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ABSTRACT

An exploratory investigation was carried out to study
the strength of ring-stiffened multilayered cylindrical
shells under external hydrostatic pressure. Four HY-100
steel models, having relatively large shell thickness-to-
diameter ratios, were tested to collapse. The weight-to-
displacement ratios for all models were approximately equal.
The tests indicated that for the weight-to-displacement
ratio studied, the strength of a single-layered ring-
stiffened cylindrical model could be attained by a model
with a shell consisting of two layers, each layer one-
half the single-layered shell thickness, with a moderate
increase in shell yield strength. It was also indicated
that the strength of the single-layered model could not be
attained in a model with a shell consisting of layers of
one-fourth the single-layered shell thickness without a
very large increase in the yield strength of both shell and
frame material.

ADMINISTRATIVE INFORMATION

The work described in this report was conducted as part of the

David Taylor Model Basin Fundamental Research Program, Subproject

S-R011 01 01, Task 0401.

INTRODUCTION

In designing submarine hulls to operate at very great depths, we

have a problem of obtaining and fabricating sufficiently thick shell

material having the necessary physical properties to meet hull strength

and weight requirements. One possible solution is to fabricate multilayer

shells from thinner plating. Although the lamination of the shell in

itself would seem almost certain to reduce hull strength, a net gain

might be achieved by virtue of the superior strength and other material

properties inherent, at present, in thinner plating material. This

approach could prove to be the only feasible method of hull construction

using such higher strength materials as HY-steel, aluminum, titanium, and

fiber-reinforced plastics. One other incidental advantage of this type

of construction is that these hulls may under some conditions have superior

acoustical properties due to frictional damping between the shell layers.
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To use the multilayer concept, an exploratory investigation was

instituted into the structural response of these shells, since little

work had been done on this subject that is applicable to pressure hull

design. Four rolled and welded steel cylindrical models were tested to

collapse under external hydrostatic pressure. The results of these tests

and several theoretical analyses are presented in this report. A pre-

liminary report of the test results of the first three models has been

published.1

DESIGN AND DESCRIPTION OF MODELS

Four ring-stiffened cylindrical steel models designated ML-1, ML-2,

ML-3, and ML-4 were tested. Models ML-1, ML-2, and ML-3 were nominally

identical except that the shells consisted of one, two, and four layers,

respectively. Dimensions and design details of the three models are

shown in Figure 1. The weight, diameter, and overall length of Model

ML-4 were the same; however, the overall shell thickness was reduced, the

shell consisted of three layers, and the size and the number of frames

were increased. This model is shown in Figure 2. The material used in

all the models was HY-100 steel, with a nominal yield strength of 100,000

psi. Dimensions, actual material properties, and calculated parameters

are summarized in Table 1.

The thickness-to-radius ratios were relatively high for these

models, placing their dimensions in a possible range for an oceanographic

research vehicle. It was expected that with the relatively high thickness

to-radius ratio, an efficient structure could be designed using a small

ratio of frame area to shell area. Thus, a large proportion of the

strength of the model in any mode of failure would be contributed by the

shell, and it was expected that the effect of laminating the shell in

Models ML-2 and ML-3 would be clearly defined. Model ML-4 represented an

attempted optimum multilayered shell design, assuming the limitation that

IReferences are listed on page 26.
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TABLE 1

Physical and Material Properties of Models

ML-1 ML-2 ML-3 ML-4

Number of layers 1 2 4 3

Total thickness, nominal inches 0.52 0.52 0.52 0.39

Thickness of individual layers, nominal inches 0.52 0.26 0.13 0.13

Actual total thickness, inches 0.521 0.514 0.520 0.396

Overall length of model, inches 16.3 16.3 16.3 16.3

Mean diameter of model, inches 16.0 16.0 16.0 16.13

Frame Spacing (typical bay) inches 2.7 2.7 2.7 1.6

A f/As, typical bay 0.20 0.20 0.20 0.60

Yield strength of shell material, psi 99,200 88,600 110,000 107,700

Yield strength of frame material, psi 110,000 110,000 110,000 103,200

Weighted average yield strength,
shell and frame material, psi 101,000 92,170 110,000 105,900

Weight/weight of displaced water 1.12 1.12 1.12 .material, psi

Weight/weight of displaced water 1.12 1.12 1.12 1.11



the thickness of the individual shell layers be not greater than that of

the individual layers of Model ML-3. The spacing of the frames near the

ends in all the models was varied somewhat to avoid an "end bay" failure.

