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A SIMPLE EXTENSION OF SOUTHWELL'S METHOD FOR
DETERMINING THE ELASTIC GENERAL INSTABILITY

PRESSURE OF RING-STIFFENED CYLINDERS SUBJECT
TO EXTERNAL HYDROSTATIC PRESSURE

G. D. GALLETLY and T. E. REYNOLDS, David Taylor Model Basin, Washington, D. C.

ABSTRACT

A simple extension of Southwell's method is
presented whereby the elastic general insta-
bility pressure of ring-stiffened cylindrical
shells subject to external hydrostatic pressure
may be determined. An actual application of
the method is illustrated in the paper and the
results of several other examples are sum-
marized.

INTRODUCTION

When attempting to validate theories of elas-
tic stability experimentally one always en-
counters the problem of how one should
account for the unavoidable initial eccentrici-
ties in the models. Many years ago, R. V.
Southwell[1]* proposed a method whereby test
data from an elastic column with initial
curvature could be analyzed to determine the
buckling load which the column would have
had if it were straight. In this method the
central deflection of the column is plotted
against the ratio (CENTRAL DEFLECTION)/ LOAD and
the critical load of the column is then ob-
tained from the slope of the best straight line
drawn through the test data. The method has
proven to be very practical and has met with
considerable success. In 1938 L. H. Donnell,

Presented at the Spring Meeting of the Society for Experi-
mental Stress Analysis in Los Angeles, Calif., April, 1955.

* Superiors in brackets pertain to references listed at the
end of the paper.

in a very interesting paper[2 ], discussed the
application of Southwell's method to the analy-
sis of buckling tests and concluded that, for
most curved structures, Southwell's straight-
line plot was unlikely to be an accurate means
of predicting the buckling load. He ascribed
this inapplicability of the Southwell plot to the
fact that the deformed shape of such struc-
tures was not a developable surface and that
the corresponding differential equations would
be nonlinear.

While the problem of the general instability
of stiffened cylindrical shells subject to hydro-
static pressure is by no means completely
solved as yet, it appears from results ob-
tained to date that recourse will not have to
be made to the nonlinear large deflection
theory. Thus it might be expected that for
this class of problem a variation of South-
well's method might be devised whereby it
would be possible to predict the buckling load
of the perfect structure from an analysis of
the data obtained from an initially imperfect
model. In this paper we propose such a varia-
tion of Southwell's method and apply it to
several models. It will be seen that good cor-
relation between the theoretical and experi-
mental buckling pressures is obtained. While
the relation between p and 1/b. where p is
the applied pressure and eb the circumferen-
tial bending strain due to the initial out-of-
roundness of the models, is not exactly linear
it is so slightly curved in its later stages, that
a straight line can be drawn with good ac-
curacy. The method used in the paper is
based upon the fact that, for small-deflection
theory, displacements and strains tend to grow
indefinitely large as the applied pressure
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approaches the buckling pressure. Strains
rather than deflections were plotted in the
paper, as strains were simpler to measure.
Also, as it is easier to determine an intercept
than an asymptote, reciprocals of the strain
quantities were plotted rather than the strains
themselves.

METHOD OF ANALYSIS

If the initial eccentricities present in a
structure are expressed as a linear combina-
tion of all the possible buckling modes of the
perfect structure, then it is known in many
cases that the strain (or stress, moment, de-
flection, etc.) in the imperfect structure can
be expressed as that existing in the perfect
structure plus an infinite series of terms in-
volving the ratios pOmn,/(Pmn- p) where p is the
applied load, pmn, is the mn th buckling load and
omn is a coefficient representing the amount of
initial eccentricity existing in the mnth buckling
mode. The infinite series expresses the effect
of the bending moment due to the initial eccen-
tricities on the strains. Relations such as
those outlined above have been derived for col-
umnsl[3 , rings[3 ,4 ], unstiffened cylinders sub-
ject to hydrostatic pressure[ 5 ,6 ], and other

structures[7]. As far as the authors are
aware, such relations have not as yet been
rigorously derived for stiffened cylindrical
shells subject to hydrostatic pressure. In
view of their existence for so many other
structures the assumption, already made by
others, that they also hold for stiffened cylin-
ders appears to be quite reasonable. Thus
we write:

e + z O mn fm() gn(X) ,

m*l n=l Pmn- 
P

where E = elastic circumferential strain in
imperfect structure at pres-
sure P,

S= elastic circumferential strain in
perfect structure at pressure p,

P = applied pressure,
Pin 

= mn th buckling pressure,
o0
mn = coefficient representing the amount

of initial eccentricity in the mnth
buckling mode,

fm(0)9n(x) = mn th buckling mode and which sat-
isfies the boundary conditions.
For simply supported cylinders

e) mo, gn(x) m sin (nvx/L).

