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FOREWORD 

Because it presents information of possibly lasting 

value, this doctor's thesis report, which has had only very limited 

distribution, is being issued as an Air Traffic Control Project 

R-series report. 

The work on this thesis arose as part of a long-range 

investigation of the application of electronic digital computers 

in air traffic control. As background to ̂ he~lives"tfigation-it-WBfr-

necessary to survey possible methods of obtaining high-precision 

aircraft flight guidance in the neighborhood of an airport. The 

analysis of a proposed method of guidance, which appeared promising 

in several ways to be discussed later, was selected as the subject 

for the thesis. 

My thank? to Professor Philip Franklin for sound advice 

in the planning and execution of this thesis* I am grateful also 

to W. C. Welchman and C. R. Wieser of the Project Whirlwind Air 

Traffic Control group for advice in formulating the thesis problem 

and in reviewing the work as it progressed. 

it 
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ABSTRACT 

As part of an investigation of possible future forms of 

air traffic control, an analysis is made of orbiial motion around 

an Omni-Hange DUE station. It is assumed that each aircraft would 

he assigned an azimuth-vs-tlme schedule, and that maintenance of 

the schedule would "be "by path variation: reduction of radius when 

•behind schedule and increase of radius when ahead of schedule. In 

order to estimate the precision of the proposed type of orbital 

guidance an autopilot control system is formulated. Aircraft motion 

is assumed to he governed by the equations of a "coordinated turn". 

Feedback of azimuth and heading and their first derivatives are 

shown to be needed for stabilization. Linear approximation proce­

dures are shown to be fairly satisfactory for estimating the control 

system behavior. 

For appraisal of azimuth deviation characteristics, compu­

tations are made using reasonable assumptions for various parameters. 

**»uit» ar*: 01 '"•"iftlgfl at viafl titil . j f i r l tn l i l m n f l maiii n 

initial error in azimuth of up to 20 could be reduced about 30$ in 

1 minute and 80$ in 2 minutes. (2) Assuming 1 mile per minute per minute 

deceleration, an aircraft on schedule at the beginning of deceleration 

would be 10° behind schedule after 2 minutes. (3) Maximum azimuth 

errors caused by wind are of the order of 0.1 where w « wind speed 
T 

and 7 = aircraft speed. Deviations due to wind might be reduced by 

means of heading compensation. 

v 
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I. Summary 

A. Statement of the Problem 

The type of aircraft guidance to be analyzed will be 

called "azimuth progress control". In this proposed form of 

control aircraft may be visualized as flying circumferentlally 

on successive epokes of a rotating wheel whose hub is at or near 

an airport. The normal orbital radius of each aircraft is pro­

portional to its speed. An aircraft corrects deviations from 

ite proper azimuth by moving outward if it is ahead of schedule 

and inward if it is behind schedule, thus changing its azimuth 

progress rate until the error is corrected. 

Systems of scheduling are frequently described by the 

terms "fixed block" or "moving block" control. An analogous term 

for azimuth progress control is "moving line" control. The 

meaning is clear from considering the motion in terms of the 

epokes of a wheel* 

Azimuth progress control in the form studied in the 

thesis will be defined as orbital guidance p£ aircraft relative 

iS. £iZSfi fizfouth schedulest with error correction by. variation 

St flight path rather than by variation of speed. The idea of 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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correction by path variation implies that the stabilisation system 

in the aircraft must take over the directional control of aircraft 

motion but not the speed control. Since scheduling lo ordinarily 

thought of in terms of speed control, one purpose of the thesis 

is to describe and analyze a supplementary or alternative method, 

namely one in which error correction is achieved by path varia­

tion. 

d e main problem of. jhe thesis is $p evaluate the error 

correction character 1st lea to be eypecfred, under azimuth progress 

control. An analysis of error correction is made under the 

conditions: (1) No wind, aircraft initially off schedule, 

(2) Ho wind, aircraft changes speed, (3) Effect of steady wind. 

Subsidiary studies, which serve as a foundation for work on the 

main problem and are also Independently important in overall 

evaluation of the idea of guidance by azimuth progress control, 

arar __ 

(1) Geometric considerations in guidance by azimuth 

schedules* 

(2) Study of control systems for azimuth progress 

stabilization. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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3. W;Une of toMMflaa 

The main l ino of procedure i s as follova: 

The dynamics of notion of nn aircraft under azimuth 

pro/rret'B control i s given tho aimpllfyinr; description that i t 

consists of three elements: 

(1) k controller (pilot or auto-pilot) 

(2) The aircraft 

(3) The instruments which provide feedback and schedule 

information. 

xkniatlons for description of the f irs t tvo elements are introduced 

on the basis of two assumptions generally considered suitable 

for analysis of f l ight control: 

(1) La/: in the action of the control mochanisuo lnaids 

the aircraft i s negligible in comparison with 

that of the aircraft mass. 

(2) The aircraft rwves In a coordinated turn (no ride-

s l ip) . 

The dynamic equations set up on the basis of the above 

—a,s«imptlonB-B»» 11n«nri»ad in ordmr to determine wtabjlj^y require- _ 

ments. I t i s shown that the system can be stabil ized by feedback 

of nrimuth and heading and their derivatives, in the form of 

deviations from references which are based on the desired 

arinuth schedule. 

The analysis of error correction characteristics then 

follovo, ueirv: the linear approxination nlready Introduced for 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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atudy of stabil ization. The stabil isation ocuationa are for 

conetant apeed, and no wind. Change of speed and introduction 

of a steady vrind are handled aa linear perturbations. The errora 

introduced by linear ajiproxlrantiori are examined and shown to be 

reasonably small over the run*: a of variablea over "hlch the 

behavior of the ayateu ia of Interest. 

C. HBJBJSJJB Qf JkftiJal 

In ordar to express results in the moat tangible fora, 

nariely, as numerical estimates, value a h< ve been aaauaed for 

varioua pr.rmiatera auoh aa scheduled n?i .uth rata, aircraft apeed, 

wind magnitude, and others, ''he equatlona and daecrlptlon of 

procedure in tlia text can be used to obtain raaults under other 

parameter aaaumptione or for atudy of tha affaot of varying 

certain prrametera. 

A preliminary consideration ia that aclnuth prorrreea 

control cnlla for a lower scheduled rate of turn in orbital f l ight 

than mlrht otherwiae be uaed. (This i s perhaps a disadvantage 

of azimuth pro/Teae control in comp»ri*on with other forma of 

rttHf-Wt >** need net be e.nelderew' Ta that ;Tcht.vnT,'\ .̂ ««£i2i£_ 

coipnrlaon of nltornntive syatama la available.) The renaon for 

the limitation ia simply that i f the nmxlrmra allowable rate of 

turn were used aa the echeduled Tr t e , there would be no leeway 

for error correction -'hen an nlrcrai't la behind schedule. A 

rata of 1 r dlan/nin., or approximately 1 derrae/aooond la nasuoed 

in tha tinrlyeie. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



- 5 -

The r€;GU*.te on error correction ax'e: 

11) lio >dnd, constant «poe<l ~ In i t ia l errors 

on entering nn azirtuth control aoctor of up to about PO de^raeo 

would bo reduced about 30$ in 1 minute and 80/> in ?. nlnutes. 

(2) Decoloration from 4 nilan/nln. to P ai lea/nln. 

at a rata of 1 r.ilo/rain. , no vlnd (this condition i e intended 

to represent deceleration fgoo cruioini: speed to final approach 

speed while flying in an azimuth control oector). — An aircraft 
o 

exactly on schedule at the start of deceleration would be 10 

behind schedule at the end of deceleration. 

(S) Let the ratio of wind spe«d to alreraft 

airspeed be ™ — The maximum atinuth error due to wind i s 60 • derreee, 

(4) Conpensation for wind — Assunln*.' that wind 

measurements can be obtained, the azimuth errors due to wind 

ean be reduced, at the expense of compllc.-tinr the control system. 

A heading adjustment instruction which i s a elnusolAal function 

of wind Magnitude and direction i s riven In the t ex t . Under the 

wind compens&tln*: handlnr instruction aclnuth errore due to the 

measured component of wind would become ne/tliuible. The results 

of (3) above would then apply for a wind vector, w., which I s 

the difference between actual wind i>nd the nensured value for 

which compensation has been Introduced. 

The geometric aspects of analysis of azimuth progress 

control riven in the thesis nay be sumr.iarAsed ae follows: 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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( l ) Asir-.ith pro^raes control ia described M guidanoa 

relative to azimuth and handing "raferanea functions". Iho 

Rzlrruth "reference function* 1B th« aircraft schedule, but i t i e 

shown that a herding "reforance function" plays an equally Important 

role in the KUidanee of the aircraft . Acinuth and heeding reference 

functions are given for s^voral typss of curved pat): other ;lian 

simple orbital c i rc l e s , e.^. equiangular spirals. 

(r) The geometric l i n i t a on error correction are 

examined and the results serve as a check on the dynamic analysis. 

(a) The organisation of systems of paths and schedules 

for approaoh to airporte i s a complex problem for which V£*r:,ous 

solutions are bein/r considered. In order to contribute to 'msic 

analysis of the problesi, the thes is subdivides the nature o:.* 

guidance under asiouth progress control into several distinct 

attributes, such tn-t any one or a combination night b« the prime 

factor which vould inake use of asimuth process control adviata-

reous. The elementary attributes are: 

(a) As n relatively single systematic fora of aii'craft 

separation. 

(b) As a .aeans of ionintainin/; precision schedule!, on 

curved paths. 

(c) As a .leans of introducing controlled path varia­

tion to uake f l ight progress corrections. 

(d) As a scheduling systen in which speed control can 

be l e f t to the discretion of the p i l o t . 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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The procedural problem of formulntlai* control ayatem 

equations) for study of aircraft notion under azitiuth progress 

control led to tv;o auxiliary resulta: 

(1) Animuth progress control ohould not bo considered 

as a system of control which cal l s for a complete set of addi­

tional equipment in an aircraft. It would inatoad ca l l for 

addition of relatively eim,)le auxiliary devices to standard 

auto-pilot equipment. 

(?.) The instrument measurements available in an 

aircraft ni^ht be used in several different combinations as 

feedback for atirauth progress control. Significant differences 

between tha alternative methods are noted, but are not studied 

In detai l . 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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A. Air Kavl/tntlon ntti Traffic Control 

During the paot few years tho air transportation industry 

has reached the sta£e where traff ic control i s recognized an one 

of i t s najor problems. It in not a MM problen, hut rather one 

vrhich must now he given greatly increased attention. Over a 

period of PO years the Civil Aeronautics Admini strati on has "built 

up a complex network of f a c i l i t i e s for air navigation and traff ic 

control. Lilts every phase of aeronautics these f a c i l i t i e s have 

constantly been uni-ernoin/: expansion and Introduction of new 

developments. 

