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ABSTRACT

This report discusses the effect of dimensionless frequency and amplitude

of oscillation on certain hydrodynamic derivatives of a prolate spheroid with seven

to one fineness ratio.

The results of the investigation show that the coefficient of the rotary mo-

ment derivative studied (yawing moment due to angular velocity of yaw) decreases

with increasing dimensionless frequency of yawing oscillation (except at the max-

imum amplitude used). The above frequency effect was large for small yaw angles

and small for large yaw angles. The added moment of inertia showed no frequency

or amplitude effects at zero speed of advance. The yawing moment rate NV ' was

found to be independent of the amplitude but showed some unsteady effects.

The experiments were performed at different frequencies (approximately 1

to 4 rad/sec) and amplitudes (1 to 5 deg) of oscillation, and at several speeds

(0.5 to 4 knots). The dimensionless frequency varied from 1 to 8, the Reynolds

number from 106 to 7.5 x 106.

INTRODUCTION

This report presents the first part of an investigation, the final aim of which is to eluci-

date the effect of unsteadiness on submarine motion. The research program was initiated be-

cause aircraft motion under certain conditions was found to be influenced by unsteady effects.

The significance of frequency dependence of the hydrodynamic derivatives of subma-

rines is somewhat analogous to that of nonlinearity; in both cases the derivatives depend on

the motion.

A submarine might be considered as a body of revolution (hull) with low aspect ratio

wings (appendages). Some theoretical and experimental results are available regarding low

aspect ratio wings; information with respect to unsteady effects on bodies of revolution is lack-

ing. Therefore, a bare hull spheroid of seven to one fineness ratio was selected for the initial

investigation.

The effect of frequency and amplitude of oscillation was studied using free oscillation

technique. The decay curves were analyzed and the results presented in the form of graphs.

The report consists of a description of the experimental apparatus used, method of data

reduction and accuracy obtained, the results, and suggestions for future research.

EXPERIMENTAL APPARATUS AND MODEL

The results presented in this report were obtained from tests on the TMB yaw oscillator,

shown schematically in Figure 1. The yaw oscillator is essentially a torsional spring system

on which an underwater body is oscillated in yaw about a vertical axis, usually through the

_ IYIYllrl



Steel Band

Driving Mechanism Oscillating Head

Bearing

Recorded Input,

Recorder

4(t)

(K1 )

Recorded Output, 9 (t)

Spray Shield

Faired Strut, (K2)

Model, 0(t)

Figure 1 - Principle of Yaw Oscillator

center of gravity of the body. The instrument consists of the following basic parts: (1) A

driving mechanism that produces a sinusoidal displacement of adjustable amplitude and frequen-

cy to the upper end of a torsion spring. (2) The torsion spring which consists of two parts:

the upper part which is exchangeable, and the lower part which is covered with a fairing and

is the same for all experiments. The body under test is mounted at the end of this lower ele-

ment. (3) The main elements of the recording system are two arms connected to the upper and

lower ends of the exchangeable torsion spring. The angular amplitudes of the two ends of this

IYI _. . _ I
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torsion spring are recorded on a paper strip. The upper end of the exchangeable torsion spring

can be locked in place for free oscillation tests.

Forced oscillation tests are used when the model damping is comparatively large, e.g.,

a submarine with all appendages. For smaller damping (bodies without appendages), the free

oscillation method is used. All tests described in this report were conducted by the free os-

cillation technique.

The model used for this investigation was a spheroid of seven to one fineness ratio,

9 feet long and made of mahogany. It was oscillated about its minor axis.

The tests were performed at a constant depth-diameter ratio h/d = 3.08, which corres-

ponds to a depth of 3.96 feet, and at model speeds of 0, 1/2, 1, 1 1/2, 2, 3, and 4 knots using

3 different exchangeable torsion springs. A few experiments were performed to show that,

using the above h/d ratio, the presence of the free surface had no measurable effect.

A schedule of tests is given in Figure 2, each circle representing a test.

k= 8,

5
A4

3

2T of n LOO_ '/ / ./I234 6 7
V K in knots

Figure 2 - Test Schedule, k = ~l
2U

6

5

V4
C
0
U

CL

.2 3

3

2
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GOVERNING EQUATIONS

The differential equation representing the system shown in Figure 1 is assumed to be

linear. The results, however, show nonlinearity, therefore, it seems to be necessary to clar-

ify the assumptions made using the conventional linear oscillation equation as the basis for

data analysis. First it is assumed that the instantaneous damping obtained from a decaying

oscillation corresponds to the damping of a steady oscillation, i.e., to an oscillation with con-

stant amplitude. With this assumption the effect of the varying amplitude is eliminated. The

supporting factor for this assumption is the experimental fact that the starting amplitude of the

decaying oscillation had no effect on the motion. The second assumption is that the nonlin-

ear system is replaced instantaneously by an equivalent linear system.

