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Digital Computer Laboratory 
Massachusetts Institute of Technology 

Cambridge, Massachusetts 

SUBJECT: GROUP 63 SEMINAR ON MAGNETISM, APPENDII U 

To: Group 63 

From: Arthur Loeb and Norman Menyuk 

Date: October 28, 19$2 

The atom c o n s i s t s of a nucleus and e l e c t r o n s . We w i l l usua l ly con
s ide r the e l e c t r o n s as spinning around a s t a t i o n a r y nuc leus . These e l e c t r o n s 
have an o r b i t a l angular momentum due to t h e i r motion about the nuc leus , and 
a spin angular momentum due to r o t a t i o n about t h e i r own a x i s . To f ind the 
t o t a l angular momentum of an e l e c t r o n , the spin and o r b i t a l angular momenta 
must be added v e c t o r i a l l y . In systems containing more than one e l e c t r o n , 
the method of adding up the ind iv idua l momentum vectors depends upon the type 
of coupling e x i s t e n t between these v e c t o r s . Most f requent ly we have Russe l l -
Saunders Coupling, in which case the ind iv idua l o r b i t a l angular momentum vec
t o r s of a l l e l e c t r o n s are added to obtain a t o t a l o r b i t a l angular momentum 
vec to r . S imi la r ly the t o t a l spin angular momentum i s found, and these two 
r e s u l t a n t s a re then added to obtain the t o t a l angular momentum of the system. 

Thus far nothing has been sa id about d i s c r e t e n e s s . However, according 
to 3ohr, the only permiss ible e l ec t ron o r b i t s are those for which the angular 
momentum i s nh , 

where n = i n t e g e r = 1 , 2 , 3 , . . . 

-27 
h = P lanck ' s Constant = 6,621; x 10 e rg-sec 

We thus have a quan t i ty y which may be considered a fundamental 
u n i t of angular momentum. 

Spin angular momentum, o r b i t a l angular momentum, t o t a l angular mo
mentum, and the magnetic f i e l d component of angular momentum are a l l of i n t e r e s t . 
Al l these q u a n t i t i e s are l imilBd to c e r t a i n d i s c r e t e va lues , and a r e . the re fore 
re fe r red to as being quant ized . The na tu re of the quan t iza t ions i s as fol lows: 

Quantization of the O r b i t a l and Spin Angular Momentum of the Ind iv idua l Elec t rons 

The o r b i t a l angular momentum of an e lec t ron i s 75- and i t s spin 

angular momentum i s •*- , 
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where 1 = 0 or a p o s i t i v e i n t e g e r 

and s = 1/2 

Quantizat ion of the Orb i ta l and Spin Angular Momentum of a System of Elec t rons 

For an e n t i r e system of e l e c t r o n s , 

o r b i t a l angular momentum = •«- , where L — 2 l 

P L p p 

spin angular momentum = •*- , where S = 2 s 

with the fu r the r condition t h a t 

L = 0 or a pos i t ive i n t ege r 

S = 0 or a pos i t ive i n t e g e r , or a p o s i t i v e half i n t e g e r , 

depending upon whether there a re an even or odd number of e l e c t r o n s in the 
system. 

Quantizat ion of the Total Angular Momentum 

F u r t h e r , when the spin and o r b i t a l momenta are added v e c t o r i a l l y , 

they m u s t b e so d i r ec t ed with r e spec t to each o ther t h a t t h e t o t a l angular 

momentum <r— has 

J = 0 , pos i t i ve i n t e g e r , or pos i t i ve ha l f i n t ege r 
— - > 

(Depending on whether S i s a f u l l or ha l f i n t ege r ) 

An example of the vector addi t ion of S and L i s shown in Figure 

I I I for the ca se"? = 2, ~S*= 3/2 

i • 

M 

L-l 

M 
L-2 

J-l 

y^k 
L>2 

» • ! 

»•* 

Figure I I I 
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From Figure III we see that the total angular momentum vector J 
may take any of the values L - S , L - S + 1 , L 4- S . 

