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NOTATION

coordinate along the cable
length of the cable

velocity of propagation of an elastic wave along the
cable

maximum displacement of thre upper end of the cable

inpressed circular frequency

‘acceleration of gravity

cross-sectional area of the cable
modulus of elasticity

mass of au equlvalent body at the lower end of the
cable

tenslon at any point along the cable : *
static tension at the lower end of the cable
static tension at the upper end of the cable
change in tension .
longitudinal displacement along the cable

mass per unit length of the cable

angl: between the cable and the horizontal

1ii



ABSTRACT

. A theoretical analysis of the variation in mooring-cable
tension of ships anchored in deep water 1s presented. The
Lydrodynamic forces produced by the ocean currents are neglected
in comparisoh with the elastic forces of the cable and based on
this assumption, the wave equatlon for longitudinal vibrations
is derlved. The wave equatlon 1s solved for two sets of boundary
conditions and the results are applied to three typical ship-
anchoring problems in deep water.

INTRODUCTION

There are an increasing number of applications where ships
must be anchored ir deep water. For exampie, cable-laying ships
and radar pilcket ships are occasionally anchored in deep water.
In applications of this type usually the hydrodynamic forces
produced by ocean currents are small and may be neglected 1n
comparison with the effect of ship motion on the elastlc forces

. in the anchor cable.

The purpose of this paper i1s to show that the wave equaticn?
can be used to compute the mcoring cable tension produced by ship
rotion providing that certain simplifying assumptions can be made.
The equation for longitudinal vibrations along the cable 1s derived
znd a solution is preserted for two sets of boundary conditions.
Alsc, three numerical examples of ships anchored in deep water are
included.

MATIIEMATICAL FORMULATION OF PROBLEM

An elastic cable in equilibrium subjected to known forces
at each end is ccnsidered. Both the normal and tangentlal com-
cenents of the hydrodynamic force are neglected. The welght
of the cable is included in the determination of the steady-state
tenslon at each end. Also, the sum of the elastic forces acting
on the cable is equated to the mass times thc acceleration of
the cable. Then, in the analysis, the cable can be assumed to
lie in any arbitrary plane. Hence, ronsider a piece of cable
of length Xy as shown by the sketch in Figure 1.

'References are listed on page 22.
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Figure 1 - Deformation of Cable Element

It 1s seen that the polnt s moves to s + € and the point s + ds
moves to (s + ds)+ (£ + dt) as a result of applying some force
F(t) to one end of the cable. Then at some time t, the length
ds becomes ds+ (9¢/09 ds. If Hooke'slaw? is assumed for tae
relationship between the applied torce and the resulting strain,
the elongation, 9d£/0s, produces a tensile stress at section s
which is given by E 3£/0s.

Conslder a cable element of length ds as shown by the sketch
in Figure 2. ’

% XL LA i 1
AE.as *——Q\§Q —> AE [as + 352 ds]

Figure 2 - Forces Acting on Cable Element

Summing forces on the element and applying Newton's Law yilelds

9% 32%¢ |
AE ds = —= {933 1
3s2 b2 (1)
and dividing Equation [1] by ds gives
32¢ o3¢
AE =
3s2 M 3¢2 (2]



Let

az = &2 (3]
then Equation [2] becomes
9% _ 1 9% : ' (4]
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which 18 the equaticn of lcngitudinal wave motlion. Also, the
tensile force actirzg on the cable can be wrltten as

2
dT = AE é-—gds + L g sin 9 ds {51
Js2

Integration of Equaticn [5] ylelds

J
»

r3
&
b

+p g s sin 6 + constant [6]

Q/
]

If the tension zt the lower end of the cable 1s denoted by To
wher. the cable is in equilibrium, i.e., when J0£/3s = 0, Equation
[6] vecores

‘T='I'c,+ugss,ine«w\}zgé~ {7}

By the method of separation of variubles, a solution of
Equation {4] can be written as

() w
¢(s,t) = (Cy cos at + Cz sin wt) (Ca cos 37 8 + C4 sin 3 s)(8]
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The four constants, C,, Cz2, Ca, and C4, must be determined
from the boundary and initial ccnditions of the specific
problem. )

SPECIFIC SOLUTICNS

Two baslic types of problems, differing only iIn the end
conditions are 1lnvestigated. One end of the cable system is
disturbed by a2 simple harmonic displacement while the cther
end is fixed or allow2d to move. The cable-anchor ccnfiguration
is assumed to be a straight line inclined to the horizontal.
Also, as previously stated, the weight of the cable is considered
in the determination of the equilibrium tenslon and the hydro-
dynamic forces are neglected.