The governing differential equation is

ItT + 7t? + KtT = K [1]

where It is the total moment of inertia, Ib + I.,

Ib is the moment of inertia of the body,

l a is the added moment of inertia, -N;,

rt is the total damping, q + 7i,

77 is the hydrodynamic damping of the body, -Nr,

ri is the instrument damping,

K t is the total restoring moment, K + UN,

U is the speed of advance,

Nv is the yawing moment rate,

K is the combined spring constant, K 1 K 2 / (K + K2),

K1 is the spring constant of the exchangeable spring,

K 2 is the spring constant of the lower spring,

T is the yaw angle of the model, and

Sis the angular position of the upper end of the exchangeable spring.

The elasticity of the shaft is expressed by the equation:

K10 + K2(D - T) = KI [2]

where (D is the angular position of the junction between the exchangeable and lower springs.

For free oscillation the governing differential equation is obtained by setting C =0.

The fundamental differential equation for free oscillation is then:

-- -~~---
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ItT + 7 t+ + (K + UN) = 0 [3]

From Equation [2] with = 0 the relationship between q) and T is given by

K +AK
T= ( 1 + 2 [4]

K 2

A solution of Equation [3] may be written as

T = Voe(i-Ct) [5]

where a is equal to the angular frequency,

Sis equal to n '
n i+n

f is the frequency, ,/27r,

n is the number of cycles,

Ti is the amplitude of the i-th cycle, and

Ti+n is the amplitude of the (i + n)th cycle.

If this solution is substituted in Equation [3], the total damping becomes

2 (K + UN,) [6]
?It = 2 + z2

and the equation for the total moment of inertia is

K 2 + V2" [71K)+ UN'

It is only possible to determine two of the three quantities, It, It, and NAv from the foregoing

equations of a free oscillation test. At zero speed of advance, however, 7t and It are readily

found. The assumption is then made that It is the same when underway as at zero speed of

advance.

This assumption might be supported by the fact tha.t as Equation [7] shows, UN,v is the

difference between the effect of the elasticity and the effect of the inertia of the system.

Both effects are large, as compared to UNV,, therefore, small changes in NV will not affect the

constancy of I t. (From this it also follows that the values reported for N v ' are somewhat un-

certain, as will be pointed out later.)

IIW



6

Rewriting Equations [6] and [7] in terms of I,, the total damping becomes

The yawing moment rate is

N =1 [I 2 +2 ) K

The added moment of inertia, hydrodynamic damping and

alized as follows

la = -N; ' 
t -I b

7 ?t - 7il= -Nr
1 1 4
2

N

NV 2 32

yawing moment rate are nondimension-

[10]

[11]

[12]

where p is the density of the water,
1 is the length of the model, and

U is the speed of advance.

METHOD OF DATA REDUCTION

Values for the quantities p, 1, U, K 1 , K2 , f, liln T ,
n 'Pi+n

order to determine N;', N,.', and N v '. This section deals with the

quantities.

The density p of the water in the TMB test basin is 1.937

percent.

and Ib are necessary in

method of determining these

slugs per cubic foot, +±0.1

The over-all length I of the model tested is 9 feet.

The speed of advance U is the carriage speed which can be set to +±0.02 knot over the

entire speed range of these tests.

The spring constants K and K2 are the torsional spring constants of the exchangeable

and lower torsion springs. These spring constants are determined by fixing one end of the

spring and applying a torsional load at the other end. The twist in the spring is then meas-

ured and plotted against torsional load. The slope of this line is the torsional spring constant.

The spring constants were checked a number of times during the course of the tests and the

L ---s~---------- ~C III - I I~- -IIIC~IPI- IIIIIIICU IPUI- I~L-*F
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variation was found to be less than 0.5 percent. The spring constants of the exchangeable

springs are K1 = 1933, 954.3, and 125.7 foot-pounds per radian. The spring constant of the

lower spring is K2 = 9726 foot-pounds per radian.

The values of frequency f and logarithmic decrement 1 In are determined from the
n TO+n

records. A 28-inch arm is attached to the lower end of the upper spring with a ball point pen.

