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Maximum deflection parameter

Cross-sectional area of beam

Area of plate

Width of plate

Maximum stress parameter

Length of plate

Aspect ratio

Distance of a given fiber from the neutral axis of a beam

Plate modulus

Differential element of area

Modulus of elasticity of plate material

Natural frequency in cps

Time load distribution (known as shape of pulse)

Space load distribution factor such that P = GF(t)

Thickness of plate

Moment of inertia of beam with respect to neutral axis

Frequency number for plate (involves mode and aspect ratio)

Load factor (maximum value of response factor Rm)

Moment resultants (have dimensions of moment per unit length)

Force resultants (have dimensions of force per unit length)

Distance in direction normal to boundary of a flat plate of arbitrary shape

(has dimensions of length) (n lies in plane of plate)

Lateral load acting on plate (a function of space and time) ( in pressure

units)

Maximum value (in time) of uniformly distributed load

Circular frequency of rth mode of vibration

A function of time such that w = Wmq m satisfies the plate equation

D V4 w + ph a2 = P (, y, t)
at 2

Response factor

Distance in direction of boundary of a flate plate of arbitrary shape (has
dimensions of length)

Y



T Natural period of vibration

t Time variable

to, t 1  Times of application of pulses

Vn  Shearing force resultant (has dimensions of load per unit length)

w Lateral deflection

w r  Deflection function in rth mode of vibration

Xi, Y. Normal mode functions for the modes of vibration of a beam

a, aC Factors defining modes of vibration of a beam

f , li Frequency numbers for the modes of vibration of a beam

y Static deflection parameter as defined in Table 1

8Static stress parameter as defined in Table 1

v Poisson's ratio

p Mass per unit volume of plate material

on  Normal stress

ax  Stress in beam

7s ns nz Shear stresses

V4  Differential operator 1 + 2 + in rectangular coordinates
ax 4  a 2 dY2 a 4

w Slope of plate boundary
an
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ABSTRACT

Approximate formulas are given for the determination of natural frequen-

cies and maximum deflections and stresses in rectangular plates subjected to

normal transient loading as well as to static loading. The stresses and deflec-

tions resulting from dynamic loads are obtained by the application of a "load

factor" to the values computed for a static load. The appendixes give the

small-deflection theory of forced vibration of plates with approximate solutiqns

for plates with edges which are clamped, simply supported, or free. It is

assumed that the plate deflection may be expressed as a series, each term hav-

ing the form of the normal-mode function of a uniform beam.

INTRODUCTION

The David Taylor Model Basin is studying the effects of wave forces on the bows of

ships to gain information on which to base improved design criteria. This leads to questions

concerning the effect of these dynamic forces on the bottom plating of ships. The published

technical literature lacks specific procedures and formulas which would be of direct utility to

the designer in computing the deflections and stresses in plates under impact loading. Appli-

cation of available material to the design of plate panels subjected to impact loads requires

extensive calculation before one can obtain numerical answers.

It is the purpose of this report to present approximate methods and formulas for the cal-

culation of natural frequencies, deflections, and stresses in plates in a form suitable for direct

application by the designer. For those who are interested in the theory andin the derivation

of the approximate methods, there is an appendix containing the small deflection theory of

forced vibration of plates together with an approximate solution of the problem. This solution

is obtained by approximating the deflection of the plate in terms of the normal modes of later-

al vibration of a simply supported, clamped, or free uniform beam. For design purposes,

stresses and deflections are obtained by the application of "load factors"* to the magnitudes

computed under the assumptions of the static application of the maximum load. Numerical

examples illustrate the use of the methods. The approximate solutions given here are com-

pared with known exact solutions in order to give some idea as to the degree of approximation.

The effects of virtual mass and damping are neglected.

1References are listed on page 21.

*The load factor is defined as the maximum numerical value of the response factor. The response factor is that

factor by which the static response in each mode must be multiplied to give the dynamic response.
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PROPOSED DESIGN PROCEDURE FOR SIMPLY SUPPORTED OR CLAMPED
RECTANGULAR PLATES UNDER UNIFORM IMPULSIVE PRESSURE

The recommended procedure for obtaining natural frequency, maximum deflection, and

maximum stress in a plate subjected to uniform impact loading is as follows:

1. The natural frequency of the plate in Figure 1 is given by the general formula

F= K D

where K is the frequency number (given in Table 1 for several modes of simply supported andy
clamped rectangular plates) which is a function of aspect ratio and mode,

p is the mass per unit volume of the plate material, and

D = Eh

12(1 - v2)

where E is the modulus of elasticity and v is Poisson's ratio for the plate material.

For a steel plate with E = 30 x 106 psi, v = 0.80,

p 0.284 lb-sec 2 , F = 9730 Kh cps
P = -,F - 9730 0 cps

386 in.4  a2

where h and a are measured in inches.

For an aluminum plate with E = 10 x 106 psi, v = 0.33,

p 0.098 lb-sec 2 F = 9570h cps
386 in. 4  a 2

where h and a are measured in inches.