Investigations of present and proposed future systems 

of traffic control roust deal with a variety of frctors such as 

flight speeds, landing speeds, f l ight alt i tudes, weather, air 

navigation f n o l l i t l e s , airport design, instrument f l ight procedures, 

economic factors, e t c . Ihere are too many such considerations 

to discuss here. I t wil l nerely be noted that tills thesis la 

part of a project on the potent ia l i t ies of electronic digital 

computers in air traff ic control and that the above factors are 

beln£ studied. Assumptions used in tho thesis are in general 

drawn from these studies= 

TO provide perspective on tl»e air traff ic control 

problem, three broad stares In the development of a ir naviga­

tion f a c i l i t i e s should be noted: 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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(1) The Initial basic system of air navigation in the 

U. d., which ia s t i l l in existence hut vd.ll soon he 

replaced, consists of a system of "Radio RaJVes". 

These are ratfio beams* which provide fixed i l r routes. 

When the pilot cnnnot sue the ground, position along 

n route i s obtained when the aircraft passes certain 

"fixes", such as intersection of routes or other 

radio markers. Bstveen "fixes" position can only be 

estiaptrd by extrapolation from a previous "fix". 

Traffic control specifies minimum separations in bad 

weather. Uurlng the early otoges of growth of air 

transportation, when tho amount of traffic was small, 

traffic control could be f i t ted to this navigation 

system, but the system is now obsolescent. 

(2) An Important advance in air trrjieportatlon came 

with the introduction of the "Instrument Landing 

System" (ILS). This fac i l i ty permitted a great increase 

of air traffic in poor weather. As a result the traffic 

control problem becmie »re diff icult both along the 

air routes and in airport approach zones. In particular, 

the "stacking" of aircraft waiting to land became a 

serious problen, — at ia,1or terminals aircraft have 

sometimes had to circle for an hour before retching 

their turn to land. 
t ' i . i i • i . • I. i I . , i 

* The 'beams* reforrod to in describing Radio Range and Omnl-
Range are not actually focusaed beaae. They are direction 
indications which Involve phase and intensity relations of 
radiation patterns. 
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(,?) Present and future traffic requirement9 dictat* 

expansion of navigation f a c i l i t i e s . Radio Ran/res,, 

which provide only a United number of routes, are 

belrv: replaced by the "iRini-directional Raxu»eH system. 

The latter wil l consist of rotatta* radio "beans, located 

at airports and en route points, which wi l l provide 

aircraft with their aeimuth relative to ground stations. 

"Orani-Ran/re" i s an extension of the Radio Ranf*e system 

in the sense that i t wi l l provide euidance for Approach 

to an airport or en route point alonr any azimuth l ine 

rather than only nloiv fixed routes. 

Radio "Jistance uer.eurixv: Kqui «ent" (IMS) i s 

under development, inch aircraft equipped with DUE 

wi l l be able to measure i t s radial distance from 

ui-uii-Raiy;e etationa. The combination of onnl-Haiv:e and 

KiK wil l provide aircraft with complete position infor­

mation in polar coordinates. (crani-Rtuve alone can in 

principle also provice full position information "by use 

of azimuth measurenente relative lo two stations; how. 

ever, this procedure would "bo inferior to use of B.S). 

Devices for automatic conversion from polar to 

Cartesian co 'Minates ("Course Computers") ere bein/? 

developed for use in conjunction with Onnl-RaivrA and 

3MB. The conversion wi l l provice parallel en-route 

courses. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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In the present air traffic control system ni l data are 

handled by huaan operators. The controllera work vjt.h an route 

position fixes v?hich are obtained about once ovary 15 minutes 

from each aircraft. It appear* that they would not be able to 

handle more frequent position reports, nor cope with much more 

complex traff ic . Introduction of Omni-Range and DHii navigation 

in place of Radio Ranges tieans that: 

(1) There will be ^renter f l ex ib i l i ty in routing. 

(2) Position data wil l be constantly available s 

It i s doubtful whether human controllers wil l be able to take 

ful l advantage of these developments. 

The potentiality of application of automatic digital 

computers l i e s in the need for rapid handling of a lar,?e amount 

of information. When computers become available they should be 

able to take over at least the routine parts of the work now 

done by human operators. 

A concept which underlies much of the work of the M. 1. T. 

Air 1'raffle Control i'roject i s that in investigating the use of 

automatic dlrital computers in a ir traffic control », aommitar 

alwlA jta canal (sMsst prtrimrilY aa A fi&afcx&Jl tlcYlci rather than 

simply as a hlrh apsed bookkeeping unit . The main reasons i t i s 

luportnnt to take this point of view are: 

(1) Computers are Intended to operate in "real time", 

I . e . compute rapidly enourh to play a dynamic role In 

the operation of the control system, 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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(H) Coraputoro can incorporate "conditional nrocrfiianingrt 

(automatic selection of alternative control instructions 

on the basis of data and computations). 

The general concept of digitfil computora BE aleaento of control 

systems has been ful ly described in the fourth cuartorly progress 

report of the i'roject. 

Assuming that autoniatic computers wi l l be incorporated 

in future traffic control systems, iajjiS. investigation l a needed, 

ua pmcwduraa x&x dfltonalnnUQn SLL Q U t t xs&teA aM ftrtwtiulfli. 

Present procedures based on ^acio Kan/ie routes and infrsouent 

position reports offer l i t t l e guidance for future developments. 

A general investigation of the problem was started by the Project. 

The thesis i s part of that investigation. 

Actually, the functions of a digital computer will not 

enter directly In the thes is . The reason for this i s that any 

proposed foro of scheduling, in which aircraft receive frequent 

or continuous control instructions, mist f irst be studied as a 

problem in the dynamics of aircraft guidance. The thesis i s 

concsrnod primarily with IMl phnne of the problem. 

c . Airport Anprpflflh Cant m l 

The work of the Project has beon focussed mainly on 

forms of traffic control for airport approach. This aspect of 

traffic control, even more than that of en route control, ca l l s 

for high speed data handling and computation. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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The otudy of airport approach traffic control has tlnia 

far dealt with two main problems: 

(1) Formulation of f l ight patteme 

(3) determination of maximum safe traffic 

The second problem has token the form of studies on 

whether control systems can ultimately be reveloped which would 

permit successive landings in a l l weather at a rate of one 

aircraft every half-minute (on a single runva/). This goal 

reauires the development of precision guidance systems vhich can 

bring aircraft to within about j , 5 soconde of a specified schedule 

in the final stage of approach. 

The ultimate criterion for air traffic control i s 

safety. Rimrfllani a! iMeXLi XsYflla, DasUua BRlflty In 1M 

— a i l MM iMfli -hft i t t dMi to nrflfilalon aUMM la M l A&A 

o. fraflltlon gulflftBOfl of A4 rerun 

The term "guidance11 here wi l l denote control of an 

aircraft according to assigned f l lrht instructions. The instruc­

tions may be of various types such ast a given f l ight path rela­

tive to the ground without regard to altitude or rate of pH£NM| 

a time schedule along a fixed path; a fixed rate of turn; an 

azimuth schedule, e t c . I t appears to be feasible to introduce 

relatively high prodsion guidance of aircraft in the airport 

approach cone. 1L3 landing approach i s one type of precision 

guidance which i s In practical use, and may be considered to be 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Report R-189 -14-

a f irst 8tep in the ovolution of future approach ayateoi. (1LS 

i t se l f nay, however, be superceded by other developments.) 

The problem of this thesis and related studies on the 

rToJect i s to evaluate procedures for path and ochedule guidance. 

For simplicity altitude nay be assumed to be constant in these 

studies. The types of guidance any then be classed as: 

(1) C o l l a t e ^nil<tenc« - Use of fixed oath* with 

schedules maintained by control of aircraft 

speed. 

(2) Sr.hwrtnln ftnntrol bv n»th variat ion (with or without 

need control) - Azimuth prorress control f a l l s 

in this classif ication — a riven aciluth schedule 

i t to be maintained by variation of radius. Other 

forms of scheduling usinr path variation have 

been examined by the Project, but have not been 

studied as carefully as Azimuth Progress Control. 

The precision of path or schedule following depends of 

course on the precision of navigational measurements. The maxinum 

error of Omul-Rang* in i t s present stage of development i s about 

?> dagrses. ~.'~ ha* apparently not yst had thorough scrrics t e s t s , 

but i t appears that present equipment will have a maximum error 

of about one-half mile. Equipment of greater accuracy i s under 

development. Eventually azimuth accuracy to 0.1 degree and 

distance to vlthin POO feet nay be available in the approach sons. 

(These accuracies would be unnecessary en route.) 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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£ . Formulation of the The«ln Frobleft 

The idea, of azimuth prorreaa control was proposed by 

W, 0 . Welehman. I t was the baaia for an airport approach plan 

which ve ca l l ed the "Spiral Sta ircase* . Under thin plnn each 

aircraft approaching for a landing: would enter a c irculat ing 

f l i gh t sector at an assigned a*inuth, then proceed at a constant 

rate of nzlnruth pro/trees while i t reduced speech and a l t i t u d e . 

Reparation between a ircraf t would be provided by the azimuth 

"apoke" pat tern . The idea i s described more f u l l y in the third 

quarterly progress report >f the Pro jec t , 

Ilia ".ipiral staircase1* plan hat bben studied as a 

t r a f f i c control systeta by W. 0 . <elehman and l>. A. I s r a e l . This 

thes i s relKtes to t h e i r work by ^oixw; into the question of the 

dynanic character!et ice of motion of an a lrcrr f t unc'er i rismth 

progress contro l . Father tnnn r e s t r i c t tike analys is to spec i f i c 

aBSuuptions of the "Spiral Stair:nse" t ra f f i c aysten ntudy, the 

thes i s lnvoBtiK'tes the renernl ••Teonetnc and iiynwnic eharneturls-

t i c s of n?i aith prorreBs control as a uethon of a lrer«f t guidance. 

i'he reaxilte *re intended to provide] • baa la for evaluation of 

the ndvantv./;e» and disadvantages of n.*iouth prorress control as 

a ne&na of sohedule s t a b i l i r a t i o n on any pr.rt of *n approach 

nyaten vhlch c a l l s for curved f l i g h t pntha, for arnnule on a 

"procedure turn" nrocedinr the f ina 1 r U d e path. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.
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Thin chapter describee geometric churacturistlce of 

HPl.flitft prof-TfittB control under fcha, condition Q£. DHL SiM* Bw 

purpose In twofoldi 

( l ) To preoont /rooaetric *>nd dynamic relations which 

wil l enter into subsequent analysis of control 

eystei stabil ization. 