There is also a timer recording 1/2-second intervals on the paper. The period of oscillation

varied between 6.28 sec and 1.56 sec; these values correspond to 25 inches and 6.3 inches

on the records. Since these records were read with a ±0.01-inch error, the maximum possible

measurement errors in the periods and the frequencies were +0.04 percent and +0.16 percent,

for the low- and high-frequency oscillations respectively.

It was found that the frequency was constant for any given run, and did not vary with

the amplitude of oscillation within the limits of accuracy of the measurements.

The logarithmic decrement is determined by measuring successive peak amplitudes on

the record. These amplitudes varied from 0.25 to 3.75 inches and could be measured to 0.01

inch. This results in 4 percent and 0.27 percent errors for small and large amplitudes respec-

tively. Since the length of the recording arm is known, the peak amplitudes could be convert-

ed to the angular displacement (Q at the junction of the exchangeable and fixed torsion springs.

Since (F is related to the angular displacement of the model by ' = ( [(Kr + K 2 )/K 2 ] it is pos-

sible to determine the values of ' with a maximum error of 4.2 percent and 0.5 percent for

small and large oscillations respectively. The values of the In of maximum ' at successive

oscillations are then plotted against number of cycles and the curve through these data points

is drawn. The slope per cycle of the tangent at any given value of I is the value of the log-

arithmic decrement at that value of P.1

From this value, using Equation [8], the total damping is found. After the instrument

damping is subtracted and the result made dimensionless, q 'versus ' is plotted for various

k-values. These curves are extrapolated to P - 0 and cross-plotted in order to obtain the con-

ventional 77 'versus k curves with ' as parameter.

Tests were conducted oscillating the body in air to determine the moment of inertia of

the body Ib and the instrument damping ri. These tests were conducted at different frequen-

cies by using different sizes of exchangeable torsion springs. Additional inertia weights were

added to the system at the model in order to extend the range of frequencies for the determina-

tion of instrument damping. The moment of inertia of the body was found to be 45.5 lb-ft-sec 2

The instrument damping was found to be dependent on the frequency and amplitude of oscilla-

tion at the junction of the two torsion springs. The empirical formula for the instrument damp-

ing is

r1 3 x 3 0.6 [13]

*References are listed on page 20.
*References are listed on page 20.
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where ri is in ft-lb-sec/rad,

co is in radian/sec, and

() is in degrees.

Tests were conducted by deflecting the model to angles up to 8 degrees and then releas-
ing it and recording the resulting motion. A number of tests were conducted releasing the mod-
el at different amplitudes to determine if the starting amplitude had any effect on the resulting
motion. No effect of starting amplitude was detected, nor was there any detectable variation
of frequency during any given completely decaying oscillation tests.

RESULTS

The initial tests were conducted at zero velocity in order to determine the value of It,
using Equation [7]. The variation in the value of the logarithmic decrement squared was neg-
ligible compared to 4 f 2 ; therefore no amplitude variation of It was determinable. These tests
were conducted using three different exchangeable springs, and covered a frequency range from

1.12 to 4.08 radians per second. It was

found that It did not vary with frequency in

I I 2 this range. The value of It was determined
I t = 97.5 foot-pound-second

o100 as 97.5±0.8 ft-lb-sec 2 . Since b was found
++ _to be 45.4, the value of la is 52.1 ft-lb-sec 2

see Figure 3.
90 The theoretical result for the added

moment of inertia of a spheroid of fineness
ratio l/d deeply submerged is well known: 2

s8o
SIl = 52.1 foot-pound - second 2

0 I 2 3 4
CJ in radians persecond

Figure 3 - Experimental Moment of Inertia at
Zero Speed of Advanc

Ia = k '10

where k' is the added moment of inertia co-

efficient, and

0 120 p 5 l2 +

is the moment of inertia of the displaced

water. This gives la = 51.9 ft-lb-sec 2 in

close agreement with the experimental value.

The majority of the tests were con-

ducted at various constant forward veloci-

ties from 0.5 to 4.0 knots, using three dif-

ferent exchangeable springs. Changing

704h
0
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40
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2
I b = 45.4 foot-pound -second
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either velocity or torsion spring resulted in a change of frequency. The frequency range of

these tests was from 1.10 to 4.01 radians per second. Expressed as a nondimensional fre-

quency

k - co [14]
2U

the tests covered a range of 1.22 to 7.86. The decay curves showing in T versus cycles are

presented in Figure 4. The computed values of q against T for various values of k are shown

on Figure 5. These curves were then used to determine values of q ' over a range of dimension-

less frequencies for model amplitudes of 0, 1, 2, 3, 4, and 5 degrees, see Figure 6.