/b

.y

/
Z ,

h

x

Figure 1 - Sketch of Rectangular Plate
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2. The maximum deflection wmax in either a fixed or simply supported plate occurs at the

center. An approximate upper limit for its value is computed* as follows, assuming that the

maximum contributions of the first four terms are additive:

Wma x  [AL 1 + A 2 L 2 + AL 3 + A 4 L 4]
Eh3

where A 1, A 2 A 3 , and A4 are tabulated in Table 1, and L , L 2 L 3, and L 4 are load factors

for modes corresponding to A 1, A 2 , A 3 , A 4 to be read off one of the curves given in Figure 2.

Column 15 of Table 1 gives an approximate value of the maximum deflection for static

load application.

3. The maximum tensile or compressive stress occurs at the surfaces of a plate. Under

uniformly distributed loading; it is located at the center of the plate in a simply supported

plate and at the middle of the long side in a fixed plate. In both cases, the maximum tensile

or compressive stress is in the direction of the short side. In a simply supported plate, there

is a compressive stress on the top surface (where the load is applied) at the center, but in a

clamped plate, there is a tensile stress on the top surface at the edge. An upper limit for the

maximum stress is computed as follows, assuming that the maximum contributions of the

first four terms are additive:

-.max Poa2 [B 1 L 1 + B2L 2 + B3L 3 + B4 L 4
h2amax ]a 2  [B + L B +

where B1 , B2' B 3, and B4 are tabulated in Table 1, and L 1, L 2 , L 3 , and L 4 are dynamic load

factors to be read off one of the curves given in Figure 2.

Column 16 of Table 1 gives an approximate value of the maximum stress for static load

application.

The plates considered in Table 1 are assumed to be fixed on all edges or simply sup-

ported on all edges. Tables 3 and 4 contain calculations for plates with other boundary con-

ditions. The use of the first 14 columns of Table 1 is explained in the procedure. Columns

15 and 16 give the theoretical static response based on Equations [17] and [21] of Appendix 1.

In the expressions for Wmax and amax in the proposed design procedure, it was assumed

that the vibratory modes were all in phase; therefore the results obtained by using these ex-

pressions should always give maximum deflections or stresses higher than the values obtained

by computing the response as a function of time. For example, if the load factor is assumed

to be unity (which is the case for static loading), then the deflection or stress would be ob-

*Warburton2 has a procedure for calculating the natural frequencies of rectangular plates also based on the

assumption that the modes can berepresentedb b nfuctions. He uses the Rayleigh method for his compu-

tations and gives an account of the limitations of assuming that the modes are composed of a single product of

beam functions. However, he does not consider the calculation of deflections and stresses.
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The procedure for obtaining the load factor for any 4 5

Time Ratio to/T
mode of vibration is as follows: for t 1 = 70 T

1. Compute the natural frequency for that mode in cps; see p 3. for 1 = 70 T

2. Invert this to obtain the period, T, for that mode.

3. For a given shape and duration of pulse, calculate t 1/T or t0 /T (where toor t1 is the time duration as shown

in the pulse curves) and use the appropriate curve to determine the load factor for the mode of period T
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TABLE 1

Frequencies, Deflections, and Stresses in Simply Supported and Clamped Rectangular
Plates under Uniform Impulsive Load (v= 0.8)

(Note that only the symmetrical modes are excited in this case).

Static Values

Deflection w Stress a
First Second Third Fourth First Second Poa

4  
6P a

2

b Symmetrical Symmetrical Symmetrical Symmetrical Antisym Antisym w=y- = 
a Mode Mode Mode Mode Mode Mode Eh3 h

2

w=X Y w=X Y3  w=X 1Ys  w=X Y w=XY2 w=X2 2  =A1 -2 =B-2

1 § 7J i+ A3 -A 4  + B3 B 4

K A, B1  K A2 B2  1A 3 B3 I" I A4 B 4 K h y

SIMPLY SUPPORTED PLATE

1.0 19.70 0.0454 0.0533 99.0 0.0006 0.0020 256.6 0.00005 0.0004 99.0 0.00060 0.0051 49.2 79.0 0.0443 0.0466

1.2 16.70 .0632 .0691 71.6 .0011 .0030 181.2 .00011 .0006 95.5 .00064 .0053 37.2 66.8 .0616 .0614

1.4 14.86 .0796 .0830 55.2 .0019 .0041 135.8 .00019 .0008 93.8 .00067 .0056 30.0 59.5 .0772 .0741

1.6 13.70 .0939 .0948 44.6 .0030 .0055 106.3 .00032 .0011 92.5 .00068 .0056 25.3 54.8 .0905 .0848

1.8 12.90 .1061 .1047 37.4 .0042 .0070 86.0 .00048 .0014 91.8 .00069 .0057 22.0 51.5 .1017 .0934

2.0 12.30 .1163 .1130 32.0 .0057 .0086 71.6 .00069 .0018 91.3 .00070 .0058 19.7 49.2 .1106 .1004

2.2 11.90 .1248 .1198 28.2 .0074 .0104 60.9 .00096 .0022 90.6 .00071 .0058 18.0 47.5 .1177 .1058