(") To show hjw nzinuth progress control mlrht o aerate 

in airport a.'.roach ayr.tans. The ninj wi l l be to 

isolate and diicuas basic elements of aalnuth 

control as a guidance technique* rather than to 

foruulate an approach plan as a whole. 

Section 1. Qyitfgttaull ayntiff MA tiathUwlifi 

roaitlon of an aire-;It wi l l be oear.ured in polar COJN 

din.'-teti r, 0 relative to a fi:;ed /rr.'-und station, 0, as in figure 1. 

The point, 0, will be considered to bo t.io location of an L.inl-

• aiv:o, Li. N . K, station which provides radio f a c i l i t i e s for 

neneureuent of r, Q by the aircraft , However, i t i s also possible 

to consider, 0 , ne any fixed around point to ''hich r, 0 are 

referred by coordinate tranufumrtion calculations. The calcula­

tions nirht be carried out in air-borne equipment, or in a /round 

station conputor, depending; on the •ttrtftnttM oyatea. 

Mrcr*ft lotion v j n be tr-ated entirely as though i t 

were level f l l d i t . In practice, aircraft in the approach cone 
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would hnva a snail anftle of descent through part or pill of iho 

zone, Furthermore, tha rtiatsmee fron the aircraft to the ground 

station wi l l bo taken In plan view projection rather than na 

actual al*nt diatance. 

Fi*;ure 1 

0 1B neaaured countHrclockviao fron tho x axle 

P lc thi loc-'tlon of an aircraft 

V io tho velocity vector of thu aircrnft 

• / i s tha arv:le bot'foen the aircraft lonnitnrijnal axla 

ana the direction of tho y a:da. *p ia n«r.surart clock-

wiae. I t can *oo considered to be t)va conpaat. heading 

o.'* tha fircr-'ft a::i«. 

pq, lo the perpendicul.-.r to OP 

$ la the mwle fron P<i to the aircraft axla^i ensured 

clockviae fron pq, 
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I Throughout th'n chapter it will bo assumed that there 
4 

Ifl no wind| and that the aircr-ft lotion la vtthjut eldsalip. 

V thon correBponrto with the direction of the nircrnft exie , and 

••'* may refer to <̂  M the aircraft houdlnp. 

The pilot of on aircraft thinks in terns of polar coor­

dinates with center F, and reference l ine alontf the axle of the 

alror,-.ft. In his Ryutem (p • 90°) i s the arlrnxth of the ground 

station, 0 . For analytical pMrpoees i t le rare convenient to use 

p tlian p "r 90° and to rofer entirely to tho fTaund coordinate) sys­

tem as in >'i*;ure 1 rat-ier than introduce aircraft coordinates as 

well. p will be tamed the • relative hei dln/f . 

Kl<;ure 1 allows thatt 

P - 0 • / . . . . ( 1 . 1 ) 

other sy.tools used in thin chapter are: 

{6 * bank o w l e , Measured positive in the rirfit 

hand u r e j sense about tho alrcr ft longitudinal 

axis , f • 0 In level f l l rh t . 

t « tine 

« •» gravity constant 

W " aircraft weight 

v , V for true air speed, "'lie difference between 

f l i rM at con«jtnnt speed and f l irht dvrlry? 

clvn/'o of speed i s Import**! in tho analysis. To 

eiphasise tho oistinctlon, ti»e en >itnl l e t t e r , V, 

wil l nl'/ayn be uced for constrnt speed and the 

• a l l l e t ter , v , for varying speed. 

-
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1'IHJ following; reonric on unitn a l l i e s for the entire 

reportt In anrdysls and confutation i t has bean convenient to 

use mAifU* nonnuro for nn&Lea, and the description of analytic 

oroceduroa in later sections wi l l refer to radians. However, 

for better visualization, final reeiilte Ti.ll generally be converted 

to derreva, lino wil l rsnor.-lly be i n tainuto'j and dintrnco in 

u i l e s . It should be noted that an nrlr.uth r^to of one radian 

per Minute i s nearly the sane r.a one decree per Becond. 

Section 2. UataJam&M mi UeUtli EMJMI 

I t wil l be ncsunsed that tlie rudder and nilerons of the 

aircraft arc always controller in the correct relation to provide 

"coordinated!turns*. The lateral equation of notion of the center 

of gravity of the aircraft for f l ight at oonetant altitude la 

thent 

* » « W tan 0 . . . . ( 2 . 1 ) 

* 

The linear appro xlration to (2.1) with tan $ replaced 

by 0 1B fairly satisfactory iq io p - .X and wi l l generally ba 

usedi 

Tmf . . . . ( 2 . 2 ) 

We will not be concerned with thruat and rriy; forces 

and v i i i therefore ''rite tiie other eountlon of notion of the center 

of gravity of the aircraft net 
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* 2 • * r » 3 • V£ . . , . ( 2 . 7 ) 

in thin cixaptor In dealing with r«'jnetrlcal aapeeto of 

azi A\th prorrasn control, (J?..'1) and equations which follow from 

It v l l l be the urinary considerations. Tho lateral fore* equation, 

(2.1) wi l l not have r. nA,1or role unti l the analy3i3 of stabi l iza­

tion in subsequent chaptore. 

Ajtlrauth progress control i s chnracterieed by an azliuth 

ochedule « ( t ) , the radius r belrv: l e f t free to vary with the speed 

uf the p.lrcrivft. With 0(t) specified, equation (2.3) any be solved 

for F for tuvy alrcr»<Xt speed. Uovfsver the nature of ths systss . 

e-.ergea i»re dear ly by eup?lantin#; (2.?) as fc Hovel (ossuoe 

constant speed) 

!• • V air. p 
(2 .4 ) 

rO « V cos p 

(2.4) Is equivalent to (2.7). How eliminate r and V 

by wrlttafB 

difrerentlate, 

• _ Y una a . LJMJ V 
r " " 6 \f 

substitute r • f sin p", 

• • (tP + ef) t e n p - 0 ....(2.5) 

•vmir.tlon (2.5) la equivalent to equation (2 .3) . Although 

-ore con lex, I t la uore significant for azlmith control since 
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line-.r dimensions hr-ve b^on eliminated. Consider :m asslniuth 

cchs&ulo 9 ( t ) , and solve (2.5) for tha associated "relative 

heading" schedule, $ ( t ) . The pair of functions, ©(t) and p(t) 

than roprosent a family of pathe with parameter V. i'or any speci­

f i c V, we have by ( 2 . 4 ) , r » V • " § • * . Thus r i s proportional to 

7, and the azinuth aohadula represents a family of radially pro­

portional curves. An aircraft following a £o ( t ) , \ (t)J- schedule 

at eoead V novas alow: one o: these curves, and when i t s speed 

i s chromed i t must shuttle across the f sa l ly unt i l the epasd i e 

stabil ised at a nev value of 7 . In the simplest case th« family 

consists of concentric c i rc les , and when epeod l e reduoed the 

paths spiral inward. Angular achedulea 0(t ) and p( t ) which 

determine several typee of curves of interest w i l l be £lven in 

Section 4 . 

A family jf rndlally sirail-ur pathe corresponding to an 

aelr.uth schedule 0 ( t ) and the aesooiated heading sohedule, wi l l 

be termed rafaragpa jiaJJia- 2)ie problem of stabil isation by aslauth 

progress control wi l l involve finding control ayetema which wi l l 

cauae an aircraft travelling at speed V to s tabi l i se onto the 

corroa. ondlnj* refersnce path. 

Equation (2.0) i s not ae complex as i t appears at f i r s t 

.••Lines. If 0( t ) la a given desired aaiouth aohedule, i t l e a 

f i r s t order differential equation In p . I t wi l l aleo be useful 

to assume a p eohedule, e . g . , for an •<lulonftular spiral , and 

use (2.5) to determine the tdilmuth sohedule required. If 6 la 

riven as a function of t , (2.8) i s n f i r s t order differential 

stunt Ion in 0 . 
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Before proceeding to possible functions of -rlrwth control 

In airport approach aysta-ns and to fomilatlon of roferonce paths 

of Interest, factors r»re l i s t ed here which v l l l U n i t tho control 

system behavior In various vaye. K discussion of those points 

v l l l be riven in an appendix ~ Section 6. 

(a) Larger schedule corrections can be nade by an 

azimuth control syj.ten -hen the aircraft i s ahead 

of scnoclule than when It la behind schedule. 

(b) A heading reference ochedule and he' din/- error 

;.ie.H8urejnent wil l be needed for stabil ization, along 

"1th asinuth schedule -tnd azlnuth error nensurensnt. 

(c) Permissible bank angle and rate of ro l l will be 

Halted to about 30 , and about 5 /second respec­

t ively (for coauercial aviation). 

(d) Ari. iutii progress r- te should be based on a bank 

angle of about IB in order to provide leeway for 

stabi l isat ion. 

(•) The aocuraoy of tine schedule control ie ml-ted 

to the angular pro*re«« rate in the systs::.: the 

higher thA angular r.-te, the better the tine aocuraoy. 

( f ) The angle P of the reference paths wil l be United 

to ± 80 | since at larger values of p the oharac-

tor is t lo features of arlmuth progress control dis ­

appear. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Section 8. BaattflM Bt ttUatifa f'rcnToap Control 

The stud;' of «lr3rrtft r-ti dance and scheduling, of which 

tiiio ro.jjrt io a part, haa ao ono of i t a j.-rinolpal aiaa the deter­

mination of practical a;'st«aa for fjnidinf: rdreraft through an 

a )̂.,ro^ch sona to a landing. I t appears thnt the approach zone 

ehould be considered M a circle of at leriet TO n l les radius about 

toe airport» and poasibly a Rood deal larger. Quidance eyetoas 

are ooln£ analysed fron two complementary point • of viewt 

(1) *'or:axintion of l^fyrntjafl pli"fl of <;ul dance for the entire 

approach, and (2) Sraluntion of rulflnncft iMfca f l t l «•*•* can be 

ueed to effectuate part or a l l of the Integrated plan. This 

report i s a study of one propoeed ajflflaJMI tacYyiloua. and IF 

presented iri..-.> rl ly AH on aid to others in the rfroup who are 

studying approach plane aa a whole. 