Repeat runs were made for most of the test conditions. The different symbols used on

Figure 4 indicate different runs. If the data of two separate runs agreed exactly a single curve

was drawn through the data. If there was a difference, separate curves were faired through

each set of data. The starting points of some of the data on Figure 4 were shifted horizontally

for clarity. If all the data for a given test condition fall on one curve (on Figure 4) then a

single symbol is used on Figure 5 for that test condition. If more than one curve is drawn for

a given condition on Figure 4 then on Figure 5 different symbols are used.

The data on Figure 5 were extrapolateC to I = 0. The solid circles on Figure 6 indi-

cate the values of the faired curves of Figure 5 for which data exist, the broken circles on Fig-

ure 6 indicate the extrapolated portion of the curves of Figure 5.

The curves on Figure 6 were obtained by a three point fit of the equation

,k 2 +a
7 bk 2 + c

Table 1 shows the faired values of the constants in the foregoing equation as obtained from

Figure 6.

TABLE 1

Faired Values from Figure 6

O a b x 10- 3 c x 10- 4

degrees

0 59.0 9.523 7.3732

1 54.7 8.197 7.4941

2 47.3 5.780 7.1631

3 49.6 3.876 8.4021

4 154.5 2.653 29.7082

5 15.6 1.477 3.1736

- 11 6 111
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Figure 4 - Decay Curves
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Figure 4 (Continued)
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Figure 4 (Continued)
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Figure 4 (Continued)
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Figure 4 (Continued)
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Figure 4 (Continued)

k =7.86
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The value of NV was determined using Equation [9]. Again, since the variation of the

logarithmic decrement is negligible compared to 4 r 2 , no amplitude variation was determinable.

The values of N were nondimensionalized using Equation [12]. Since N V -appears as a

small difference of two large quantities, the only conclusion which can be drawn from Figure

7 is that there is an indication of variation of NV '"with k. The reader's attention is called at

this point to the previously mentioned assumption that 1, = constant. Any small variation in

1, would greatly affect Figure 7. These experiments were not designed to obtain the frequen-

cy dependence of N v '. This might be obtained with greater reliability by measuring moments

on the model in heave experiments.

The dimensionless moment rate (extrapolated to zero frequency) is 0.0162. This value

was checked by using the yaw oscillator as a moment measuring instrument, From such static

test Nv, '= 0.0167. The foregoing values can be compared with the theoretical values given by

the Munk formula 3

N' 3 (k 2 k 2

where k and k2 are the added mass coefficients along the two axes of the spheroid.

The theoretical moment rate is 0.0191 which is higher than the experimentally obtained

values, as is to be expected.
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Figure 7 - Static Yawing Moment Rate versus Frequency Parameter

SUGGESTIONS FOR FUTURE RESEARCH

1. Probably the most urgent next step in improving and completing the findings of this re-

port is to obtain the value of the damping derivative N r at zero frequency. The values of N r

at zero frequency given in this report are extrapolated values and therefore rather uncertain.

2. The experimental results reported in this report were obtained using one model. It is

suggested that models of several different fineness ratios be tested and the effect of l/d be

studied in conjunction with unsteady effects.

3. The extension of the range of the dimensionless frequency used presently seems to be

of great importance. Especially it is recommended that the range 0 < k < 2 should be investi-

gated. This requires low frequency and high speed operating conditions. Using the free os-

cillation technique, low frequency (soft spring) and high speed (large N, ", hard spring) are in-

compatible. Therefore, the forced oscillation technique is recommended, using the present ex-

perimental facilities with a much lower frequency range. The minimum angular frequency ob-

tainable presently with the forced oscillation technique is approximately 1 rad/sec. It is rec-

ommended that by selecting proper gear reduction ratios this lower limit be of the order of

0.1 rad/sec.

4. The classical result, that infinite aspect ratio wings show no unsteady effects if oscil-

lated around the forward quarter point is well known. For bodies of revolution no analogous

result is expected. Nevertheless a study of the effect of the location of the axis of rotation

on the hydrodynamic derivatives is recommended.

5. Pressure measurements on oscillating bodie, can be correlated with potential flow cal-

culations and time lag effects can be studied by this method. The potential flow pressure dis-

tribution on a yawed and oscillating prolate spheroid may be readily derived. Actually meas-

ured pressure variations, however, on an oscillating spheroid are lacking and should be

obtained.
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