FIG. I. TYPICAL VARIATION OF STRAIN WITH PRESSURE.
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where L = length of cylinder,
x = longitudinal coordinate,
8 = angular coordinate.

The term to in Eq. (1) is calculated from
the von Sanden-Giinther theory[ 8 ] or more ac-
curately, from the Salerno-Pulos theory[9],
and it is independent of 8 but is a function of
x. If we now restrict our attention to any one
particular point on the cylinder and, to simpli-
fy the notation, introduce the abbreviation

amn = Omn fm() g9n(x), (2)

where fm(8) and gn(x) are evaluated at this
particular point, then we may write

p
e _ I+,, ..... (3)

If we now denote by Eb the circumferential
bending strain at pressure p due to initial ec-
centricity then we have the relation

p p
eb

= 
e - eO= - + + -+ mn + (4)

Pb- 
p  

Pmn - P

Fig. 1 shows typical strain-pressure plots on
which the quantities eb and o are depicted.
The solid straight lines show the variation of
to with pressure and the solid curves the ac-
tual p - e plots. It will be observed that the
curves can be approximated by straight lines
(shown dashed in Fig. 1) for quite a consider-
able portion of their entire extent although the
slopes of these lines will differ, in general,
from the p - o lines, and will also differ from
point to point around the circumference. The
reason for the difference in the slopes is, of
course, due to the different amounts of eccen-
tricity as we go around the circumference.
However, if the average experimental circum-
ferential strain, em. (average of all the cir-
cumferential strain gages) is plotted against
the pressure then we should expect it to close-
ly approximate the axially symmetric circum-
ferential strain predicted by the Salerno-Pulos
theory. This has been done for the illustrated
example occurring later in the paper and it
will be seen that this is indeed the case. In
passing, it might also be mentioned that if suf-
ficient gages are placed around the circum-
ference of a model then a plot of the initial
slopes of the p, vs. e . curves on polar coordi-

nates will provide a good indication of the
initial out-of-roundness of the model.

Returning now to Eq. (4) we observe the fact
that a plot of eb vs. p will, in general, be non-
linear and we can also see that eb will become
infinite for particular values of p, i.e., at p =
Pil P 2 , etc. It will first become infinite, how-
ever, at p Pcr, where Pc, is the minimum
elastic buckling pressure Pmn, We are not in-
terested in the other values of p at which Eb

becomes infinite because, in practice, they
will not occur. Thus, we see that if we plot
Ile b vs. p we will obtain, in general, some
curve, and the intercept of the smooth exten-
sion of this curve on the p -axis gives Pc,r. the
minimum buckling pressure of the perfect
stiffened cylinder.

EXAMPLE OF METHOD

One of a series of machined ring-stiffened
cylindrical shells which have recently been
tested hydrostatically at the David Taylor
Model Basin will be selected as an illustrative
example of the foregoing method. The overall
dimensions of the models and schematic dia-
gram of the test arrangement is shown in Fig.
2. Twenty-four SR-4 electric resistance strain
gages were placed at 15-degree intervals
around the inside surface of the shell at the
location of one of the two middle rings. The
locations of these gages are indicated on Fig.

H/oA Down

Model
_ 5b" /,"e - Pressure

Ever_ IS* (

Pressute
End - - ed/u r

FIG. 2. TESTING ARRANGEMENT.
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FIG. 3. LONGITUDINAL PROFILES AT 280*

BEFORE AND AFTER FAILURE.

2. The final longitudinal profile of the model
after collapse is shown in Fig. 3 and it will be
observed that the failure was one in which both
the rings and shell participated, i.e., a general
instability type of failure. The development of
the incipient circumferential lobes with in-
creasing pressure which occur prior to buck-
ling, and which were also observed in an
earlier TMB model[ 1 0 ], is clearly indicated
on Fig. 4.

Two typical circumferential strain vs. pres-
sure plots for the model are shown on Fig. 5.
It will be observed that no permanent set de-
veloped and that strains repeated closely
during several pressure runs, indicating that
the strains, though nonlinear, were elastic.
The average reading of the 24 circumferential
gages is plotted against pressure in Fig. 6 and
on the same figure is shown the theoretical
circumferential strain computed from the
theory of Reference [8]. It can be seen that
excellent correlation between theory and ex-
periment is obtained up to 80 percent of the
failure pressure.