I t l e clear that aslauth pro^eee control cannot be 

the only fura of ruldanee In an approach none slnoe the final 

approach to a runvay must be a fixed path. The point of view 

taken here wi l l be Jfcfi, n recent, —MUetfil BJJMJI fnnntinn* for 

which azimuth progress control nay provide one poseiblo eolutlon, 

leaving the comparison with other guidance technlcuen, am: formu­

lation of coaplete approach plans for other studlee. This section 

will present basic guidance functions, vhlle considerations ••lth 

re^r-rd to Integrating these funotlona Into coaplete eystens 

wil l be discussed in Section 5. 

Incidentally, r.l though the concept of azluuth process 

control 1« bein/t examined here in i so lat ion fron other types of 
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guidance, i t should not ha considered to ha n. technique whose 

jrocerture nnd equipment wil l he distinct from the o"-her parts of 

a guidance system. A. conrrilete guidance oyote.ii wil l undouhtedly 

he conoldered r.s a unit doairned for several interrelated typea 

of operation with overlapping U3es of lnotruaent9 and equipment. 

This i e already the case in present day nircraft, in which MI 

auto-pilot can he used for pilot rrlief en route end for glide 

puth stabil isation on 1. L. 3. ap.rop.ches. In this retard, 

Action 13 wil l present a foruulutlon of eriTuth pr^rress control 

in which the stabiliratlon system wil l he considered as ;n auxi­

liary to an auto-pilot. 

Zt wi l l he assuaed hers that an over-oil approach systexi 

will consist of a procedure in which each airoraft wil l ha assigned 

a landing tine when i t entere the approach sone or shortly there­

after, end that the system wil l guide the aircraft in such a way 

tiv.t i t can maintain safe separation and gradually stabil ize i t s 

time schedule so as to land at the assigned tine with very small 

error. *ith this oonoept in nlnd aelmuth progress control Appears 

to involve four basic aepects of the necessary guidances 

(1) Maintain eofe separation 

(2) Provide a means of scheduling on curved paths 

(3) Stabilise osiouth schedule to correct time schedule 

errors 

(4) Provide a s,>eed reduction procedure --Men i e f lexible 

yet per lite accurate scheduling. 
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A diaonneion of these functions, showing hov they nay 

be considered m f l t a l l l l SS. ill co^bln^on follows. F i b r e s ? 

and .? wil l be used for i l lustrat ion. For thfi purnoso of isolating 

tha ole'tents of mldnnee under aRimuth control, we can continue 

to assume level f l i g h t , iiovever, one of the fi*-ot steps in for-

tulntinr; complete approach systems would be to set up a relation 

between altitude and arlnuth schedules. 

(i) haintflia tafaJmaadAm 
A distinction will be made between a sector in which the 

stream of aircraft havo nerved into a cannon course, and sectors 

which may be considered as distinct extensions of the routes which 

ap, roacti the airport. The former wil l be called a "confluence 

sector*, and the la t t er "individual sectors". In Figure 2 the 

central circle represents a "confluence sector" and the spirals 

which enter the c irc le are "individual sectors", both under azimuth 

prorreeB control. The circle and the mi rale should eaoh be con­

sidered as repreoentatlve of a family of curves with radius pro­

portional to speed of '••iraraft. 

Use of azimuth control to maintain safe separation would 

probably be associated with one or both of the functions (3) and 

(4) aboveJ tirae schedule stabil isation, and guidance during de­

celeration. However, i t mi/«ht also be a distinct phase of an 

integrated approach plan. Tar example, the "confluence sector" 

in Figure 2 mirht serve as s way of merlin/: the stream of aircraft 

coMlnr from a l l directions linto a single sequence for runway 
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approach, ilntry to ouch a "confluence aoctor" uir:ht be nlonr; 

fixed paths, e . « . , *tre.lf;ht llnoa ton/rent to tha c i rc l e , or nlfht 

be nlonr, "Individual Boctora* of nzlrnuth control, as represented 

by the solrale In Kl/rure 2 . 

Fl^ire 2 
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HciEaJi 

path *ith 
lateral errors 

It should be no tod that onoia aircraft must enter a 

•confluence sector* under ezisuth schedule tolerances determined 

by the uzltsith ijHCirvc on the sector* In other words e hi/th decree 

of schedule accuracy oast be attained prior to entry, for example, 

If suecs--aire aircraft are to be 60 apart, then the error at 

K'.ry cannot exceed about 15 . 

(2) aQheduiinr an ft—I ttttlei 

The following exanple wi l l Indicate the poszlble advan-

tw» jf nxlnuth control for scheduling f l ight progress on curved 

pathe. 

Consider a U-shnped path, ns in Figure ."» and assume 

thnt It Is necessary to maintain a prociee schedule alon/r the path. 

••e do not yot knov vhnt precision wi l l be possible, but some 

aeeuaptione will be made here In order to i l lus trate the differ* 
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enooa "between fixed paths -nd nvlMuth progress control. 

Let us MMona that a ir speed can "be held within 7$ of 

on aasi^ed value, that lutaral deviations from an assigned path 

will not exceodO.2 mile, and that nfcimxth can be held within ft 

of an assigned schedule. Tne straight ce^ionts -\B end Cl> in 

F i^re 3 are under fixed path guidance. On the souioircle T)C 

about the point 0 we wil l compare fixed path fsxldance vlth azimuth 

progress control. Let tua nominal radius of the scr.ilcircle be 

2 miles. 

A geometric difference between tiMJi Bith guidance afi 

•traiKfrt paths an4 curved scJUu ehould f i r s t be noted. Along 

straight segments, lateral deviations do not introduee appreciable 

errors in longitudinal progress, out on a curved section the error 

can bocu.iH quite sirmifleant. For example consider a «trM*>ht lfna 

C miles long, and assume that heading i s held within + 10 of 

the dlreotlon of the path. The aohedule error oaused by lateral 

devlr.tlone over ths 6 miles oould not exoeed 0.1 mile: 

6 x (1 - cos 10°) • .09. 

The semicircle of 2 mile radius i s also about 6 a i l e s long. A 

•MliMJM lateral deviation oi*0L9 mile on the semicircle could 

introduce a progress error of about 0.6 mile: ?rr - 1.8TT»»0.6. 

I t would perhaps be better to assume that under maximum lateral 

deviation of 0.2 wile, the absolute value of the average deviation 

cannot exceed about0.1 n i l e . The pro/Tees error on the semicircle 

could then be up to0.3 mile; s t i l l a factor of 3 larger than on 

the straight path. 
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>'or conpariBon bet'-.-ean tiio fixed path semicircle and 

axlmuth progress control we will coapare errors In torus of tino 
s 

ratuer than distance, on the fixod pnth„ we have t « -• 

A t - i ^ i S ^ - J d A S t S ^ ) (3.1) 

where t * Mat to traverse tho seal oi role 

3 » length of tho semicircle « r> TT miles 

V « Air speed. Aeauue 1H0 n.p.h. •» 2 mllee/ninute 

A*> ™ linear Dr.irress error due to lateral deviations; 

aesuneO.3 al ia on tho oasis of the preceding 

paragraph 

A W _rf 

•ST • air speed >ercent>\*e error, assumed 3£ 

Then in our example, the naximum tine error on the fixed 

semicircle i s At ¥ .25 minute. 

*\>r aslwuth progress control 

At -£l&9 . . . . ( ? . 2 ) 

where Q» "k m asiiouth rate 

&<d - riaxinun deviation from azimuth schedule 

In the exanple, £.9 • 5° • 0.09 radian 

&% - | * 0.09 » 0.1 limits 

Thus in this example nciiuth control has the advantage. 

jpeed error does not ham the axlmuth system, the rosalt boin^ 

simply a snail change in rediua. On completing the *e.-ii circle 

the lateral deviation due to finance In radius c--n be stabilized 

on the subsequent strni^nt path without a jp'ociable effect on the 

scliedula. 
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Tha above exn iplo in not intended to >rova that nzlrauth 

pro^reas control i s euparlor on curved paths, but rather to indi­

cate that I t does h<ve pos-lble advantages, depending on the 

:.ianeuvere required rind on the /^i^ance eyato-i errors actually 

attainable. 

(") Urn KMjfli I B M Bi>Mfciai 
Use of nxloiuth control to atabillse t ine echedulea can 

be oonaidered froa several points of viev depending on the azimuth 

error attainable. 

The uit loate objective would be to attain aeinuth eta-

bi l l . r.t'.on to an accuracy corresponding to the hifthcet time 

accuracy needed for ureciee soiieduliiy: in tho f inal at-^ea of 

approach. Other studiea have aw:/*S6tod that tine accuracy of 

the order of • 5 seconds la desirable at tha be/;innin* of the 

r:lida path, this precision to be attained gradually ne the nir-

craft proceeda through the approach rone. To meet thin deiand 

an ar.lrmth pronresa control eyatem would have to stabi l ise acimath 

to within • 6° , aasvunin/; lu/second azinuth progress rate. I f thie 

i s attainable, aircraft .tight enter ti confluence' sector with time 

error toleraneee larger than 6 aeconda, say up to 15 or 20 aeconda 

nn<) be stabilised to within the 5 eecond tolerance by the tine 

they leave the confluence sector. In this case i t <x>ul< be de-

airable to have the confluence sector be the nt r,o of r»ldanoe 

la mediately preceding the rl lde path. (Forever this would poae 
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the problem of providing p.fcimuth control about reference uointo 

which change v;ith change of landing runwvy. Sea 3ecti<n 5a for 

further comment*.) 

If nfiiiuth stabilization cnnnot moot the tRVTientad 

ulti.irvto objective, i t nay, however, neot the need for intermediate 

etepe in lOhedule stabi l isat ion. For exarnle, assume In Figure ?. 

thnt aircraft on the confluence sector axe to be scheduled 60 

apart. The tolerance for each aircraft would be About 1 15 . 

As noted in (1) above i t would be necessary to achieve this 

accuracy before the aircraft reached the confluence sector, Aslmuth 

control on the spiral individual sectors nlrM serve to reduce tine 

errors fro > sojethln/: i n i t i a l l y of the order of ± 2 ninutes down 

to i 15 seconds by the time of Joining the confluence sector. In 

thie case the individual sectors vould serve for etabilisation 

sufficient to pemit "errliv: of paths. 

f inal ly , If azimuth control accuracy la s t i l l poorer, 

the merits of the Hon would be nuch decreased, but sone ponsibi-

l l t i e s airht s t i l l regain. Ibr exanple controlled f l ight tine 

delays night be Introduced by use of asiiiuth control about 

Uunl-Range stations adjacent to the approach sjne. Instructions 

for such a maneuver talght come from the central approach control. 