LOWER END RIGIDLY FIXED

In this case, the origin of the coordinate system 1s placed

"at the fixed lower end. Tnen, the boundary condition at tnis

point can be written as

)
g(o,t) =0, ° ' (5!
H ]
and Equation [8] becomes ;
£(0,t) = Ca(C, cos @s + C> sin wt) = O (10]
L]
Equation [10] can be satisfiec for all values of t only if
Ca = 0. Hence, Eguation {8] can be written as
© @
£(s,t) = C4 sin 3 s (C, cos wt + C2 sin ot) {31}
or
E(s,t) = sin ? s (05 cos xt + C_ sin wt) [12]

If the system is at rest at t = 0, then

&(S,O) =0 [13]
Y



. and Equation [12] beccmes
. »
£(s,0) = C,s8in 78 =0 [1%]

Therefore, Cg = 0. With thls result, Eqiation [12f can be
rewritten as

1

J(s,t) = C, sin ot sin 3 s (15!

If the upper end of the cable, 5 = £, 1s displaced according

to ®
®
E(i,t) = p sin wt - [16]
Equation [15] beccmes
- wd )
p. sin ot = C6 sin ot sin F~ [17]
L)
Eence g
R A
. . € = sin @4 [18)
a
and Equation [15] can now be written as
o t(s,t) = —L_ gin wt sin g s {19]

sin ©F
a

Equation [19]) specifies the space and timé behavior of the
longitudinal displacement of the cable.

let . ®
AT = AE o8 [20]
Tnen Equation (7] can b2 written at s = O as

5
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Tgoy = Tu * 875, [22]
vhere

T, =To + 1z L Sin 6

’ dynamic tension
Therefore, the Z1at1°’staﬁc.ic tension at upper end’ can be
written at the lower end as @
i ®

Ts=0 _ %o , arls-0 [23]

Tu Ta Tu
and at the upper end as *

Ts-

5=£ = 1 + AT|s=s [2%]

@T\l

Differentiating Equation [19] and substituting the results
in Equation [20] ylelds

@ ® .o
AT = ALE a n a8 ‘_c’)]

oW

__"EEI sin ot cos
a

The change in tension, AT, at any point along the cable for the
fixed erd case can be compated from Ejquation [25],

LOWER END FREE TO MOVE

If a body of mass M 1s attached to the lower end of the
cable, the boundary condition, applylng Newton's Law, can be
written as

6
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2
y 26

302 | om0 = {Mgsine - Tl 4 [26]
but from Equation [7]
o)
T=TO+AE§‘§ (27}

Hence, the bcundary condition given by Equation [26] becomes
q 28
ot2

]
= IM sin 8 - To - AE
s=0 [ & © 9s Js=0

[28]

However; 1t is recognized that the steady-state tension must
be the same As the wecight of the cable and body. Therefore

Mgsing - Ty =0

- [29]
Hence, Equation [28] becomes s
322(0,t) - _ AE 3&(0,t) (30]
ot? M s

The displacement 1s assumed to be zero at t = O, as 1n the
previous sectlion. Hence the displacement can be wcritten as

E(s,t) = sin wt (Cs cos

w
38 +C, osing s)

[31]

Applyling the boundary condition at s = O, which 1s given by
Equation [30])to Equation [31] ylelds

[32]
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Therefore, Equatiocn [31] becomes

w aMw w
€(s,t) = C5 sinot [cos 3 S+ KE sin 7 s] [31]
As In the previous section, the upper end of the cable, ¢ = 2,
is displaced according to
£(£,t) = p sin wt [15)
Hence
c. = P
$ 7 cos Wb 4 aMw g3, @F (34]
, a a
]
and now the equatlon prescribing the space and time behavior
of the cable can be written as ~
5
p sin wt 0 aMom © -
)\ = =2 a2 b
E(s,t) o3 BL 1 B0 g1p OF [cos 3 8+ 5z sin 3 s] [(35]
AE a
Theréfore, the change in the dynamic tensfion with resgect ¢
the static tension at the upper end can be written as
, .
- @
T T AT) o
8=0 = __2 + ___ls—-O [36]
and
Ts=t . 1 4 2752y [37]
vhere
3¢ __AE p 7 sin at aMay
w ws ws
AT = = @ws s -
T AE as coS of | aMo sin u-)‘g. [ AE cos a sin a ] {)gl

a AE a
8
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Hence, Equation [38], which is valid for the cable-anchor
configuration, can be used to compute the change 1n tension
above the equilibrium value for any point along the cable for
a range of input clrcular frequencles, w, and input displace-
ments, p.

®

NUMERICAL EXAMPLES

Three jmooring cable systems, I, II, and III, shown in
Figure 3, are investigated utllizing the results developed in
the previous sections. Varlous simplifying assumptions con-
¢erning the cable sysiems are made; however, the physlcal case
of anchoring a ship in deep water willl probabliy lie between
the two idealized cases, .

In all three examples the cable 1s assumed to be subjected
to sufficient tension such that the configuratlion can be approx-
imated by a straight line. Because the sag due to the welght
of the cable has been neglected in this analysis, the computed
tension variations probably will be larger than actually developed
in the real case. The equilibrium configurations for the three
examples are presented in Tables 1, 2, and 3 and Figure 3.