2.4 11.58 .1319 .1254 25.3 .0092 .0122 52.7 .00127 .0027 90.3 .00072 .0059 16.7 46.2 .1233 .1100

2.6 11.30 .1379 .1301 23.0 .0111 .0140 46.4 .00165 .0031 90.1 .00072 .0059 15.7 45.3 .1277 .1133

2.8 11.10 .1429 .1341 21.2 .0131 .0159 41.4 .00207 .0037 90.0 .00072 .0059 14.9 44.5 .1312 .1160

3.0 10.95 .1472 .1374 19.8 .0151 .0177 36.2 .00255 .0042 89.7 .00073 .006C 14.2 43.8 .1339 .1179

4.0 10.46 .1609 .1482 15.4 .0247 .0261 25.3 .00554 .0074 89.4 .00074 .00F0 12.4 41.9 .1410 .1235

5.0 10.25 .1680 .1536 13.4 .0326 .0327 19.7 .00908 .0107 69.0 .00074 .00F1 11.4 41.0 .1437 .1255

6.0 10.12 .1720 .1567 12.3 .0386 .0375 16.8 .01258 .0137 88.8 .00074 .0061 11.0 40.5 .1452 .1268

7.0 10.01 .1750 .1588 11.7 .0431 .0410 14.9 .01601 .0167 88.7 .00074 .0061 10.7 40.2 .1472 .1284

8.0 10.00 .1760 .1601 11.3 .0465 .0438 13.6 .01905 .0192 88.7 .00074 .0061 10.5 40.0 .1478 .1294

9.0 9.99 .1773 .1609 11.0 .0491 .0459 12.9 .02124 .0210 88.7 .00074 .0061 10.4 39.9 .1483 .1299

10.0 9.95 .1780 .1610 10.7 .0509 .0472 12.3 .02326 .0226 88.7 .00074 .0061 10.3 39.8 .1496 .1303

CLAMPED PLATE

1.0 36.00 0.0146 0.0376 132.5 0.0004 0.0011 310.0 0.00005 0.00012 132.5 0.00042 .0066 73.8 109.0 .013R .0432

1.2 30.80 .0199 .0515 96.1 .0008 .0021 219.0 .00010 .00026 128.7 .00045 .0070 56.0 92.5 .0188 .0567

1.4 28.00 .0242 .0624 74.5 .0013 .0034 164.0 .00017 .00045 126.5 .00046 .0073 45.5 83.3 .0226 .0668

1.6 26.35 .0273 .0705 60.6 .0020 .0052 129.0 .00028 .00073 125.1 .00047 .0074 39.0 77.6 .0251 .0734

1.8 25.35 .0296 .0764 51.5 .0028 .0072 105.0 .00043 .0011 124.2 .00048 .0075 34.8 73.8 .0268 .0778

2.0 24.60 .0313 .0807 45.0 .0036 .0094 87.5 .00061 .0015 123.5 .00048 .0076 32.8 71.5 .0278 .0805

2.2 24.15 .0325 .0839 40.3 .0045 .0117 75.0 .00084 .00215 123.0 .00049 .0076 30.0 69.5 .0284 .0820

2.4 23.80 .0334 .0863 36.9 .0054 .0139 65.6 .00109 .00282 122.7 .00049 .0077 28.5 67.5 .0286 .0829

2.6 23.58 .0341 .0881 34.4 .0062 .0161 58.4 .00138 .0035 122.4 .00049 .0077 27.4 67.1 .0288 .0833

2.8 23.35 .0347 .0896 32.4 .0070 .0181 52.6 .00169 .00437 122.2 .00049 .0078 26.6 66.4 .0289 .0837

3.0 23.20 .0352 .0907 30.8 .0078 .0200 48.0 .00203 .00525 122.0 .00049 .0078 25.9 65.6 .0289 .0838

4.0 22.80 .0364 .0940 26.6 .0104 .0268 35.3 .00376 .00971 121.5 .00050 .0079 24.2 63.8 .0293 .0848

5.0 22.60 .0370 .0955 24.9 .0119 .0306 30.0 .00523 .0134 121.3 .00050 .0079 23.5 63.0 .0298 .0863

6.0 22.50 .0373 .0963 24.0 .0127 .0328 27.4 .00627 .01618 121.2 .00050 .0079 23.1 62.5 .0304 .0876

7.0 22.46 .0375 .0968 23.6 .0133 .0343 25.8 .00706 .01821 121.1 .00050 .0079 22.9 62.3 .0308 .0886

8.0 22.42 .0376 .0971 23.2 .0136 .0352 24.8 .00761 .01964 121.1 .00050 .0079 22.7 62.1 .0311 .0894

9.0 22.40 .0377 .0973 23.0 .0139 .0358 24.2 .00794 .02050 121.0 .00050 .0079 22.6 62.0 .0312 .0899

10.0 22.40 0.0378 0.0974 22.8 0.0141 0.0364 23.8 0.00822 .02120 121.0 0.00050 0.0079 22.6 61.9 0.0314 0.0901

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

*Positive sign in the case of the clamped plate and negative sign in the case of the simply supported plate.