The three examples above i l lustrate the concept thnt an 

inte^rnted ap roach plan wil l probably consist of several stages 

of tlmo eohedule stabi l isat ion. *sl:iuth control haa been suggested 

for eaoh i t n provided the necessary AZI .ruth accuracy can be 

attained. 
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Tne fourth aspect of approach <?;i dance for «hich a2ir*uth 

control appears to have nerit ia th->t i t per.iltu Maintaining 

schedule & cluriry: deceleration fro.s cruiulrv? opeed to ap roach 

speed without rl/^ld apecifi cation of the tine .and rnte of decelera­

t ion. Hoduction of speed corresponds to Movim: inward on a family 

of radially similar paths. In the course of laiv-o speed ohnnres 

sons displacement fron proper arirjuth i s to be expected, <nd the 

-.aw.itude of this diaplace jent wi l l he axanined la ter . 

I t i s possible to consider a variety of ways in which 

nsl-iuth control could serve as part of an integrated approach plan 

on the basis of the above four functions. However, no attempt 

wi l l be naCe here to catalogue a l l poss ib i l i t i e s as thle wi l l 

depend on comparison and Interrelation of azlnuth control with 

other aspects of fluldance i altitude control, speed control, 

fixed path r.vidance, e t c . *'l<-uru ? has already served for partial 

i l lustrat ion. Preliminary studios of lnto/TatoA approach plane 

based largely on ar.liuth oontrol have been presented by '-'. 0. 'elcJraar 

in re.jorts *-P00l and *-2007. 

In K-P001 atinuth control was >roposed in a form vhioh 

we iv.v9 tented the "spiral staircase". i t was propose" tiwit a ir­

craft enter a "confluence sector" or. utralrht paths, anc proceed 

under azi uth pro/Tess control vhlle reducing altitude and speed 

in preparation for landing. The spiral staircase idea encompassed 

three of tn'.< aoyve described functions of aslnuth oontrglt safe 
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separation, speed reduction, and lJiprovonent of tine schedule 

stabilization to a precision of • 5 seconds by th9 tine aircraft 

le f t tho atiaath control sector. Subsequent study of this concept 

(iU2011 by U. H. Israel) indicated that the idea of entering the 

a iral staircase on straight l ine pnths posed considerable dif­

f icul ty . 

A possible v-Jlntion of the "spiral etaircase" idea 

.dtfht bo to m e the "individual rectors" of Firure P in place 

of straight l ine entry. I t mi^ht then be Advantageous to have 

the uain speed reductions take place on the "individual sectors" 

rather than in the confluence seotor. 

Further rectifications prise when one considers altitude 

separation in con.l motion with asirauth control* for example, 

there .ai.tht be a*l:a.th control oourees at two or nore l eve l s , and 

these might even involve different r.eimuth progress rates. Of 

course, in formulating integrated approaoli systems i t v i l l be 

desirable to avoid sich complications i f simpler schemes can be 

ehovn to be feasible . 

As a final i l lustrat ion, suppose that urinuth progrees 

control i s capable of the nreo'siun of + 5 seconds which was 

sugge*.ted above ae an ultimate goal. Then one mlrht seek to 

formulate satis; aetory approach patterns in vhlch asimuth control 

serves au rildnnce for a f inal U turn onto a glide path. In such 

a plan nrirmth control aight be used for speed reduction scheduling 

in an earlier stare of the approach cons, but the speed reduction 
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could not occur on the final U turn as i t would disturb the l a s t 

s t ^ e of tine schedule stabil ization. 

Section 4 . We.reafifl BttlM 

Before jroceedin/* to 8o:ie p.eonetricnl considerations 

concerning integration of 'izinuth control into con-plate approach 

plans, several "reference path*" wil l be fornulnted analytical ly, 

following t)ie l ines of Section 8, 0( t ) and p(t) (azlnuth and head. 

inc schedules) wi l l serve as the principal specification of the 

curves. "PefevAnna functions" will be signified by the subscript, 1, — 

*»,(•)» P . ( t ) — to Indicate Ing^t, to the control system. The 
subscript wil l distinguish the reference functions fron actual 

peths 0 ( t ) , p ( t ) , r ( t ) which deviate froa the reference paths 

under virions disturbances. 

I t i s necessary f i r s t to raaUe assumptions about the types 

of referenoe path which will be feasible. One poss ib i l i ty i t 

that omlneorliv reculrenente or further analysis of c.il dance wi l l 

require that the system provide a single con,wtl«iit arlnuth prorrsss 

rrt» for a l l aircraft . This concept was in fact sufficient for 

the "spiral staireuse" proposal which was sun arlsed above. Under 

this u8Bu-.;>tlon the only "reference pi.ths" available are c i r c l e s . 

("Heferenae jmths" wore defined in Section ? on tha basis of 

cone tan t alt i tude. In the "s.:lral stnlrcaee" there Is conetant 

rate of neacent so that tue reforence paths become hel lcee . ) 

The uoro ceneml vle^.oint wil l be taken here tltat 

variable referenoe functions! Q.(t) nnd p ( t ) , can be tr-ns-»itted 
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to each aircraft In the system. However, I t wi l l be assumed 

that those functiona chould be of simple form, preferably of a 

type which lende. Itaelf to use of "analo<!*ue" devices In the aircraft 

control cystem. Simple trigonometric function* should be con­

sidered acceptable; they wi l l in fact soon be used in "course line" 

computers. Simple logarithmic and exponential relations era* also 

be nechanlted. 

I t doea not ap ear unrealistic to pemlt fairly complex 

functions, on the Resumption that the main burden of computation 

or data storrge oould be oarrled out In ground station equipment, 

but the slapler assumption i s broad en<>urfa for present purposes. 

.simple Implicit function descriptions of the reference 

functions wi l l be considered to be admissible .Vast as well as 

expl ic i t formulas, e .g . sin 9. • Kt i s as Rood as Q. • arc sin Kt; 

and p. • * 0. with £ . given in terms of 0. rather than in t sms 

of t i s satisfactory. 

xho radial functions r ( t ) with pnrnnetor V wil l also 

be given. Tiie remarks about complexity of functions do not apply 

acre since this function duee not enter Into the control system. 

Ueonotrtc analyses} used to arrive at the -ore complicated 

of the following reference functions, wi l l be ,Ti*'en in Section ?, 

only the final results belnc riven tiers. Each set w . ( t ) , p . ( t ) 

sat isf iee enuatlon (P.5) . The 0 . ( t ) functlone are for the i n i t i a l 

condition 0 • 0 at t • 0. Time and angle displacement constants 

to represent different aircraft In the system can readily be intro­

duced. 
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&B&SA Cgn̂ r*?<̂  fiJt i M prV^n, represent the heart of 

tho avinuth control idea, raid, v i l l be the rmin subject of control 

Bystem analysis. Lot be a constant rate of angular prorrcos 

about point 0. The "roierence functione" are: 

04 * 0 . . . . ( 4 . 1 ) 

ibccantrtc c i rc le , mli-ht serve as entry puths, e.<*. eccen­

tric i,6 .J circle?. In 1'lcure 2 in place of tno spirals, »V perhaps 

for other aspects of ttildance. Flight on eccentric circles daw 

aal tUOmStM Xu. — s i l l MfcUlfc MOM— XaJi*. b u t no» t h » 

at!vfent« :̂e of beinr a simple f l lrht operation r.s far as the aircraft 

Itself i s concerned. I t aay turn out that the servo system In 

the aircraft can oe rteBi#-ned satisfactorily for circular reference 

aths, regardless of vhether the circle i s centered or not with 

respect ta the /Tound station, while spirals or other curved 

reference paths wouiri pjss :.:ur« diff icult ensrlneerinr problems,. 

The reference functions for eccentric c irc les , vith the rroxmd 

station, 0, luslrfe the c irc le , aret 
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uet K » a desired ratio OA/O9 

c K - 1 
K • 1 

p =* dosired rate of turn of 

the aircraft on the 

eccentric circle 

gin at Than; tan 0 

K 

COB pt 1 

. . . . . ( 4 . 2 ) 

l>. • * Iff* C2 t- PC COB pt 
1 P * 

figure 4 . JccmUlC BiMll 

CI r a t e a wni e h JIUQB through the o r i g i n a r e n s p e c i a l 

case vhich pemlt constant aiimuth rate. Title mny be vvrth con­

sidering as a forn of guidance in vhich there i s azimuth progress 

control over part of the reusrenee path folloved by a gui dance 

affect which leads the aircraft toward a fixed point. (In J'igure 5, 
o 

aa the alroraft approaches point 0, 0 approachea TO . Aa noted 

at the end of Section ?., and discuaaad in Section 6, at Inrr.a £ 

the control eyetea would no longer behave alow? the l ines vhich 

are beln/i analysed In this report, and would renuira aepnrate 

analyeia.) 
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£l_~ constant asiuuth 

prwrr«OE rnte 

(4..-») 

Figure 5. Circle Through 0 

i.oniMrvulHr a.iirnls »re defined a* mrven for <»hich p' 

i s conKtraii. Tne reference function* are: 

Ot - J l o H C ^ t * 1) 

0. • conatiuit 

where C » tan p. and C0 • 0(0) 

V t C ^ t » l ) co, ^ 

Figure 6. Emiinnfiilur Spiral 

A more renernl class of curve 1* obtained by eettlnr 

p » « • M, •Htn A rnr. b conntnnt. An unnlysin of U»M curves 

*'ill bft ;:iven in flection 7. *'he c*«e "ith b «• - £ turne out to 

be ttot Cfirdiod. The reference functions for tide case are: 

t% - f (I * COS 0 ^ 

. . . ( 4 . 4 ) 

. . . . ( 4 . 5 ) 
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Actually, the re lat ion p1 - H * b9 includes a l l of the 

curves discusoed above except tho eccentr ic c i r c l e s . Tiio case 

a ** 0, o • 0 represents c i r c l e s centered at tho o r i g i n ; a ^ 0 , 

b » 0 r lvea the equiangular sp i ra l ; and b f 0 r i v e s n»re general 

curves of -hich c i r c l e s through tho or ig in nnc the cardlod are 

special cafleB. (when b f 0 tho value of b datoraihea the type 

of curve, r*nd a i s sitmly a parameter which rotates the curves 

about the or ig in . ) 