All the models were of rolled and welded construction, having

rectangular frames cut from plating material in three sections and welded

together. Then, the inner shells were rolled to a cylindrical shape, the

longitudinal seams were welded, and the frames were welded in place. For

Models ML-2, ML-3, and ML-4 the outer layers were rolled, slipped over the

inner layers, clamped in place, and welded along their longitudinal

seams. These seams were staggered around the circumference, care being

taken to avoid bonding the layers together along the longitudinal welds.

INSTRUMENTATION AND TEST PROCEDURE

Electrical resistance strain gages were installed on the models to

study strain behavior and to facilitate interpretation of the mode of

failure and the collapse pressure. Each model was tested in two runs,

with water as the pressurizing medium. The first run was to 5000 psi and

the second was to the collapse pressure. Strains were recorded during

each run and the strain sensitivities, based on each second run, are given

in Figure 3.

TEST RESULTS

Collapse pressures of all models are given in Table 2. All the

models collapsed with the appearance of a single lobe running the entire

length of the model. The models are shown after failure in Figure 4.

Substantial yielding took place in all models before failure occurred.

Pressures at which most strain versus pressure plots became markedly

nonlinear are also given in Table 2.

The measured strain sensitivity distribution plots for the multi-

layered models (ML-2, ML-3, and ML-4) appear to be rather erratic; never-

theless, certain significant features emerge quite consistently. First,

the circumferential strains measured on the external shell surfaces were

higher than those measured on the internal surfaces, except where the

measurements were taken directly over a frame. Secondly, longitudinal

strains, both on the external and internal shell surfaces, were higher

"mL1~~~*rr~~~ srrr~~l Flr~*~m~ ll"~~~



Figure 3 - Experimental Strain Sensitivities
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TABLE 2

Experimental and Theoretical Collapse Pressures of Models

ML-1 ML-2 ML-3 ML-4

Number of layers 1 2 4 3

Experimental collapse pressure pe, psi 8,560 7,440 7,460 7,300

Experimental collapse pressure corrected
linearly for nominal thickness and yield 8,460 8,170 6,780 6,790
strength,* psi

Theoretical elastic general instability collapse 34,700(3* 25,000(3) 18,700(3) 28,900(3)
pressurep , psiThereticalp9 psi 34,700(3) 2,000(3) 18,700(3) 28,900(3)

Theoretical shell buckling pressure ps, psi 203,000(5) 46,300(8) 14,500(10) 31,900(18)

p /pe 4.1 3.4 2.5 4.0

Bk, typical bay 1.50 2.12 3.00 1.55

Theoretical pressures required for

initial yielding,t psi, based on:

Stress at midbay on external surface, 8,710 7,670 9,120 8,460
with Hencky-Von Mises criterion

Stress at midbay on external surface, 8,490 7,310 8,500 7,750
with Hencky-Von Mides criterion

Circumferential stress at midbay 7,450 6,450 7,530 7,210
on external surface

Circumferential stresstt adjacent to 7,380 6,450 7,870 7,060
frames, on internal surface

Approximate experimental pressure at 6,700 6,000 6,700 6,300
observed onset of yielding, psi

The weighted average yield strength of shell and frame material was used.

The numbers in parentheses indicate the number of lobes.

tThe yield strength of the shell material was used here.

ttTheoretical circumferential stresses were higher than longitudinal

stresses at all locations.



Figure 4 - Models After Collapse
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Figure 4c - Model ML-3

Figure 4d - Model ML-4
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in compression midway between frames than at locations near the frames.