If we now determine ab in the manner shown
in Fig. 1 andthen plot /eb vs. p, curves simi-
lar to those shown in Fig. 7 result. (The
curves depicted in Fig. 7 are for the two gages
shown in Fig. 5). The intercept of these curves
on the p -axis then yields Pcr, the minimum
elastic buckling pressure. A tabulation of p,
determined by this method, and using all of the
strain gages mounted on the model, is given
in Table I. It was not possible to utilize all of
the strain gages, however, as a few strain

FIG. 4. CIRCUMFERENTIAL STRAINS AT INNER FIBER
UNDER RING NO. 7.

plots were not similar to those shown in Fig. 1,
but were as shown in Fig. 8. For the gages
that behaved in this manner 6b is zero at the
point where e = o and, in consequence 1 1

b be-
comes infinite at this point. Two branches of
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FIG. 7. DETERMINATION OF pcr BY THE INTERCEPT METHOD.

the curve are thus obtained but there were not,
in general, sufficient points on the branch of
interest to be able to determine Pcr. The loca-
tions of the gages that behaved in this manner
are shown by vertical arrows on Fig. 4. For
some of these gages it is apparent that the
sign of the curvature was reversed with in-
creasing pressure and thus changed the sign
of b .

It is also of some interest to note that there
is a second way of calculating pcr which ob-
viates the necessity of calculating the axially
symmetric circumferential strain predicted
by theory and which also eliminates the prob-
lem of the reciprocal of the circumferential
bending strain becoming infinite for certain
gages. We note from the typical circumfer-
ential strain-pressure plots on Fig. 5 that E
is linearly related to p for quite a consider-

able range.
Fig. 8,

where C is
Eq. (4),

We can, therefore, write from

eb 
=

CP + e* I

some constant. Hence,

p
E -C+- all .....

P'j- P

(5)

from

(6)

As before, e first becomes infinite at p z Pcr,
the minimum elastic buckling pressure. The
plots of i/E. vs. p for the strain gages shown
on Fig. 5 are also indicated in Fig. 7 and a
tabulation of the Pcr's found by this method for
all the strain gages is given in Table I.

With the introduction of the quantity e it is
possible to determine Pcr in a third manner,
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TABLE I.

CRITICAL PRESSURES (PSI) DETERMINED
FROM SOUTHWELL PLOTS.

Gage

No.

PMr

Intercept Slope
ab 1 *

Gage

No.

PCr

Intercept Slope
4-b I der G

172 172 172

178 178 174

176 176 173
174 174 169
166 166 168

177 177 174

-- 171 174

179 179 168
180 180 174

Average p Observed
Intercept Slope Foailure

*b I '* Pressure

175 175 172 168

one which resembles that originally employed
by Southwell. In Fig. 5 it can be seen that e
is the nonlinear portion of the total circum-
ferential strain. Referring to Eq. (6), it ap-
pears that this departure from linearity is due
principally to the magnification of the term
Pacr/(Pcr- P). The other terms of the series will
remain approximately linear with pressure
since, for the most practical cases of general
instability, p will be small compared to the
buckling pressures above Pcr. Thus E. can be
written approximately

Pacr
Pcr- p

and this approximation should become more
accurate as p approaches Pr. Eq. (7) can then
be written

"" -" .c' (8)
P Pcr Pcr

Thus a plot of ,*/p vs. e should be a straight
line whose cotangent is pcr This method was
applied to the model previously described and

+ f itersects 4r

Gage ioperative
S Insufficient data

it was found that straight lines did, in fact, re-
sult for all gages except three, which had in-
sufficient data. In Fig. 9 appear plots of ./p
vs. e- for the two gages in Figs. 5 and 7.
Evidently departures from a straight line oc-
cur only for small values of ,*. In Table I the
pressures obtained with this method have also
been listed. It is seen that the average pres-
sures for all the gages determined from both
the intercept and the slope methods agree
favorably with the experimental pressure of
168 psi.

COMPARISON OF EXPERIMENT
AND THEORY

For comparison with experiment we have
available the theories of Kendrick[11, 1 2 ,1 3 ]
and Nash[ 14 ]. The main difference between
these theories is that References [11] and [12]
assume that the cylinders are simply-sup-
ported at the ends while References [13] and
[14] assume that the ends are clamped against
rotation. The elastic general instability
pressures predicted by these various theories
are shown in Table II. Also tabulated are the
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FIG. 8. CURVES SHOWING INTERSECTION OF e WITH eo

TABLE 7.

THEORETICAL FAILURE PRESSURES (PSI).