IN1-
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tained, according to the proposed design procedure, by adding A1, A2, A3, A4 in the case of

deflection and B, , B , B3, B4 in the case of stress.> The four-term approximation to the res-

ponse should be adequate for pulses in which the first mode makes the primary contribution to

the deflection and stress. It can be shown that the results obtained by adding these ampli-

tudes are in most cases greater than the static results obtained from the type of solution

assumed here. For a few cases, however (for example, the stress for a fixed plate with aspect

ratios of 1, 1.2) the more exact solution given in Reference 4 gives greater values than are

obtained by summation of the first four terms given in columns 3, 6, 9, and 12 of Table 1.

The following example is presented to illustrate the procedure.

Calculate the frequency of the first four symmetrical modes, the estimated maximum

tensile stress, and the maximum deflection in a plate subjected to a triangular pulse load of

0.005-sec duration. The 24- by 48- by Y2-in. plate is made of steel and has fixed edges. The

magnitude of the load is 15 psi.

Natural Frequencies (for A= 2):
a

First Symmetrical Mode F1 = 9730 x 0.5

(24)2

Second Symmetrical Mode F2 =9730 x 0.5

(24)2

Third Symmetrical Mode F3 = 9730 x 0.5

(24)2

x 24.60 = 208 cps

x 45.00 = 380 cps

x 87.50 = 739 cps

Fourth Symmetrical Mode F4 = 9730 x 0.5 x 123.00 = 1043 cps
(24)2

Natural Periods:

T = 0.0048 sec hence 11 = 0.0050 - 1.04
T, 0.0048 *

T = 0.0026 see t = 0.0050 - 1.92
T2  T 0.0026

T3 = 0.0014 see _ 0.0050 = 3.57
= 0.0014 sec T 0.0014

T = 0.0010 see 1 - 0.0050 = 5.00

T4 0.0010

Load Factors:

Referring to Figure 2, the following load factors are obtained:

L = 1.5

L 2 = 1.0

L = 1.1

L4 = 1.1



Maximum Deflection:

P a4

w Ma - [0.0313 x 1.5 + 0.0036 x 1.0 + 0.00061 x 1.1 + 0.00048 x 1.1]
Eh

3

15 x (24) 4  x 0.0517 = 0.0686 in.

30 x 106 x(0.5) 3

Maximum Stress:

-ax 6- P0 a2 [0.0807 x 1.5 + 0.0094 x 1.0 + 0.00158 x 1.1 + 0.0076 x 1.1]
h25

=6 x 15 x (24)2 x 0.1405 = 29,134 psi*

(0.5)2

EVALUATION OF ACCURACY OF PROPOSED METHOD

As there were no experimental data or exact theoretical values with which to compare

the dynamic deflections and stresses, the static values are compared in Table 2 with those

taken from Reference 4. The frequencies are compared with values obtained from Reference 5.

Table 3 gives the formulas for the frequency numbers for the first mode for a number of

plates including the ones considered in Table 1. The results are compared with those obtained

from Reference 5.

Table 4, like Table 3, gives results for other plates beside those given in Table 1.

The cases considered in Table 1 are included as Cases 1 and 2. The results in Table 4 were

computed assuming that the total deflection and stress is represented by the first mode.

Again only the uniform load is considered, and results are compared with those taken from

Reference 4.

DISCUSSION

The methods developed in the appendixes provide the means for computing the responses

of rectangular plates for a great number of cases. Table 1 may be utilized for the specific

case of the simply supported or clamped plate under uniform impulsive load. By the use of

this table, the designer will be able to obtain approximate frequencies, deflections, and

stresses in a matter of minutes. A great amount of work plus a good knowledge of plate

theory would be necessary if the designer desired to compute precise answers to his dynamic

design problems. When finished, he would then probably apply a safety factor to his results.

It is true that the methods given here do not give an exact solution to the problem; however,

they permit an estimate of the responses and frequencies of plates under varying time and

space load conditions. They will give answers to various problems which might otherwise

*The very high value of stress is due to the fact that the duration of the load is almost equal to the fundamental

period of the plate.

iYI .1 1111
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TABLE 2

Comparison of Frequency Parameter, Static Deflection, and Stress for Uniform Load
(v = 0.3)

Value of K Value of K Deflection Stress

Sketch b Table 1 Reference 5 Deflection Stress

Sketch Ist 2nd 3rd 4th 1st 2nd 3rd 4th y from y from Percent 8 from 8 from Percent

Mode Mode Mode Mode Mode Mode Mode Mode Table 1 Reference 4 Difference Table 1 Reference 4 Difference

1.0 19.70 49.20 79.00 99.00 19.74 49.34 78.98 98.69 0.0443 0.0443 insignif- 0.0466 0.0479 2.7

1.2 16.70 .0616 .0616 Icant .0614 .0626 1.9
S1.4 14.86 .0772 .0770 .0741 .0753 1.6

s a s 1.6 13.70 .0905 .0906 .0848 .0862 1.6

1.8 12.90 .101' .1017 .0934 .0948 1.5

s 2.0 12.30 12.34 .1106 .1106 .1004 .1017 1.3

3.0 10.95 10.97 .1339 .1336 .1179 .1189 0.8

Plate with all edges 4.0 10.46 .1410 .1400 0.7 .1235 .1235
simply supported 5.0 10.25 .1437 .1416 1.5 .1255 .1246 0.7