(This was not shown for Model ML-4 because the distribution of strains

between frames was not measured.) In addition, for Models ML-2 and ML-3,

a distinct change of slope was discernible in most pressure-strain plots

for inside longitudinal gages and for circumferential gages at approxi-

mately 2500 to 3000 psi. Typical pressure-strain plots for midbay

locations of each model are given in Figure 5. The strain data indicate

that there was probably some separation of the shell layers of Models ML-2

and ML-3 between the frames, principally because of distortion of the

inner shells when the frames were welded in place. Some separation of

the shell layers of Model ML-4 is also indicated by the difference in

external and internal circumferential strain sensitivities, although it is

not apparent in the behavior of the longitudinal strains. Close contact

between the shell layers at the frames of the multilayered models is

indicated by a comparison of external and internal circumferential strains.

The internal surface strains are higher by approximately the amount that

would be accounted for by the difference in radii of the inner frame and

the outer shell surface.

INTERPRETATION OF RESULTS AND DISCUSSION

The appearance of the models after collapse and the fact that sub-

stantial yielding had occurred previously indicate that plastic-general

instability was the mode of failure of all the models. A satisfactory

method of computing theoretical plastic general instability collapse

pressures for fabricated steel cylinders is not available at present.

These collapse pressures are related to the collapse pressures in the

elastic buckling and yielding modes, however, and calculated pressures for

these modes of collapse are given in Table 2. The theoretical bases for

these calculations are discussed in the Appendix. The calculated pressures

must be considered merely as estimates, however, principally for com-

parative purposes, because the actual models did not completely satisfy

the simplifying assumptions which were made to facilitate the analyses.

In particular, it was assumed that the shell layers were in contact with

each other over their entire mating surfaces.. The test results indicate

that for Models ML-2 and ML-3 there was some separation of the shell

i' ~------ --; -a~~YI~~-ar*ra*lanrrr~-rr~.c~. ~~-~I~I~K
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Figure 5 - Typical Pressure-Strain Diagrams
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layers until a pressure of about 2500 to 3000 psi was reached. There was

also evidently some separation of the shell layers of Model ML-4. It was

not apparent from the test results whether or not the layers were forced

into complete contact during the test of this model. One other assumption

which may not have been completely satisfied, particularly for the outer

shell layers, was that the frames acted effectively as boundaries, in the

longitudinal direction, of any lobes formed in the process of shell

buckling. Probably the largest errors from these sources would appear in

the calculated shell buckling and shell yielding pressures.

Stress calculations were carried out for all the models, and the

methods used are also described in the Appendix. Calculated stresses at

the critical locations were used for computing the various theoretical

yielding pressures given in Table 2. Longitudinal stress and circum-

ferential strain sensitivity distributions are also given in Figure 6.

These calculated stresses and strains provide a useful comparison of the

theoretical elastic behavior of the models. The experimental results did

not provide an evaluation of these calculated values, largely because of

the aforementioned imperfections. Also, there was too little bending be-

tween the frames of all the models, because of the relatively small size

and close spacing of the frames, to evaluate the bending analysis.

It is also shown in Table 2 that yielding was observed in all

models at pressures below those at which it should theoretically begin,

even at the most highly stressed points. For Model ML-1, this may be

attributed to residual stresses due to rolling and welding and possibly

to out-of-roundness. For the other models, correspondingly high stresses

probably existed for somewhat different reasons. Residual stresses in

these models due to rolling would be expected to be lower because of the

thinner plating and, of course, stresses caused by the circumferential

frame welds would not exist in the outer layers. However, the outer

layers underwent higher-than-theoretical initial circumferential strains

until they were in complete contact with the inner layers. Thus, the

total circumferential strains (and consequently stresses) in the outer

layers were always greater than the theoretical values. In all cases

frame yielding would be expected to follow closely behind shell yielding

because of the relative lightness of the frames. It has been shown for

-----~ I I LI I --__--.--,,,,,,,,an~s4~F~



MODELS ML-I, ML-2,AND ML-3

Figure 6 - Theoretical Stress and Strain
Distribution for Typical Bays
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various types of cylindrical shell structures
2 ' 3 that the extent of