Kendrick I Kendrick Nash
III

Generl Simple Fixed Simple Fixed
Instability Support Ends Supp ort Ends

173 280 164 268

Shell Von Mises EMB

Instability 1908 1919

Shell Hencky-Von Mises
Yield 967

Experiment 168

elastic shell instability pressure (using von
Mises theory[15]), the yield pressure obtained
from the von Sanden-Gunther theory and using
the Hencky-vonMises criterion of failure, and
also the experimental collapse pressure.

A comparison of these values with those
listed in Table I indicates that best agreement
between theory and experiment is obtained
when Kendrick's theory (References [11] and
[12]) is used. As mentioned above these theo-
ries assume that the cylinders are simply-
supported atthe ends. Reference [12] is some-
what more accurate thanReference [11] inthat

the former takes into account the inter-ring
deformation of the shell. Neither of the theo-
ries are complete, however, as the strain
energies due to out-of-plane bending, torsion
and restricted warping are neglected. Also
Kendrick's expressions for the pre-buckling
stress resultants in both shell and rings are
simplifications of the actual expressions and,
furthermore, his theory assumes that all bays
are equal whereas in the model the end bays
were somewhat shorter than the other bays.
These factors probably account for the fact
that the p., obtained from Reference [12] is

, I du
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FIG.9. DETERMINATION OF pcr BY THE SLOPE METHOD.

TABLE X.

Pcr/pf AS GIVEN BY VARIOUS METHODS.
(pf is the experimental foailure pressure)

Model Southwell Kendrick Kendrick Kendrick Nosh
I III MI nsk

No. Intercept Slope s s fe fe

I 1.040 1.023 1.012 0.976 I 637 I 595

2 1010 1.011 0989 0.937 I 609 I 569

3 1.040 I 033 I 200 0997 I 589 -

4 1034 I 033 0.960 0.842 I 534 I 354

5 I 020 I 023 1160 0967 1542 -

lower than the experimentally observed failure
pressure and that predicted by the methods
outlined in this paper. It will also be observed
that for the example considered, the initial
eccentricities, while producing appreciable
bending strains, did not significantly lower the
general instability pressure. Presumably this
is due to the fact that the model was con-
structed from a high yield point steel and the
maximum experimental strain, E,,,, recorded
at 98 percent of the collapse pressure, was
only 19 percent of the uniaxial yield point
strain, E.

In Table MI a summary is presented of the
results obtained for the model just discussed
and four other machined models. These mod-
els had collapse pressures which varied be-
tween 150 psi and 1000 psi, and in no case was
41ma greater than ey . The models were essen-
tially identical except for the fact that varying
depths of the rectangular stiffening rings were
used. The depth of the ring for Model 3 was
four times that of Model 1, while that of Model
4 was three times that of Model 1. Models 2
and 5 were duplicates of Models 1 and 3, re-
spectively. The results have been shown in

L YYIII iil ini ilil~lllIm I I lii i,



terms of Pcr/Pf where PCr was obtained from
the Southwell plots and p, was the experi-
mental collapse pressure of the model. Re-
sults from the Southwell plots include both
those obtained by the intercept method ( i/c
vs. p ) and the slope method ( e/p vs. E ). Re-
sults of the various theoretical treatments
have also been listed in terms of Pcr/pf* All of
the models exhibited experimentally the char-
acteristics that have previously been described
for the illustrative example. It can be seen
from this table that the Southwell plot always
predicts critical pressures higher than the
experimental failure pressures (as it should)
and that Kendrick's Part I and Part III theo-
ries predict values which are closest to those
obtained from the Southwell plot. The theories
which assume the ends of the cylinders to be
fixed appear to give values which are too high.

DISCUSSION OF METHOD

In order that the proposed method be used
successfully it is necessary that the buckling
be elastic andthat sufficient experimental data
be obtained in the neighborhood of the failure
load of the model. This latter item is not too
difficult to do with an elastic general instabili-
ty failure as the longitudinal lobe extends over
a sizable portion of the model and, thus, in-
strumentation is fairly easy. However, with
elastic shell instability, in which the lobes
form between any pair of stiffening rings, the
problem is somewhat more difficult if exten-
sive instrumentation is to be avoided. One
means of avoiding this would be to take deflec-
tion readings in all bays with the aid of a
deflectometer[10] as the test progressed and,
from the readings, estimate in which bays
failure would occur. The test then would be
stopped and these bays instrumented with suf-
ficient strain gages to provide the necessary
information and then the test recommenced
and carried to failure.