10.0 9.95
9.87 .1422 .1250

1.0 36.00 73.80 109.00 132.5* 35.99 73.41 108.3 132.3 .0138 .0138 0 .0432 .0513 15.8

1.2 30.80 .0188 .0188 0 .0567 .0639 11.3

c 1.4 28.00 .0226 .0226 0 .0668 .0726 8.0
b

c 1.6 26.35 .0251 .0251 0 .0734 .0780 5.9

1.8 25.35 .0268 .0267 Insignif- .0778 .0812 4.2

c 2.0 24.60 24.57 .0278 .0277 Icant .0805 .0829 2.9

3.0 23.20 23.19 .0289 .0838

Plate with all edges 4.0 22.80 .0293 .0848
clamped 5.0 22.60 .0298 .0863

10.0 22.40 0.0314 0.0901

S-22.37 0.0284 0.0830

*The approximation in this case gives the correct value of frequency but not the correct nodal pattern.

Note: The following formulas give the frequency, deflection, and stress respectively:

K Pa 4 6P0 a2
F=- ; w=y-; a=8

2 rra2 h Ehi3  h 2

remain unsolved, and these answers will at least be of the right order of magnitude.

For cases other than that of the rectangular plate, the appendixes gives the general

formulas for the determination of the response and frequency. Of course, the mode function

must be known to calculate any particular response or frequency.

Further work is now underway to obtain actual pressure magnitudes, pulse shapes, and

times of duration as well as stresses and deflections in the bottom plating of ships under

service conditions. These results and comparisons should be available within the next year.

Further work is also in progress for obtaining plastic deformations of panels for possible

criteria applicable to limit design.

WHINIUM



TABLE 3

Comparison of First Mode Frequency Parameter for Plates with
Clamped and Simply Supported Edges (v = 0.3)

Combinations of

K K K K'
Case Sketch* Frequency b from from

Case Parameter a from Formula fr from Formula from
Reference 5 Reference 5

1.0 36.00 35.9, 36.00
c 1.5 27.10 27.00 60.90b

c ac 2.0 24.60 24.57 98.50
c K= /500(1 + 4) + 3037 2.5 23.71 23.77 148.00

3.0 23.20 23.19 208.50

S22.37 22.37

1.0 19.70 19.74 19.70

s 1.5 14.24 14.26 32.00
b J K =97.4(1 + 4) + 194.82 2.0 12.33 12.34 49.30

2.5 11.44 11.45 71.50

3.0 10.91 10.97 98.50

S9.87 9.87

0 22.40 22.37
0.333 207.00 23.00 22.99

0.400 145.00 23.30 23.27

0.500 95.20 23.80 23.82
, 0.667 56.30 25.00 25.05

II c ac K /97.44 + 500 + 243r2 1.000 29.00 29.00 28.95

s 1.500 17.40 17.37 39.20

2.000 13.80 13.69 55.00

2.500 12.20 12.13 76.30

3.000 11.40 11.36 102.50
- 9.87 9.87

0 15.35 15.43

0.333 145.80 16.20 16.26
0.400 103.80 16.60 16.63
0.500 69.20 17.30 17.33

s 0.667 42.50 18.90 18.90

IV c as K =197.44 + 238 + 2277 2  1.000 23.70 23.65 23.70 23.65
s 1.500 15.7 15.57 35.33

2.000 13.00 " 12.92 52.00

2.500 11.80 11.75 73.80

3.000 11.10 11.14 100.50

__ 9.87 9.87

1.0 27.20 27.20

s 1.5 20.00 45.00

b ,2.0 17.90 71.5 0V c a s K'= 238(1+7 4 ) +2657 2  2.0 17.90 71.50
2.5 16.80 10500

c 3.0 16.40 148.00

S1 15.35

*C indicates clamped edge, KK 7 b 2
S indicates simply supported edge. F = K = a; 77 =- K

2ra
2

h 27rb
2

a b
2
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TABLE 4

Comparison of Static Deflection and Stress for Uniform Load Taking Into Account
Only First Term (v = 0.3)

I Value from Value from Value from Value from
Equations in Reference 4 Equations in Reference 4

Location Appendix 1 Location Appendix 1
Case Sketch b of Pa4  of a 63P

a Deflection W ,4y3. Stress =6 2 0

Eh3  h2

y _8 8
c 1.0 0.0146 0.0138 0.0376 0.0513

c ac 1.5 x = 0.5a .0260 .0240 X = 0 .0669 .0757

c 2.0 y = 0.5 b .0313 .0277 y = 0.5 b .0807 .0829

x .0288* .0284 (ax ) .0740* .0830

s y 1.0 .0454 .0443 .0533 .0479b ' s = 0.5 a a = 0.5 a
s as 1.5 .0874 .0843 .0874 .0812

1y =0.5 b y =O.5 b
2.0 y= 0.5b .1163 .1106 = 0.b .1130 .1017

x 00 .1430* .1420 (ax )  .1290* .1250

0.50 .0020 .0018 .0208 .0210

sb y 0.67 z= 0.5a .0058 .0053 = 0.5a .0335 .0370
Ib

lIl** c a c 1.00 .0218 .0209 .0563 .0700

s 1.50 .0603 .0582 .0692 .1050

x 2.00 y= 0.5 b .0969 .0987 y = 0 .0625 .1190
00 .1430* .1422 (a Y) .1290* .1250

s 1.0 .0307 .0300 .0600 .0840
b y x=0.5a z=0.5a

IV** c s 1.5 .0704 .0700 .0612 .1120
IV** c a .