Quantization of the Component of Angular Momentum with respect to External 
Magnetic field Direction" 

_* -* h 
Another term of interest Is the quantity M« where Mr- is the 

component of the angular momentum •*- in the direction of an external mag
netic field. Further, the angular momentum vector can take only certain 
discrete directions in a magnetic field. This means that J is space 
quantized in a magnetic field. It will be so quantized that the component M 
of angular momentum ~J will be half integral when J is half integral and 
integral when"7 is integral. Examples of this are shown in Figure IV for 

J '= *2 and J = 

a 
t 

1 

i ^ ^ 

!! ^ 
3 - 2 . 

Figure IV 

Thus we see t h a t M may take the values 

-» -* * > -* 
M = J , J - 1 , J - 2 , , - J . 

Now l e t u s consider the magnetic moment of an atomic sys t eu . 
According to c l a s s i c a l phys ics , the magnetic moment due to a revolving 
negative point charge i s 

*" " 5T 
(B - 1 ) 
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where u. = magnetic moment 

p = angular momentum of charged par t ic le 

m = mass of charged par t ic le 

Applying th is to our vector model, we find that for atoms, the 
magnetic moment would be 

~~* _ e Jh eh ~* / n o\ 

eh The quantity T- i s known as the Bohr magneton. 

B = 5 5 5 = 9.27 x 10"2 7 ergs/oersted 

However, the simple relationship given in equation B-2 does not 
hold. I t was found that correct resul ts were obtained by assuming that the 
spin quantum number has twice as great an effect as that expected. 

Thus we 

~H 

—* 

obtain 

= 

= 

e 
mc 

e 
2mc 

Sh 
27 

~Lh 
27 (B - 3) 

The resul tant magnetic moment, therefore, i s no longer in the 
direction of J , but precesses around $. Since the precession^causes an ef
fective cancellation of the magnetic effect perpendicular to J , we need 
only consider the component of ^I*in the J direction, u . , to calculate the 
magnetic effect . 

From Figure V we see that 

~J?j = ^ Cos (L, J) + M-S Cos (S, J) (B - U) 
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In order t o maintain the simple form of equation B - 2, in 
formal no ta t ion ,one w r i t e s 

where, by equating the r i g h t hand side of equat ions B - h and B - 5, 
we may determine the value of g, known as the Lande g - f a c t o r . 

To do t h i s , with the a i d of Figure V and the law of cos ines , 
we see 

L2 + J 2 - 2 L J Cos (L, J ) = S 2 

2 2 2 
Cos (L, J ) = J y? ' S (B - 6) 

S imi l a r l y , 

S2 + J 2 - 2 S J Cos (S , J ) = L2 

2 2 2 

cos cs, J ) = J £f : L
 (B - 7) 

Subs t i t u t ing B-6 and B-7 in to equation B-U, we have 

eh T M>T = - T L 
(z2

 t L2 - S 2 ") eh . (J2
 t S2 - L2 ) 

\ ~5LJ / " f̂mc J \ 2SJ~~ " / 

^ J 2 - , L 2 - S 2
 + 2 ( J 2 • S2 - L2) ^ 

[ — 5 J + zr J 

h / 3 J 2 -t- S2 - L2 ) . eh /T . J 2 + S2 - L2 \ 

i3~ ^ 5J / " " w^ \^ + 21 y 

eh 
.mmc 

e 
Unmc 

^H_ j f 1 + iijl 
2J 

• S2 - Lg A 
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Equating t h i s to equation B - $ 

eh T eh 

-irrmc 
J g = urrmc 

2 2 2 
( ! + J + S - L ) 

2J' 

g = 1 + 
J 2 + S2 - L2 

1? CB - 9) 

I t should be noted t h a t t h e advent of quantum mechanics has l ed 
to a refinement in the above. Ins tead of L , S , J , the q u a n t i t i e s should 
be L(L + 1 ) , S(S + 1 ) , and j ( j + 1) r e s p e c t i v e l y . This leads to the value 
for g 

- T J ( J + 1) + S(S f 1) - L(L+ 1) 
g _ i + 2J(J + 1) 

ALL/NMijmm 

Group 62 (15) 
L. Gold 

Signed 

Approved 

Arthur L. Loeb 

Signed / t M ^ M ^ ^ v 
Norman Meny 

David R. Brown 
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