Equation [25] 13 used to compute AT for the examples where
the lower end of the cable is fixed and Equation [38] is used
for the examples where the lower end is free to move. In these
computations, the anchor, chain, and concrete clump which com-
prise the last 270 feet of the system, are lumped together and
considered as a single mass. The numerical values of the con-
stants in Equations [25] and [38] were taken as

= 0.785 in®
E = 1% x 10° pst
a =1.68 x 10* ft/sec

Figure 4 shows how the ratio of dynamic tension to statlc
tenslon varies as a functlon of frequency of dlsplacement of
the upper énd.  Thé calculations are for a l-foot-harmonic

displacement of the upper end for each of the three coufigura-

tions with fixed and with free lower ends. The percentage change
in the dynamic towline tension for the three examples subJect to
l1-foot-harmonic displacement of the upper end 13 shown in

Figure 5. Since AT varies linearily with d_3placement, the
effect of other displacements can be obtalned from these curves
by multiplication. In Figures 4 and 5, separate curves are shown
for the tension parameter at the upper and lower ends.

9



TABLE 1

Cable-Ancher Configuration I
Horlzontal Component c¢f Tension at Surface = 10,000 lbs

.- H2ight of Forizortal
Distance Angle of |line abcve Distance
Along line line anchor from anchor
Positicn s 2] y X
' in feet [ 1in degrees in feet in feet
Anchor, beginning
of Chain 0 0 o) 0
W = 13.5 1b/ft
In water
End of First Shot -
of Chain 90- ©0.9 5.4 88
Clump - 4100 1bs 8
in water 90 28 5.4 8
End of Chain, .
beginning of 270 37.7 102 251
Cable
Surface end of
Cable
W = 1.25 1b/ft 4420 52.3 3000 3131
in water

10
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TABLE 2

Cable-Anchor Cenfiguration II
Horizontal Compcnent of Tension at Surface = 20,000 1lbs

Height of Horizontal
istance Angle of | 1line above Distance
Alcng line line anchor from anchor
Poslition s 0 y X
in feet - in degrees in feet in feet
Anchor, beglnning
of Chain ) 0 3 0 0
W= 13.5 1p/ft
in water
End of First Shot
of Chair 90 6.4 8 90
Clump - 4100 1bs
in wgter~ S0 17.6 8 Q0
End of Chain,
beginning of 270 23.3 18 270
Cable
Surface end of
Cable . -
W = 1.2 1b/ft G000 38.3 3000 5140

in water

11
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TABLE 3

Cable-Archor Configuratvion III

Horizontal Comporient of Tension at Surface = 40,000 lbs

Height of Horizontal
Distance Angle of | line above Distance
Along line line anchor from anchor
Position s 2] y x

in feet in cegraes in feet in feet
Anchor, beginning
of Chain
W = 13.5 1b/ft 0 5 0 0
in water
End of First Snot -
of Chain 2 - 6.7 5.2 90
Clump - L100 1lbs
S ar 90 12.% 9.2 90
End of Chain,
beginning of 270 i5.7 52 263
Cable
Surface end of
Cable !
W = 1.25 1b/ft 8150 27.8 3000 7540
in water l

12
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Circular Frequency for a l-Foot-Harmonic Displacement
of the Upper End and a Cable Length of 4420 Feet
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Figure 4c - 8140-Foot Configuration
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Figure € is an example of the time variation of [%I]
u

at the upper end of the 6000-foot configuration with the lower

end fixed. Thls curve was computed from Equation [25] for a
clrcular frequency, ®, of 1.0.

NATURAL FREQUENCIES

The natural frequency 1s defined as the frequency which
causes AT -+ =, Hence, for the fixed end case which is given
by Equation [25], AT + w when sin wf/a - O. Therefore

wy = E%i vhere n =1, 2, 3, . . . . [39]

If the, lower gpd 138 free to move AT - « when

cos %% + %S? sin %i »>0 [40]

x
-

as can be seen from Equation [38] Equation [40] can be N
written as .

o tan fﬂﬁ w - ~AE_ where n = 1, 2, 3, . . . 4]
a aMoy, ‘ :

and solved graphlcally for @, .

CONCLUSIONS

A method of computing the dynamic tension at any point
along a mooring cable for two sets of bounda.y conditions has
been presented. Although the sag of the cablie was neglected in
this analysis, it 18 fult that the re=al ship-anchor problem will
lie between the two sotu of boundary conditions. The case with
the lower end of the cuble rigldly fixed should predict a value

for the tension higher {han the real case; whereas, the case with

the lower end of the cuble free to move should predict a value
for the tension lower thun the real case.
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Figure 6 - Tims Variation of {‘%‘E] at Upper End of 6000-Foot Configuration with a

Pixed Lower End Subjected to a 1l-Foot-Harmonic Displacezent and a Circular
Prequency of 1,0 Applied at the Upper End
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