2.0 y 0.5 b .1022 .1010 , .0499 .1220

x 00 .1430* .1420 (y) 0.1290* 0.1250

s 1.0 .0227

Vb a s 1.5 x= 0.5 a .0419
, c 2.0 y= 0.5 b .0528

x 0.0570* 0.0570

*This value was computed by using equations in Appendix 2.

**There seems to be no consistency to the one term approximations in calculating the stresses in these cases.
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Examination of Tables 1, 2, and 3 reveals the following:

As the aspect ratio b/a increases, the rate at which the frequency numbers as well as the

deflection and stress amplitudes change becomes small rather quickly. This fact is very

significant since it can be used to simplify many problems by using the infinite aspect ratio

formulas derived in Appendix 2 for plates with aspect ratios greater than 5.

The frequencies and deflections in clamped and simply supported plates under uniform

static load are in good agreement with the more accurate values in Reference 4,* even though

only four terms are considered in the series which is used to represent the deflection. The

stresses, on the other hand, do not agree as well. For the simply supported plate, the

stresses agree reasonably well; however, for the fixed plate, the error exceeds 10 percent

for aspect ratios less than 1.2.-

The one-term approximation for static values is reasonably good for deflection compu-

tations but must be used with caution for obtaining stresses. For large aspect ratios, how-

ever, the infinite aspect ratio formulas given in Appendix 2 should give good results. Since

the contributions of the several modes are added, the magnitudes of deflection and stress are

expected to be on the conservative side (overestimated) under the action of impulsive loads.

Although the accuracy of the method could only be compared for static load applications,

it is believed that the same order of accuracy will be obtained for dynamic load applications.

The formulas given throughout the report hold only for small deflections (up to about

0.7 of the thickness of the plate) of flat plates. The more complicated shell theory must be

used for plates with large initial curvature.

If the designer knows the type of loading to which the plate is subjected, if he knows

the type of edge support, and if he knows that the stresses will always be within the elastic

limit (or if he wants the stresses to be always within the elastic limit) he can select a mini-

mum thickness of plate with the information given in this report. The type of loading can be

obtained from experimental records. Such records are now being taken for ship plating. As

far as the edge conditions of the plate are concerned, they could probably best be approxi-

mated by fixed edges if the plate is one panel of a larger plate containing stiffeners.
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APPENDIX 1

THEORY OF FINITE PLATES

GENERAL THEORY

The general theory of small vibrations of plates is given in References 6 and 7. The

plate problem consists of finding a solution of the plate equation [1] which satisfies given

conditions on the boundaries of the plate:

D V4w + ph a2W= P(X, Yo t)
at 2

where D, p, and h are the plate modulus, mass density, and thickness, respectively, and P is

the load per unit area applied normal to the plate (see the notation). If 0/an denotes differenti-

ation along the outward normal and a/Os differentiation along the tangent, the boundary con-

ditions for clamped, simply supported, and free plates can be written as follows (see Reference

4, Chapter IV):

(A) Clamped bounidary:

w = 0 along s

w = 0 alongs
an

(B) Simply supported boundary:

w = 0 along a

M n = 0 along s

(C) Free boundary:

Mn = 0 along s

Vn Q - aMn = 0 along s
as

The terms w, Ow/On, Mn, Vn, Qn, and Mns are defined in the notation and explained completely

in Reference 4. When a plate is loaded by a lateral dynamic load as considered here, the

deflection w can be expressed as follows, provided stresses remain within the elastic limit:
00

w =~w r r ... [2]
r =rr=1

where wr is the normal-mode function depending only on space and is taken as dimensionless,

qr is a function depending only on time and has the dimension of length, and

r corresponds to the mode number.

If Equation [2] is substituted into Equation [1], the following expression is obtained

DV400 00 d

4 Wr qr +  rdt 2 
- [3]

r= 1 r= 1
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Now multiply both sides of this equation by one of the normal mode functions w m

over the area Ap of the plate:

and integrate

00 
- O d2 ]00D Wrq dA + w m  r dA

Ph Wm v 4 zw r] JA r dt 2
P r= P r=l

The first term in this equation contains integrals of the form

fA w m V4w rdA,

P
and the second term contains integrals of the form

Rayleigh6 , has demonstrated that

SP dA... [4]

WmWrdA.

WmW r dA

is zero if r is not equal to m and if the boundary of the

simply supported, or free.