yielding a structure may endure before buckling in an inelastic mode is

influenced by the ratio of theoretical elastic to inelastic buckling

pressures in that mode. These ratios may be estimated for this series of

models by taking the actual collapse pressures pe as the inelastic

general instability pressures and by comparing them with the calculated

elastic general instability buckling pressures p . These p /p 2ratios,

which vary from 2.5 to 4.1, are given in Table 2. Test results indicate

that the strength of fabricated (rolled and welded) cylindrical shell

structures designed to fail in a buckling mode and having p /pe ratios

less than about 6 is likely to be reduced by residual stresses, out-of-

roundness, and other imperfections. It appears likely, therefore, that

the reasons for the rather low actual collapse pressures, compared with

the various predicted yielding pressures (which are indicative of the

lower limits of inelastic buckling pressures), are premature yielding and

the lack of ability to sustain much yielding because of the moderately low

p /pe ratios.

The estimated shell buckling pressure for Model ML-3 is relatively

quite low and leads to the speculation that the failure of this model

could have been initiated by shell buckling. Then, because of the small

size of the frames and a moderately large amount of energy in the test

tank, the frames could have buckled and masked the original shell buckling

failure. There is nothing in the strain data or in the appearance of the

model after failure to verify this, however, and as stated previously, the

reliability of the modified shell buckling formula used for this estimate

must be regarded as questionable.

Model ML-4 was designed after tests of the other models were

completed. It represented an attempted optimum design of a model having

the same weight as the others and with the arbitrary limitation that the

thickness of the individual shell layers be no greater than that of Model

ML-3. The depth and closeness of spacing of the frames was limited to

some extent by practical fabrication considerations. Since a need for

more frame strength was apparent, it was decided to use only three layers

for the shell and to replace the material with larger and more numerous

frames. The shorter frame spacing would offset the tendency of the thinner

- I
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shell to fail, and also it was expected to minimize the shell separation

problem. One other consideration was that the frames not be too large

since, to some extent, the same material procurement and fabrication

problems would apply to them as to the shell in a prototype vehicle.

The collapse strength of Model ML-4 was slightly less than that of

Model ML-3. When a linear correction is made for the actual yield

strengths of the materials and shell thicknesses of the models, the

collapse pressures of the two models are practically identical. The ratios

of elastic buckling pressure in both the general instability and the shell

buckling modes to the actual collapse pressures are higher for Model ML-4

than for Model ML-3. The relatively low collapse pressure for Model ML-4

can probably be attributed partly to the fact that shell stresses, both

predicted and observed, were higher than those in Model ML-3. The p /pe

ratio for Model ML-2 was somewhat lower than for Model ML-4, however, and

the observed initial yielding pressure was lower (because of the lower

shell material yield strength); nevertheless, its collapse strength was

slightly higher.

A meaningful comparison of collapse pressures of models which fail

in a plastic mode is often obtained by applying a linear correction to all

the actual collapse pressures for a single common yield strength, and for

actual shell thicknesses. This comparison is shown in Table 2, wherein

all the experimental collapse pressures are corrected for a yield strength

of 100,000 psi, but is probably relevant here only for Models ML-I and

ML-2. The collapse pressure of Model ML-2 would almost certainly have

been higher if its yield strength had been increased to 100,000 psi, but

it is doubtful that it would reach the 8170 psi given in Table 2 because

the p /pe ratio would have decreased somewhat. As discussed previously,

the value of this ratio is significant if it is less than about six.

Since one of the primary objectives of the multilayer concept is to permit

the use of higher strength material, a comparison of the actual collapse

pressures of Models ML-3 and ML-4 with those of Models ML-I and ML-2 is

probably most appropriate. Considering Models ML-2, ML-3, and ML-4, which

failed at essentially the same pressures, it can be concluded that the

strength of a two-layered shell of nearly optimum design, and having a

yield strength of 88,600 psi could be matched by the thinner-layered models

,.. I -- -T-I-- --I-----l-- l a~-~~l*~VI~(*Crrr**r r*rii-



by a sufficient increase of their yield strengths. The similarity of the

collapse pressures of Models ML-3 and ML-4 indicates their designs are

both probably nearly optimum, with the scantlings being not too critical

within that range of collapse pressure and material yield strength.