Since p • ^ * 0 , n i l of the curves dieCUB9ed -nay a lso 

be expressed by >/ • a' • b1©. In other words, vhether vre use p' 

( r e l a t i v e hendinf:) or »/ (eocrcass heading) ihgre itt a HlMMS ra"lwtlop 

pflt̂ fiftn iMdttM aa& nrtwrth £UL <np.a£ &£ Ihs. AZlm&h ssu&xal. •cho^loi . 

mention 5 . (iao.netrlcal Aniectti of I n t e - m t i o n of Artmth Control 

tola Qgrijilctn Approach O — l 

Since the report is an analysis of azimuth progress 

control as a guidance teclmique, this section is intended to 

oriiv uut additional points about the technique rather than analyse 

complete approach plane- The following points will be discussed: 

(a) Location of ariauth reference center points 

(b) Adjustment of animuth schedules for particular 

Conditions 

(c) Geometrical examination of paths which correct time 

schedule errors 

(d) Optimum value of p* when leavinr an arlmith control sector. 
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Section 5a. iiOcntlon of Center Point 

Thus fnr the dlscusnion lias, implied that i f azimuth 

control i« feasible, an Omni-P-ange station would earve aa the 

center point 0 . On this basis the idea of nrlmuth control la 

especially simple and therefore attractive, and led v/elchman to 

foraulato the "spiral staircase* approach plan. More detailed 

examination of his proposal uncovered complicating features which 

offset aome of the i n i t i a l simplicity. 

The proaent section wi l l take the point of view chat, 

i f there la enough advantage, It w i l l be feaalble to have never il 

cbiitsr points »or nzi<uth rs.crcncc. On ti«s vnii i o.* »us prsoStv 

stage of developnent of air fculdance equipment, coordinate ir.aii.l-

fgnaftUflaa l a lb* »* rcraft appears to be the moat l ikely way In 

which the center for aelmuth control mipht be transferred from 

point to point. Offset course coaputers now under development 

are simply equipment for transforming from polar coordinatea, 

provided by umnl-I-'an^s and INK, to Cartesian coordinates. Trans­

formation to polar coordinates about a new center would require 

the additional step of Koirv fron Cartesian coordinates back to 

polar coordinates about a ntv center, or could combine the opera­

tions into a direct polrr to polar transformation. This nay not 

be unduly complicated, and In fact , guidance plans which cal l for 

f l ight on fixed curves may necessitate enaentially the same 

operations. Alternatively, assuming that computing nachines 

wi l l be needed as part of the ground station squipment, i t may 
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become desirable to make coordinate transformstiono on tha ground 

anti transmit the results to <3.ich aircraft. Finally, tho vice of 

two or more Omni-^ange otatlono in the approach zone might be the 

beat solution. The system night need only ono Grani-V-an ê at a 

t ine, depending on the direction of the wind. 

I t i s not poanible to consider a l l of the configurations" 

which may arise in approach guidance, but in order to show an 

aspect of the geometrical layout in vhich locntion of azimuth 

reference centers vould be a problem, the relation between aelmuth 

control and the final glide path wil l be examined. 

A single runway wi l l be discussed. Similar considera­

tions would apply to parallel runways or runways in several direc­

tions. The final leg of an approach guidance system wil l be 

assumed to be a straight glide path about 5 .tiles long. The 

glide p»tft rvy be on either end of the runway depantfing on wind 

direction. 

Consider f irs t the geometrical layout required to guide 

an aircraft by arlmuth control directly onto a gl ide path. In 

Figure 7 A3 and DC are the gl ide paths for the airport runway, 

AC. AS i s a Una perpendicular to A3, and 0 i s an aitl..iuth center 

on AS for asiniuth controlled turn onto the glide path A3. 0' i s 

a corresponding point for use of the glide path hC. I t wi l l be 

shown that a single arinuth reference point such ae 0 " midway 

oetveen the two glide path entry points, A and 1), could not cover 

botii glide paths. 

Assume thnt tho rpte of rotation about 0 i s 1 radian/minute 
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(s l ight ly les t than 1 degree/second), and that approach speeds 

range from 80 to 140 m.p.h., or 1~ to £••* miles/minute. The 

Figure 7 

. 0 ' • 0 ' 

— * 
L * 

point 0 should be located l r railee from A, thus an aircraft At 

the slowest speed of 1"" miles/minute has as reference pn.th the 

c irc le of radius R,°J^ tulles, and the fasteet aircraft has as 

reference path the circle of radius H_ » «?* Bi les . AA' and AA*• 

ux» eaoh T, Bi le . On a glide path 6 utiles Ion/; an in i t ia l deviation 

of p n i le i s permissible, and path length differences from any 

point between A* and A* * to B are quite si.iall. If the point 0 

i s Moved aion<: Ail further from A, (corresponding to a decreaee 

in R7l oith rate about 0 ) , the ratio ^ wil l not change since i t 

corresponds to the ratio of permissible approach speeds. Thus 

as 0 moves outward A ' A " becomes larger and soon the points 
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A' ana A'' are too f^r f ror< the center of the ftlide path (unless 

the Klide path in lengthened,) Moreover an 0 i8 noved further 

from A, tiie schedule errors at the head of the filid© path increase, 

since the azi suth rate decreases. (See 3q. (6.8)*) Thus i t does 

not appear possible to use a single Oinnl-Ranre at a point such as 

UM to provide asiwiuth pro/Teas control directly onto both Rlide 

paths, AB and DC. 

If azimuth control direct ly onto a glide path does not 

turn out to be desirable, but nerving of aircraft pathr. by meant 

of azimuth control i s desirable, then the aituntlon any be as 

in Figure 8 . After merging of paths under azimuth control about 0, 
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<, each aircraft i s Riven fixetl path guidance to the head of the *-llde 
i 

path. The location of point 0 i s not cr i t i ca l . Possibly i t can 

be at 01 very near the runwsy. 

Figure 8 represents the preferable concept of azimuth 

control about a single Onni-Range station. Figure 7, en the other 

liand, would require IUI <jr.mi-R&ru;e adjacent to each glide path or 

f a c i l i t i e s for polar-to-polar coordinate transformation. 

Section 5b. Adjuatment of A*lmith Schadulas for Part icular Conditions 

Up to this point i t nas been assumed that in a given 

sector the 0 , ( t ) , 0 . ( t ) functions would be the sane for a l l aircraft, 

except for shifts In t ine. On that assumption the "reference paths" 

were shown In section 2 to be a family of radially similar curves, 

with radius proportional to spaed, V. Instead, i t would be possible 

to set up different 0, (3 schedules for different aircraft according 

to speed, altitude, wind or other particular conditions. 

9uppose, for example, that i t i s desired to orovide 

asinuth control which causes a family of paths to converge to a 

common point, as in Figure 9 . Azimuth control i e about point 0 , 

and a l l p«tha are to converge at A, and be headed LvnM B. 

0, £ schedules could be determined corresponding to any nominal 

curve such as C., C , or C , and would provide asinuth progress 

control. Aircraft would not be guided by the curves themselves, 

but rather by corresponding azimuth and heading schedules. Devia­

t i o n from expected B.eod at A would produce lateral errors at A, 

but that would presumably be l e s s important than maintaining the 

deal rod fonard schedule. 

R-189 
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This for.iulation of RRlouth control In mora ffenernl than 

thtit uaed in enrller (tactions, and may turn out to be daalrnbla i f 

ajsiarutji control prove* to have advantages for scheduling on 

curved pntha, aa dlacuased in Section 3S iter* (ft)* However, there 

aro Important disadvantages conpared to use of fixed 0, 0 functional 

(1) Aficrath control would no longer innediately provide 

safe separation aehednl•?. Instead i t would be 

necessary to examine the schedules set on for adjacent 
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aircraft to nee whether t)»ay provide for safe 

separation at. a l l tinea. Once this had been aefchb-

lished the system vrould, of course, he .lust aa aafe 

us that baaed on fixed 0, p f-unctlone. 

(2) The cnxldance system v/ould require î ore complex 

f a c i l i t i e s . In particular more computation would 

be required and riore instructions would have to be 

transmitted from /ground to a ir . 

Thus far In exataininr confIndurations fo ' guidance, patterns 

such as Figure 9 have net appeared to be necessary. Kovsvsr, schedule 

adjustments v i l l have to be considered in studying the effects of 

wind on ar.lnuth control (Section 2 / ) • 

Section 5o. ScfrOftlln QUXMMX$M 

Servo system analysis la ter in the report wil l provide a 

general basis for studying the atablllrlnft characteristics of arlrauth 

pro.-rose oontrol systems. A purely reonetrlc examination here wil l 

serve as a preliminary to the servo analysis. 

Consider a semicircular reference path, p , in Figure 10. 

foint A i s assumed to be the starting point for arlnuth prorreee 

oontrol. p, l e aesumed to appro: lmite the path an aircraft would 

take i f i t were Dehind schedule M A by the maxlmm nnount which 

could be corrected in 180° of aslmuth progress oontrol. similarly 

pn i s for the maximum amount ahead of schedule. 
u 

p. and p are • ilrals which have a linear relation between 

p and 0. For p. the relation (in radians) 1» f- • - ^ • • 8 , end 

for pp It is p - ̂  - J 0. (Spirals of this type were discussed 
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a^rc \1. 

in Section 4 as possible "ruforence paths" but hare are used aa 

assumed correction paths relative to the reference path, p . 

The center points for constructing p. and p are actually nt 0 and 

0 respectively, vh'ch doea not matter here, since a l l that i s vantctd 

i s that the curves represent probr.ble behavior under azinuth con­

trol , regardless of hov the curves are constructed.) p. laavea A 

at 0 • - T"• - 46°, that i s with a lnrr* heading correction rela­

tive to the reference path, p . I t readies 3 where the aircraft 

i s aasumed to be br.ck on nehedule with p" • * - ? • * " ? * 0, i . e . tan-
o 

gentially to p . Similarly p? leavea A at 0 • *•• 45 , and also 

arrives at B tan/rent t a l l y . The broken l ines near A indicate that 

an aircraft «rould actually lato to curve rrndunlly onto p. and 

The details of the analysis wil l be driven in Section 8 . 
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The resulte are as follower Let f l OB the scheduled azimuth rate 

about 0 in radians per ninuto. The time on p for an aircraft at 
o 

opaed V 1B 1 • TT/(1 m 3.14/fl • A* t i i e s a m e »P«ed time on p1 would 

be T, •» 3.04/jft, and on p., would be T0 • 3.76/Jl ( fl. la a aintf-e nun-

bar aeBociated with the center C; azimuth rates about 0. and 0 

do not enter the calculation.) 