It can also be demonstrated that

j wm V4 WrdA

is zero if r is not equal to m. If the plate is vibrating freely in one of its modes, then

w = wr sin pr t ...

Substituting this into the differential equation for free vibrations, multiplying through by w.,

and integrating over the area of the plate, the following expression is obtained:

P-- WV4W dA = pr2  WmWrdA ... [6]

Since WAmWrdA = 09 Wm V4 WrdA = 0

p p

Now Equation [4] can be written

-D A wmV Wm9mdA +

P P

r d2 9wmd2 m dA =
dt 2

PwmdA

ph

f Wd2 A mV4 WmdA f Pw dA
m_ + D q m = - P .. 71

dt2  Ph f w'dA Ph f W 2dA
A MAP P

plate is wholly or partly clamped,

I I
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or written in more compact notation

m Pm2 qm - Am(t) *.* 18]

where the frequency of the mth mode of vibration

mf WmV 4 WmdA

A mA
pand f PwmdA

Am

AP

The solution of Equation [8] is
t

qm =C 1 sin pmt + C2 cos pmt m+- () sin Pm(t - 7)dr .. [ll]

where C1 and C2 are constants of integration. The first two terms correspond to the free vi-

bration and the third to the forced vibration. The complete expression for the deflection is

then given as

w = W m  C1 sin mt+C 2 cos Pmt + Am (r) sin Pm (t - ) dr ... [12]
m 1 1 P

IMPULSIVE LOADING

Assume that the plate is subjected to an impulsive load G (x, y) f(t) where G is the

space load distribution and f(t) is the time load distribution called the shape of the pulse.

The initial conditions for this type of loading at t = 0 are

w = 0, dW = 0 ... [13]

dt

Under these conditions C 1 = C2 = 0 so the deflection can be written as

00 t

W Wm Am(r) sin pm(t-7r)dr ... [14]

m=1 LPM

where
f Gw mdA

Am (r) =- f (r) .. [15]
SWm dA

P
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so fA GWMdA P

w = wmPm $ (T) sin Pm (t - T) d ... [16]

M = I Lh fA P w d fo
P

Both Frankland8 and Salvadori 9 have studied the response of a single-degree-of-freedom sys-

tem to pulses of various shapes and have evaluated the integral Pm ff (-r) sin Pm (t- -r)d"

for different pulses f (-). If the load is gradually applied (i.e., the time of application of the

load is much greater than the fundamental period), then Pm fo f(r) sin Pm (t - -r) dr has a

value of unity. Thus the static deflection under a given load distribution G is

oof GwmdAW WM p [17]

static 1 Z A w dAJ [17]
pP

or written more compactly

static =--- ( static) mth mode 18
m

Since the stresses are space derivatives of the deflection, it may be concluded from Equations

[16] and [17] that the total dynamic response, deflection or stress, is equal to the sum over all

modes of the static deflection or stress in the mth mode multiplied by the response factor of

the mth mode; the response factor is defined by the following equation

Rm (t) = Pmo f (r) sin Pm (t - 7) dr ... [19]

0

The maximum value of the response factor is known as the load factor and is designated by L.

RECTANGULAR PLATES

To calculate the frequency and response (deflection or stress) of the plate, the normal

modes of vibration must be known. Young" has employed the beam functions to approximate

the normal modes of vibration of rectangular plates by using the Ritz method for his calcula-

tions. In the calculations which follow, the normal modes of the plate are approximated by

the product of two beam functions, i.e., wrn = X Y * The functions X and Y. depend on the

boundary conditions of the plate.** For example, if the plate has two opposite edges clamped,

a third edge simply supported, and a fourth edge free, then X i is the function corresponding to

*The numbers i and j are connected with the mode, e.g., for the first mode i = 1, j = 1, for the second mode i= 1,

S= 2, etc. It should also be stated at this time that the product of the beam functions is not the exact expression

for the modes of a plate since this combination does not, in general, satisfy the plate equation. However, it can

be seen by comparison of frequencies deflections, and stresses with those available in the literature that this

assumption gives reasonable results.

**The product of beam functions constitutes an exact solution to the problem only in the case of a plate simply

supported on all edges.



a clamped-clamped beam and Y. to a simply supported free beam. Using this value of w m and

substituting it into Expressions [9] and [17], the following formulas are obtained for the

frequency and deflection in the mth mode for plates with free, simply supported, or fixed edges.

ab

i)4 4 2 fo oX X," Y Y j1 dxdy

Pij _ ia 4 + +
ph a4 04 afX 2 y. 2 dxdyf f Xi Yj 2 dxdy

abf f G (x, y) XYj dxdy
Wij = Xi 0 ab m .

phpm2 oo (XY)2 ddy

[20]

[21]

The expressions for the bending moment and bending stress are as follows:

(Mx)if = D (0--\O2

(M Y)q =9 I0 2W

\Oy 2

ab

f2 w f G (, y) XiY dxdy [22]
" V 2W D(X g" Y + vXY ") 0 (Rm) .0 ..