Obviously their yield strengths must have exceeded that of Model ML-1 by

a much greater margin if they were to achieve the same collapse strength,

and it has not been proven that this is possible. For a higher yield

strength, a design similar to that of Model ML-4, which allows higher

shell stresses, but has a greater margin of stability, would probably be

superior to that of Model ML-3. It must be remembered, however, that the

material procurement and fabrication of the larger frames in a prototype

vehicle could be a problem. The deeper frames also may reduce the usable

space inside the vehicle.

In further tests of multilayered cylinders, fabrication of all

models and proposed prototypes should incorporate a solution of the

problem of initial separation of the shell. Probably the most simple

solution would be to inject a plastic filler material between the layers

after the cylinder is fabricated. This material need not necessarily

provide any significant bonding but would merely be required to transmit

a share of the pressure load from the outer to the inner shell layers.

The feasibility and effects of various degrees of bonding, both

continuous and intermittent, should also be investigated. For instance,

if the shell layers could be welded or keyed together at each frame

location, the bending moment of inertia of the shell-frame combination in

the circumferential direction, and hence, the elastic general instability

collapse strength, would be increased. Also, positive boundaries would be

provided in the longitudinal direction for the outer shell layers against

shell buckling.

CONCLUSIONS

1. The strength of the single-layer cylinder having a yield

strength of 99,200 psi would be reduced by somewhat more than 3.4 percent

by replacing the shell with one of two equal layers having the same

yield strength.
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2. The strength of the two-layered cylinder with a shell yield

strength of 88,600 psi was practically achieved in the four- and three-

layered cylinders having individual layers of one-half the thickness of

that of the individual layers of the two-layered cylinder. This was done

by increasing the yield strength of the shell material of the four- and

three-layered cylinders by 12.4 and 12.1 percent, respectively.

3. The strengths of the multilayered cylinders were significantly

reduced by the lack of perfect contact of the shell layers along their

mating surfaces.

4. A systematic series of models should be tested to determine the

increase in yield strength required to duplicate the strength of single-

layered cylinders with multilayered cylinders, in various yield-strength

ranges. Various weight-to-displacement ratios should be investigated

and the number of layers used should be held to the maximum estimated to

be required in the prototype.

5. More adequate theories should be developed for predicting the

structural behavior of multilayered cylinders. In particular, reliable

methods of calculating buckling pressures are needed.
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APPENDIX

THEORETICAL CALCULATIONS

AXISYMMETRIC STRESS ANALYSIS

It will be assumed that the extensional rigidity of a shell is

unaffected by lamination of the shell. Except for special conditions of

loading and restraint, however, the bending rigidity is altered. It will

be seen by inspection that if the layers are free to slide over each

other, the flexural rigidity is proportional to the sum of the moments of

inertia of the individual layers. For a monolithic shell:

E h 3

12(1-v 
[]

where D is the flexural rigidity,

E is Young's modulus,

h is total thickness, and

v is Poisson's ratio

For a laminated shell:

D
D -[2]

e .2 [2]

where D is effective flexural rigidity of a laminated shell and j is thee
number of layers.

If the beam-on-an-elastic-foundation approach is followed to

determine the axisymmetric behavior of the cylindrical shells, we note

that the foundation modulus, k, being an extensional term, is unaffected

by lamination of the shell. Eh
k = R2 [3]

where R is the shell radius.

Figure 7 illustrates the nomenclature used here.
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Thus the parameter

4
S =  k4D [4]

for a monolithic shell is modified by the factor V- for a laminated shell.

2 2
4 3 (1-v )

5[=e =  22 [5]
R h

where e is the effective S for a laminated shell.