•hue we have, T - t , » • .10//L minute 

T - T <• • .62/ uinute 2 o 

At l ° /aeo . a*iNUth rate, iT. i s very nonr 1 radian/minute. 

T - T,, the aesusied maximum correction* for an aircraft behind 
o 1 

schedule ia only 6 seconds, while T„ - T , the aaauraed maximum 
* P. o 

correction when ahead of schedule le 37 seconds, p and p^ 

are in a sense equivalent inward and outward correcting paths since 

both leave A with P - 45°, and rejoin the semicircle at B with B "0°. 

There la thua a larpe aaymnetry In the capaolty to correct schedule 

errors, as noted In Section ?.. 

The inward correction on path p. i s surprisingly low. 

Before interpreting: the Implications for uclnuth control two factors 

should be taken into account. (1) The control system la not expected 

to aCnieve perfect scheduling at B, but rather scheduling within 

some tolerance, any 1 6 , corresponding: to time error ranee c i ' + h 

aeconda at fL - 1. (2) An lnvard correction path could cross 

the l ine oB at a point nearer to 0 . Gn the battle of point (J?) an 

estimate of the beat t i i e eavinr on an lnvard path In the above 

example appears to be about 12 to 16 aeconda. Thla would permit 
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roductioA of an error of IS to HO second* at A to within the system 

tolerp.nca of £ 5 seconds at B, giving a possible NBtnblli?ation 

ratio" of about 3 to 1 for behind schedule flights over a IPO 

sector. 

section 5d. Finn! .VftlttQ af 6 

Section 3 stated that p schedules would be United to $ 

o o 

between -TO and •TO , and reasons are given for the limitation in 

Section 3 , This section will point out tl et schedule accuracy 

will be obtained if £ « 0° at, JJjft and fll HjMtfJl control. 

"Error blocks" for an aircraft woviiy; under asisuth 

control are sketclwd in Figure 11. c Q *» the maximun deviation 

from scheduled asicmth at any instant, and 6 the maximum l i t era l 
r 

Ham u< 
reference 

^ f A « - J O ' 
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deviation from the reference path. The upper wedge is at a point 

where the heading reference called for lap. " 0 , and the lover 

ved£e vhore {3. • -30 . "he radial ran^a £ is shown relatively 

large, since aximuth stabilization requires fairly large lateral 

deviationa, as has been Been in Section 5c. Speed errors also 

account for part of £• , but stabilisation vould generally be the 

major part. 

During flight on an azimuth control sector schedule 

accuracy la measured by £ _ alone. Hovaver, at the end of azimuth 

control £_ must also bs considered. Figure IP, shows the end of 
r 

arinuth control at two values of £ . . On the l e f t side of the figure 

Elan la 6*-+\ 

-IK 
L 

(a) Final value of 0 is 0C (b) Final value of 0 is -30° 
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the fina:. value of p\ la 0 , aw> on the ri^ht nide i t Is -TO . 

The distance £ at the top of sach vedp;a 1B the maximum schedule 

error at vhich ar;5.nuth control nay deliver thu sirernft onto a 

eubaequent straight path. In Figure 13(a), 6 i s civen approx?matoly 

by: 

6 , - ^ 9 . . . . ( 5 . D 

/ 2 . • final value of asimuth rate 

In i'l^iro 12(b) ve luive Approximately: 

B. * final value of ji, in radians 

With &L • 30° » j radian, and assualn* £ r » J mile, thft 

radial deviation can contribute 4 mile to the scliedule error, £ • 

Thun for maxi.-nvn precision the end of np.lmuth control should be AS 

in >l<rure 12(a) tflth 0 - 0° . 

i—st t sss l 

Section 6. gUsssMlssl Qf sAaUUtt iMJMBi 

Ihe fullo-ii.,: lc ft, point by point discussion of the 

Uniting factors vhich were l i s ted at the end of Section 2 . 

(ft) Aasvmatry. I t i s obvious that the path of an aircraft In 

tho a; bton e n be lengthened more than It can be shortened. 

However, consider a circular reference path and eonnirier nearby 

curves outside one inside the circle vhich rapreeent schsduls 
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correcting paths for alrfjrnft ahead of or behind schedule. If the 

correcting pnths are sufficiently nenr the referonee patli the 

correction ie aynmetric. llovever, to nake appreciable Qorreotlom 

during not too lar*»e an azimuth advance, the correction pathc 

must diverge appreciably from the reference path and the aseynetry 

becomes quite important. An example wag plven In Section 5c. 

(*>) U«« of Hendlnf AH wa1Tl RS Ay.lmith. The heading in the form p, 

or alternatively the compass heading, »/, has already been introduced 

i:. Section 2 ns intrinsic to the idea of azimuth progress 

control. Since the heading reference function i s a direct oooie> 

quence of the azimuth schedule, via equation (2 .5) , i t nay be 

poseible to reformulate the idea in a way which does not present 

the heading expl ic i t ly . One might then examine the possibil ity of 

stabilizing the system using atlmuth error data, without heading 

error data. However, the analysis of stabilisation nethods later 

in the report wil l show that heading error information i s essen­

t i a l . I t appears to be the only source of second derivative (0) 

information, without whJch the system cannot be stnbll l ted. The 

only other poeslble source of 0 i s actual differentiation of 6 

Measurements to the second order. Considering the probable nature 

of the 0 measuring system, this nlternative appears to be entirely 

out of the question. In other worcs use of heading on a parallel 

footing with azimuth enters naturally in Section R, and i s also 

essential to stabil ization. 
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(c) Kapfc, Mai H,PH -Molta. Th« bank angle limitation and the r-*te 

of rol l U n i t wi l l doternlne l imits on feedback parameters In the 

stabil ization uyatem. Geometrically they appear no limits on the 

curvature and rate of change of curvature. In coordinated tarns 

with relatively small bank angles (up to 30 may be considered as 

relatively small) the radius of curvature i s given approximately 

by P " ~rf , and with 0 limited to 30 , the smallest available radius 

of curvature i s given approximately by P . * ***~ . 
\ nun* g 

(d) AfilWa'fl rrp/TBH fclt. Consider a constant asiauth progress 

rate, XI . The heading reference function for concentric c irc les 

may be written «l • - A t , and we have i » -XI . Substituting; this 

In liquation (2.2) r ives ft- - ^ . . . . ( 6 . 1 ) 

Bank angle Is limited to TO , but the stabilised value on a reference 

path must be smaller, }rj order to provide leeway for correcting 

action. Assume that the naxinua stabilized 0 i s 16 . Then by (6 .1) . 

the larger the value of V uhlchmay enter, the anallerfl. must be. 

If the system admitB aircraft uo to about TOO m.p.h., Q cannot 

exceed 1 /seoond. But i f aircraft enter the azimuth control rone 

only at reduced speeds in preparation for landing, any vp to 150 t i i les /hr. , 

then XL can be raised to ?°/escond. 

(e) Tina AeruTAev. Let £ be the maxiuum error of the 0 meae-

ureaent system. Then for concentric circle reference paths, the 

Maximum error in t ine schedule, »£., »»y be written 6 • - T T * . . . ( 6 . 3 ) 

where K would be 1 i f the stabil ization system vara perfect, but 

actually wi l l be considerably larger than 1 . (6.P) Indicates that 
t 
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H high azimuth rato,i) . , ia desirable to roduca the tiae error. 

Thla i s aistply a way, suitable i'or thie problem, of expressing the 

fact that linear accuracy in the 0 direction improves as the rafiiue 

decreasoe. Simply to f ix ideao, assume 6 a £ * > £L*- 1 /second, 
9 sfi 

K • 10, then 61 • ± 0 seconds. 

(f) Limitation of p to J 30°. This limitation ia an optional 

one, since there la of course nothing r.'aout the aircraft i t s e l f 
o ' vhlch llriita p . The limitation to ± 70 wil l be applied to reference 

paths, and correcting notion wil l be peruieslole up to say ? - z. *5 • 

The reasons for the limitation are as follovsi 

(1) Paths involving larger values of £ cal l for quite 

different lines of attack on setting up a s tabi l i sa­

tion syntoia. 

(r>) one of the main ideas of aslnuth control i s to 

provide safe separation between aircraft by separa­

tion in azimuth. The azimuth oepnrr.tione associated 

with given tine separations become smaller as £ 

becoaes larger, as indicated in Fi'-ure 1,1. 

(3) Alone tho l ines of iteu (e) on tlae accuracy, for 

a riven angle error, £ f i , the oorrasponnlrv tine 

schedule error 6 4 increases as $ increases. The 

effect i s small for 0 not exceeding £ 46°, but then 

gradually becoaes large. 
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£lt22X&JLZ< 

Smull 6 

atrcr*tt position 

another <xir-cr-oxt ox 

IsMM & 

.airtr* aircr* • « s 

Section 7. Mat** on Rafarwnca Functions Complement to Section 4 ) . 

(1) At constant speed, V, and a t MsHtMl nrAnuth nrarraHl. achiflulfl. 

Q » i X . the only possible reference paths are circles centered at 

the origin or c irc les which pass through tho oriflni 

Equation (2.8) wn«, 0 • (Q3 • ep) tan p - 0 

With 0 » i l , © » 0 I t beoomeet 

UL*}) tanp - 0 ....(7.1) 

Solutions of (7.1) aret ( a ) ( p . - 0 
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Corresponding to (a) v« have r • —^*-«- •-'~ vrhioh 

ie ?» c ircle with nontor at the origin 

Corresponding to (b) ve have r » " Q , wide 

i s a c irclo which pasoes through the origin. 

(2) Equiangular spiral 

equation (3.5) i s convenient for setting up the equi­

angular spiral in the forn desired here. 

Let p. • constant 

Let C » tan p\ 

Than (2.5) becomes: 

0 • C Q - 0 

Integration gives: § " c
1

t ^ Q 

where C_ • 0(0) 
i C ' 

b • • 3 W *l 

94 - ^ lOfttC^t «• 1) 

(a) Spirals for which 0 • a • be 

Start with the general relation: 

^g-tanf i ....(7.2) 

With p » a • be, (7.2) becomes: 

J* - tan (a*bO)de . . . . ( 7 . ? ) 
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Integrate (7.3)i . 

r « o£coe(n •*• ofî  * . . . . ( 7 . 4 ) 

where o i s an Integration constant 

For azinuth progress control • family of radially ;»lailar 

curves la deaired, with radius proportional to 3po<?d, V. 