P2 m2 f f (X.Y.) 2dx4d00 )

ab

fo f G (, y) Xi Yj ddy [23]
"+ a-2) D(XiY"+ VX,"Yi) 2 ab Fm)*

a b (Rm)@ OD(2 ~X ph p2 fo fo x,,.)2 dxdy

and the bending stresses are given by

6M x

h2
[24]

6M
OY h2

In the above expressions for the bending moments, the primes denote differentiation with

respect to a or y, e.g., Xi"= d2X/dx2, Y"= d2 Y /dy 2 .

The values of Xi and Y. are given below for several types of beams. These expressions

were obtained from References 10 and 11.

X . = cosh L- - cos -- a i sinh
a a ' a

Y. = cosh b - cosi - a (sinh i y
I b b / b

X.i = sin ... i
a

Y. = sin ...
S b

-sin ix)
a

-sin 0 ) ...
b/

[25]

[26]

[27]

[28]

~ _~_I
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Formulas [25] and [26] hold for a beam whose edges are clamped-clamped, clamped-free, or

clamped-supported. Formulas [27] and [28] hold for a beam whose edges are supported-

supported. Expressions [27] and [28] are the exact expressions for a plate all of whose edges

are simply supported. The values of 0 and a as well as the integrals JoaX X"dx, f aXi2 dx

and the values of Xi and Xi'" are contained in References 10, 11, and 12. These references

were used to compute the tables given in the report. The values used in the calculation are

given in Table 5

TABLE 5

Beam Function Values

Here a or b is the length of the beam, and the origin x = 0 or y = 0 is located at one end.

or }&P oi nt at Whi ch hYYor
b foY Yj"dyor 0 dy or *Value of Point at Which *Valueof thisValueo f  bfbyzi  = do thsVleo= 2 hsVleo

Type of Beam i or j a aaX Xd i b X this Value of a 2  
2  a

a f aX,X,"dx faX?.Ic X, Occurs T2X, a A, f oXi do i f0__ 0
2  

0
aa Occurs

1 0.9825 4.7300 - 12.3026 1 1.5882 = 0.5 a 2 z = 0 0.8309

2 1.0008 7.8532 - 46.0501 1 0 z = 0.5 a 2 z= 0 0Clamped-Clamped
3 1.0000 10.9956 - 98.9048 1 -1.4060 z=0.5 a 2 z= 0 0.3638

5 1.0000 17.2788 - 263.9980 1 1.4146 x= 0.5 a 2 z= 0 0.2315

1 3.1416 - 4.9349 0.5 1 x= 0.5 a -1 x=0.5 a 0.6366

2 6.2832 - 19.7396 0.5 0 z= 0.5 a 0 x= 0.5 a 0Supported-Supported
Supported-Supported 3 9.4248 - 44.4141 0.5 -1 = 0.5 a 1 = 0.5 a 0.2122

5 15.7080 -123.3725 0.5 1 x= 0.5 a -1 z= 0.5 a 0.1273

Clamped-Free 1 0.7341 1.8751 0.8582 1 2 x =a 2 X= 0 0.7830

Clamped-Supported 1 1.0008 3.9266 - 11.5128 1 1.4449 x = 0.5 a 2 z = 0 0.8599

*The tabulations will remain valid if X i is replaced by Y.
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APPENDIX 2

THEORY OF SEMI-INFINITE PLATE AND FINITE BEAM

In this problem, let b/a = o; then the problem reduces to one in which x is the only

space variable. The equation of motion is

D 4 w + ph-- P(x, t) ...
ax 4 at 2

[29]

assuming that the load varies only in x and t.

Now letting 00

w = K ") r ( t )

r= 1

and going through the same procedure as outlined for the finite plate, the

obtained for the deflection:

following formula is

00

w = Xm

m--1

a#4 fa G( ) Xmd xLm ftf(Tr) sin Pm (t - )d l . .

DK 2 aX 2 dx
0

where K m is the frequency number for the mth mode of an infinite plate. This is

corresponding frequency number of a beam with the same boundary conditions.

The first-mode static deflection and moment are

a 4 fG (x) X ldx
w =X 1  0

DB J 4 oa X 2 dx

f0
a

Sa4 f G (x) X ldx
Mx = D 2 w = X 1  a

a 2  .14 oX 2 dx

the stress
6M

x h2

equal to the

[31]

[32]

[34a]

and the first-mode frequency

pl= ... [33]

The deflection, stress, and frequency of a beam of length a, moment of inertia I, density p,

cross-sectional area Aland modulus E can be written down from these expressions by noting

that the beam equation is mathematically analogous to the plate equation for infinite aspect

ratio.

[30]
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El + pAb 2 - P (x,) . ..
ax4

t 2 [34]

where P (x, t) is the load per unit length. For the beam, the first mode expressions are:

a

a4  G (X I dx
w=X 1  ...

a
Elp3I4 f X1

2 dx
0

[35]

x  El 2 w = X
aX

2

a4 f G(x)Xidx

014 o X 2 dx
[36]

=VPAb a 2

and the usual formula for the stress in a uniform beam is
Mcx

a x j
Ux = MX

where c is the distance of the element from the neutral axis for which the stress is desired.
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