The differential equation of equilibrium for a laminated cylindri-

cal shell is the same as that for a monolithic shell, except that 6 is

replaced with 5
e . Thus, the homogeneous form of the equation is

4
dw + 4 4 w= 0 [6]
dx4  e

where w is radial deflection and x is distance along the shell. The

stress analysis of the monolithic cylinder may therefore be used by

replacing D and S with D and B e'e e

Formulas for the relevant stresses and strains thus derived may be

expressed in the following form to facilitate the calculations for cylin-

ders with close frame spacing ( eZ < 3).

At the edge of the shell, adjacent to the frame:

S
pR 2 HR 2

e -- (1 - v/2) + h[7]
Eh E h S

S
= pR + Hj 3

x 2h 2  Sh 1

and at midbay:
S

PR 2RH 4
S-pR (1 - v/2) + Eh S
S Eh Eh S1
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pR ZHj S5
x+ 2x 2h 2h S

where
p9, (1 - )v/2) (1 - bh/A - RF/R

H = -
2 hZ/A • RF/R)+ S2/S1

E is the circumferential strain, tension positive,

x is the longitudinal stress, tension positive,

p is the external pressure,

k is the unsupported length of the shell,

A is the cross-sectional area of the frame and faying width of the
shell combination,

b is the faying width of the shell, and

RF is the radius of the centroid of the frame and faying width of
the shell combination.

4 8

S = 1 + 2 + 2 + ...
6! 10!

4 8(Se.) (Be.)

S= 1+ + + .
2 5! 9!

4 8

S = 1 + e + + e

7! 11!

4 8
(e9.) (e)

S = 1 - +4 2
4-5! 4 9!

4  8

S3 e) 3 e)
S5  = 1 - 2- - - - +

5 2 7! 2 11!

and the upper signs in the expression ax apply to the external surface, and

the lower signs to the internal surface. The other stresses and strains

may be determined from Hooke's law.
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The results of this method as applied to a typical bay (where the

frames do not rotate) are identical to those obtained by considering a

shell composed of only one of the layers, reinforced by frames of 1/j

times the cross-sectional area of the actual frame, and subjected to 1/j

times the actual pressure applied.

BUCKLING ANALYSIS

An equation developed by Bryant4 may be modified to give an esti-

mated general instability collapse pressure of a multilayered cylinder.

This equation consists of two terms: one extensional term, unaffected by

lamination of the shell, and one bending term. This equation is

Eh4 1 I E2h2a] e 2h - a+I (n - 1) [8]Pcr -R-) 2 LR 3

n 2  1 2 2 L R3

-(n + -, a - )(n + a ) _ f

where n is the mode of collapse (n = 2, 3, 4, etc.),

IR
a=L ba- Lb

Lb is the bulkhead spacing in inches,

Lf is the frame spacing in inches,

I is the moment of inertia of the combined section of
e

one frame plus an effective length of shell Le? and

eeS1
L = L + b.e S

2

To adapt formula [8] to laminated shells, I e may be taken as the sum of'e

the moments of inertia of the frame-inner shell layer combination, and of

each of the remaining layers. An effective length, Le, of shell is taken

in all cases and the moment of inertia of each component is taken about

its own centroid.

The procedure for estimating the elastic shell buckling pressures
5

was somewhat simpler. The Von Mises formula may be adapted to multilayered

shells in a way similar to the method used for the general instability

pressure. This formula, in a somewhat simplified version, also may be

4~111111 1 I I I I I



considered to consist of an extensional and a bending term. The bending
h3

term contains an h3 in its numerator, which represents the moment of

inertia of a unit length of shell about its centroid. This term may be

modified to represent the sum of the moments of inertia of the individual
2

layers by dividing it by j . Thus we have

1 fR22E h 3

p = + n2 92]2 (1 2E 2 R

[91
E h/R 1

+

n )2 + 1 n2 + RI

For the multilayered models, it may be somewhat more realistic to use Lf

in place of L, since the outer shell layers are not attached to the

frames.
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