It might also be mentioned that in a general
instability failure the number of circumferen-
tial lobes is quite small (2 - 5) while in a shell
instability failure it is quite large (8 - 20).
This indicates that in a general instability
failure the surface of the deformed shell is
more developable than in the case of a shell
instability failure, i.e., the contribution to the
extensional strain energy is less. This might

mean that the method we have proposed for
predicting the minimum buckling pressure
might not be quite so successful for shell in-
stability failures. However, in this connection,
we might mention that we have attempted to
apply the method to models tested at the
Taylor Model Basin and which failed by shell
instability. In most cases the data were in-
sufficient, but in a few instances the results
were definitely promising.

All the machined models at the Taylor Model
Basin that have been designed to fail by gener-
al instability have collapsed near the value
predicted by Kendrick's theory when the as-
sumption of simple supports at the ends of the
model is used. By referring to the testing
arrangement shown in Fig. 2 it might be argued
that, because of the heavy rings and bulkheads
at the ends of the model, it would be more cor-
rect to assume that the ends were clamped
against rotation. A glance at Table III then
shows that there is a marked discrepancy be-
tween the experimental and theoretical failure
pressures, theory predicting values which are
roughly 35 to 64 percent higher than those ob-
tained experimentally. While the ring eccen-
tricity-shell thickness ratios (obtained by the
centroidal method[16]) for these models were
quite small (0.018 - 0.044) it might be argued
that the discrepancy between theory and ex-
periment could be ascribed to the initial ec-
centricities (presuming the theory is adequate).
However, the method proposed in this paper
allows for the eccentricities in the model and
predicts a general instability pressure for a
perfect model very close to that predicted by
Kendrick's theory when the ends of the model
are assumed to be simply supported. It would
thus appear that, for these models at least, any
clamping present at the ends exerts only a
very minor influence on the failure pressure.
A similar situation apparently exists in the
problem of the buckling of axially compressed
cylinders where experiments[17] have shown
that, for cylinders with length-diameter ratios
greater than 0.75, any restraint against rota-
tion at the ends of the cylinder exerts a neg-
ligible influence on the failure pressure.

A very pertinent question to ask would be
how effectively the method would predict the
theoretical elastic buckling pressure for a
stiffened cylinder whose failure pressure was
appreciably lower than that predicted theo-
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retically. As mentioned above such a situation
has not arisen with the machined models tested
at the Taylor Model Basin, but did occur with
some welded models that were designed to fail
by shell instability. For these cases, as men-
tioned earlier, data were, generally, insuf-
ficient and further experimental work is still
needed before any definite conclusions can be
drawn.

It is also interesting to note that Hu, Lund-
quist and Batdorf[18] found that the Southwell
plot was inapplicable to simply- supported
rectangular plates with initial imperfections,
unless the imperfections were small. This
point had been previously brought out by Don-
nell in Reference [2]. Neglecting the effects
of any accidental eccentricities in the loading
(as was done by the authors of Reference [18])
Donnell showed that the Southwell plot could
be expected to give good results for this prob-
lem as long as the initial imperfections and
the elastic transverse displacements were
small in comparison to the plate thickness. If
the latter two requirements are met then the
problem can be adequately described by a
linear theory.

Hu, Lundquist and Batdorf also state that an
essential requirement for the success of the
Southwell method is that at least part of the
stress-total deflection curve should approxi-
mate a rectangular hyperbola (the total de-
flection is the sum of the initial imperfection
plus the elastic deflection). This is, of course,
a consequence of using a linear theory and as-

suming the initial imperfections similar in
form to one of the buckling modes of a perfect
structure. It is easily shown that if the elas-
tic instead of the total deflection is used, then
their equation relating stress and deflection
has exactly the same form as any one of the
terms in Eq. (4) of this paper. However, if
only one term of the series is assumed to be
present then one would expect the /eb vs. p

curves to be straight lines. Reference to Fig.
7 shows that this is not the case except at
pressures fairly near the collapse pressure
when, presumably, the mode of the initial out-
of-roundness which is similar to the buckling
mode of the perfect structure begins to gain
the ascendancy.

In conclusion, it might also be mentioned
that if one uses the strain reversal method
discussed by Hu, Lundquist and Batdorf for
determining the experimental critical pres-
sures, then values are obtained which are only
about one-half of the collapse pressures (see,
for example, Fig. 5).

CONCLUSIONS

The simple extension of Southwell's method
presented herein appears toyield good results
for calculating the elastic general instability
pressure of ring-stiffened cylinders subject to
external hydrostatic pressure. The theory
developed by Kendrick is in best accord with
the method and the experimental results ob-
tained to date.
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