113,I2
AK=SQRTF(4./(H**2*(CT(I)-CT(IP))**2+4.))

IF(AK-1.)1180211810.11810
11802 IF(AK-99)11808e1180911809

11808 CALL ELLIP(XIAK.X3.X4,BF.BS)

GO TO 11811

11809 AK2=AK**2
CALL YSELL(AK2.BSeBF)

GO TO 11811

11810 ERASE 8RG.BRQ

11811 BRQ=BRO-.318309*HSU(IP)*(BF-BS)*SM(IP)*DX

11807 BRG=BRG+.079577*G1(IP)*AK*(H**2(CT(I)-CT(IP)) **2*(BF-BS)-2.*BS)*

ICTH(IP)*SM(IP)*DX
VO(I)=BRQ

11801 VG(I)=BRG
ERASE IN

DO 12006 I=I1113,I2
IN=IN+1
L=I-1
XE=-(*5*(1.+CT(I)))+1*O
WQO=VO(I)-2.*SU(I)
WQI=VO(I)+2.*SU(I)
WO=VG(I)+WQO
WI=VG(I)+WOI

POR=-((-I.+X(IN))**2-1.+WO**2)

PORN=S(IN)*POR

PIR=-((-I.+XX(IN))**2-1.+WI**2)
b~RN=Y(IN)*PIR
PORL(I)=POR

PIRL(I)=PIR

12006 CONTINUE

1753 FORMAT(55H CHORD DIAMETER RATIO

1F9.4///55H LIFT COEFFICIENT PER DEGREE (E03.3-2)

IF9.4///55H INDUCED DRAG COEFFICIENT (E03.3-5)

IF9.4///55H MOMENT COEFFICIENT FROM VERTICAL FORCES (EQ3.3-7)
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IF9.4///55H MOMENT COEFFICIENT FROM HORIZONTAL FORCES (EQ3.3-8)
IF9.4///55H TOTAL MOMENT COEFFICIENT ABOUT L. E. (EQ3.3-6)
1F9.4///55H INDUCED DRAG DUE TO RADIAL INDUCED VELOCITY (EQ3.3-4)
IF9.4)

PRINT 1753.H.CL*CD9CM9CM1.CM2.CDI
READ 260001AXA
NOA=AXA
READ 20025*(AX2(IA),IA=1INOA)

READ 20025.(AX1(IA).IA=1INOA)
DO 8889 IA=1.NOA

1755 FORMAT(55HIGEOMETRIC ANGLE OF ATTACK IN DEGREES
1E13.4 /55H POSITION OF SECTION AT ANGLE (PA) IN DEGREES
1E13.4/)
PRINT 1755oAX2(IA)oAXI(IA)

1756 FORMAT(115H T X GSTAR NCO NC
II PO PI POP PIP
PRINT 1756

AXI(IA)=COSDF(AX1(IA))
ERASE IN
DO 7777 1=1113*12
IN=IN+1

POT=(POL(I)+POO(I)*AX2(IA))*S(IN)
PIT=(PIL(I)+PII(I)*AX2(IA))*Y(IN)
PORT=(POL(I)+POO(I)*AX2(IA)*AXI(IA))*S(IN)

PIRT=(PIL(I)+PII(I)*AX2(IA)*AXI(IA))*Y(IN)

IX=I-1
Z=-(.5*(1.+CT(I)))+1.

7777 PRINT 20023.IXZ.GI(I)oS(IINY(IN)POTPITPORT,PIRT
PRINT 1757

1757 FORMAT(55H T AND X=STATIONS ALONG CHORD WHERE X=*5(i-COS(T))
1 /55H GSTAR =CIRCULATION DISTRIBUTION (EQ2.3-15)
1 /55H NCO AND NCI=NONLINEAR CORRECTION OUTSIDE AND INSIDE
1 55H DUCT RESPECTIVELY (EQ3.2-3)
1 /55H PO AND PI=NONLINEAR PRESSURE DISTRIBUTION OUTSIDE AND
1 55H INSIDE THE DUCT RESPECTIVELY FOR PA=O DEGREES
1 /55H POP AND PIP =NONLINEAR PRESSURE DISTRIBUTION OUTSIDE
1 55H AND INSIDE THE DUCT RESPECTIVELY FOR PA=INPUT
1)
PRINT 103

8889 CONTINUE

DIMENSION AAT(50).XXT(50).ZZT(50)
READ 260009ANT
IF(ANT)18011802o1801

1801 READ 26000.ANX.ANZ
NNX=ANX

NNZ=ANZ

NNT=1

AAT(1)=1.O
READ 26000,(XXT(I)I=19NNX)
READ 26000*(ZZT(I),I=1.NNZ)

26021 FORMAT(318)

DO 26022 JA=1NNT
DO 26022 JX=1NNX
PRINT 1758,XXT(JX)
DO 26024 JZ=1.NNZ

ERASE VAG9VRG.VAQOVRQ

DO 26023 1=1.181.5
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B1=2.*(ZZT(JZ)-AAT(JA))-le-CT(I)
82=H**2*Bl**2+(XXT(JX)-1e)**2
B5=H**2*81**2+(XXT(JX)+1.)**2
B3=SORTF(XXT(JX))

84=B3**3
AK=SORTF(4.*XXT(JX)/B5)

IF(AK-1.) 26032*26030,26030

26032 IF(AK-.99) 26038,26039,26039

26038 CALL ELLIP(X1IAK9X3.X4.BF* BS)

GO TO 26037

26039 AK2=AK**2

CALL YSELL(AK29BS,BF)

GO TO 26037
26030 BS=1.O

26037 VAG=VAG+(-H/(62832*B3))*G()*AK*(BF-BS-2.*(XXT(JX)-1.)*BS/8
2 )*CT

1H(I)*SM(I)*DX

VRG=VRG+(H/(6.2832*B4))*G1(I)*AK*H*81*(BF-BS-2.*XXT(JX)*BS/82)*CTH
1(I)*SM(I)*DX

VAQ=VAQ+(-H/(3.1416*B3))*SU(I)*AK*2.*HB81*BS*SM(I)*DX/8
2

26023 VRQ=VR+(-H/(3.1416*B4))*SU(I)*AK*(BF-BS+2.*XXT(JX)*(XXT(JX)-1)*B

IS/B2)*SM(I)*DX
VA=VAG+VA

VR=VRG+VRO

26024 PRINT 260099ZZT(JZ)gVAVR

26022 CONTINUE

1758 FORMAT(55HI INDUCED VELOCITY INSIDE THE DUCT AT A DUCT RADIUS OF

1E9.4///55H Z VA VR )

26000 FORMAT(9F8.6)

26009 FORMAT(7E15.6)

20024 FORMAT(918)

20025 FORMAT(9F8.6)
801 FORMAT(//8E15o6)
103 FORMAT(IHI)

20023 FORMAT(18.8E13.4)

1802 CALL END JOB
RETURN
END

FOR

SUBROUTINE YSELL( EKS * ELE , ELK)

PKS = 1.0 - EKS
ALA = 1.38629 - (0.5 * LOGF(PKS))
ELK a ALA + ((ALA - 1.0) * 0.25 * PKS)

ELE = 1.0 + (0.5 * (ALA - 0.5)*PKS)
RETURN
END
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