(7.4) can be re--/ritten with o • CV", 

r • Cv(coe(a • bO)] . . . . ( 7 . 5 ) 

r 
VC[coe(a • b0)| * 

0 » J[coe(a • b©)) * . . . . ( 7 . 6 ) 

(7.6) ean ba integrated in tarns of elementary functions 

whenever (1 • r ) i s an integer (positive or negative) 

?or example, l e t b • - ~; than 1 • T• - 1, and tha integral 

of (7.6) i s : 

£<t - %0) • P aln(a - | 0) . . . . ( 7 . 7 ) 

Let a • 0 (this K aunts to rotitlnp the base l ine of the 

polar coordinate system), and lat t - 0. The* (7.7) i s , 

t m 2 C sin e&end with 0 • - - 0 and (7.5) we hare the 

reference functions which were given for the o&rdlod In 

Section 4: 

*1- - I ° t 
r4 • cv oos(- * e l )

3 - Jp (l • cos 9t) 

The font of ti»e relation between r and 0 eho'.'s that the 

curves are cardlods 
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(4) Construction of reforenco functions for eccentric circlea. 

ElKurg 1A« 

In figure 14,0 ie tne center of a polar coordinate tyateo. an 

Aircraft nores on the eccentric circle of radiue K nnd center 0* 

at rate of turn p. bet t he the location of the aircraft at 

iimv, t , and I' b« %h« nolnt wliere the circle croseee the y axle. 

Helatloxo(7.6) to (7.1:*) can he seen from the f lours. 

(ft = - pt (taking t > 0 at A) (7.fl) 

/UP0» » - 0 (7.9) 

(p and / are measured positive clookvlse) 

^ • f l f t f (7.10) 
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H "* BlnQ ninO l 7 ' u * 

©' « pt (? . ia) 

R eln© U a ; 

Combining (7,10) and (7.11) /*ivea: 

sin p" • - sin y sin © (7.14) 

'hit B » 0 • + (iSq. (1.1) ) 

•» 0 - pt , (7.15) 

and (7.1?) becomes: 

eln(0 - pt) « - sin y sin ft 

sin 0 COB pt - COB 0 sin pt - - sin ft eln 0 

eln 9(nos pt • sin JO • OOB 0 Bin pt 

tan 9 - • * • • £ «„X ( 7*1 6> 
ooa pt ••• sin 5 

Since R • V/p, (7.1,7) £ivsss 

l i O u * ( - . i 7 ) 

p sin 0 

Ueing (7.16) , 9 l n g - |1 + ^j^ g l n p t 

Therefore, r - - J1 • air.2? * R cos pt s i n f (7.18) 

ijet C • Bin if , then the reference functions are given 

by (7.16), (7.15), *nc (7.18) in the form 

ten 0, - S i p* 5 c 

1 COB pt * C 

P\ - \ - pt (7.19) 

r. •» J Y l * 2C cos pt • Cn 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



! 

Rtruort R-189 
-60 -

Lst K » OA/03 

C can be expressed In terms of Kj 

OA • a * GO1 - a * H em X 

03 » 1 • 00* «• H - R aln y 

C « aln t( • *' ""T 
K • 1 

Section 8 . Enmitlonft for Section So. 

ftmatlono (7.5) nnri (7.6) %411 be used to find the tine 

of fll/rht of p"ths p, and p in Figure 10. 

V - aircraft speed (same on p , p, and p ) 

{Lm arlnuth progress rate on p 

AS • dlaiteter of p • 2V/H (8.1) 

On Pj» P " - J • J 0 whloh It of the foro 0 - a + b» 

w l t h a - - { - , b - J 

By (7.5) the polar coordinate equation of p. (about the 

center 0. in figure 10) let 

r - CV£>OB(-J* J©)"4 (8.2) 

at 0 - 0 , r(0) - CV £co«(- J)J "* - 4 CV 

at 0 - i» , r(n) - CV [ooe o j "* • CV 

r(0) • r(r) • JS « 6CV 

Therefore by (8 .1) , C • g^£-

By (7.6), o - 5 ^ cotS(-J • J 0) 
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Thersfora the titaa of f l ight on p. i s : 

Ti7 A™ ^h*m 

So 

a^jT .«„fl^=jr p s in s - = - u sin " - = - » 1 IT 
i 1 V L 3 _ . 3 , O t T T [4—rr^^-TT^4:10^" — 

L cos • Z " cos T „ J o 

Similarly on p2t 

r(0) • CV cos 

r(0) - J CV 

r(U) - CV 

Ho) • r(n) » 

C » 8/5/2. 

• 5H. - 3 
0 " a 

vy A 
' 0 

- 3.76/iL 

1 
4 

l o r 
4 

<5-

cos 

. J . ) 

• f 

i«> 

, E t * " 
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IT. JlitaMllgftt^on 

This chapter wi l l formulate requirements for otnblllzing 

Hircrr.it notion when the Aircraft la guided by asiauth r,nd heading 

"reference function*". The analysis wil l deal with the caaa In 

whlolt the schedule cal ls for azimuth progress at » constant m t e , 

the reference patha being circles centered at the origin. I t wil l 

be assumed that a control ayeten stabilized for this baalc oaae 

would alao serve for other reference patha such aa eccentric 

circles and aplrala, provided the difference from concentric circlea 

la not great; I . e . for eccentric circles that the center la fairly 

near the origin, and for equiangular aplrala that the oonatant 

angle § la relatively email. 

Section 9 . liiMflT ApnrPKlBflUQn rrPQlflUTM 

The stnbllity of non linear dynamic systems of the type 

to be dealt with here can be determined by analyala baaed on the 

f lrat order terna of power series expansions of the differential 

equations In tense of their dependent variables. The process wi l l 

be termed "linearizing4* the system. Simple rulaa for linearisation 

will be given in section 9b. 

An "Increment function" wi l l be defined aa the deviation 

of a quantity from l ta "reference function", and wil l be denoted 

by the eyrabol / b e f o r e the vnrlable, e . g . , Jv ( t ) - O(t) - O . U ) , 

where 9(t ) la the actual function, and tt.(t) la the referenoe 

function, derivatives of Jo wi l l be written <fo, / o , e te . 
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"Linearized" variables iay Appear in the syeteu equations 

in two forme: (1) as the wl*>le of the functions or, {?) ae incre­

ment functiuna. The equations can always be converted fron either 

form to the other, 

section 9a. foalc M M B mwroxlBntlQaa 

The reference functions for c ircles centered «t the origin 

wil l be needed: 

.(9.1) 

Reference fur-c-ti-as for other variables -«~. •<*• u«riv*d 

from ( 9 , 1 ) , in particraler 

end 

4 - p - o ( l . i ) *iv«»i ^ - - a t 

5)ie lateral equation of aotion ̂ * - tan 0 (2.2) It 

approximated by linear equation ~ * • $ (9.?) 
A IS 

At 0 • 16° the difference between tan f and f le only 30, while 

at K)°, the difference le 9i. Since bank anrle it to bs limited 

to .T)°, the approximation le quite Vpod throughout the range. 

(The power eerlee for tan d le tan 0 •» 0 • ̂ ~""* ̂ jT • ...» tbue 

the deviation from linearity le third order.) 

The linear approximation for r - v tin P let 

r-Vp* (9.4) 

At p • f»° the error In rmplaoin* t i n P by p l e 84, and at 0 « 46° 

i t l e &f£« Again the error l e a third order f f f e e t . 
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For rO = V oo8 p, (2 .4 ) , ye can w i t e : 

With p snail , cos0 • 1; and with (To/ft small, T ^ d e / f T " *'X " °*fa* 

thus the linear approximation for (9.6) Is: 

r " - ^ (2 - * ) (replacing o"o by 9 -12 ) or 

The approximations in this case require dropping second and higher 

degree terns of the two pouer aeries ooa £ » 1 - ~ - * — and 

1 v ô wVft • * - Oft/ft • ( » 9 / 0 ) • — , thus there are two second 

order errore in the linearised equation. However, the second order 

teras tend to cancel each other out, the product of the tvu power 

series being x ?*<}%£ m l ' n * I ( fl ) 2 * I " J * *'*"* o r d * ' 

terae. Aa a result , when both (3 and *~ deviate fron their reference 

values (0 and 1 respectively), the linear approxinatlon may be 

very good, e.R. at fi • 70° and 0 • * f l the difference between 

(9.6) and i t s linear approxinatlon, (9 .6 ) , la 3$. The situation le 

poorer when either 6 or 0 alone deviates from the reference value, 

for oxaopla, when 0 • XI (no deviation) but P • TO , then (9.5) and 

(9.6) differ by 15$. 

Differentiating (9,6) and equptln/r to (9.4) eliminates r, 

ftlvlnff the "linearised* relation between 0 and &t 

* - - * 2 (* ' 7> 

•• Jt ahould be noted that the aynbol o does not imply that an 
approximation has been made. In equation (9.5) if 9 represente 
the function (W -CL ) without approximation. 
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"Ida 1B the linearized equivalent of (2.5) and will bo important 

in formulating stabil isation Byoteae. The linearisation errore in 

this CHSO can be considerably larger than those estimated above, 

and nay have an appreciable effect on solutions of the control 

system equations in cases in which schedule deviations are 

fairly larre. However, the formulation of stabilization systems 

wi l l be based on snail deviations. Subsequent exnnlnation of the 

• f l ee t of non-linearity at the larger deviations may show some 

modification of the feedback constants to be desirable. Section 17 

wi l l exanlne the effect of non-linearity somewliat further, 

iection 9b. fanaftl UMMtKXM&M rulCl. 

The following procedure wi l l fac i l i ta te the analysis 

fey providing a simple routine for "linearization". She procedure 

forms the f i r s t order terns which would appear i f a l l terms in 

the equation '-ere replaced by power series in the dependent variables. 

Given an equation which i s satisfied by the reference 

functions, 

(1) Write down the total differential of the equation, 

enon term being considered as a function of the 

dependent variables. Use the symbol " J" in front 

of the differentials instead of h&". Tn setting 

down the total differential the derivat ive of a 

dependent vartpble are to be treated as senarate 

variables. If tine appears expl ic i t ly It Is to 

be treated as a constant. 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Report R-189 "66~ 

(,?.) J.naert tho reference functions for each dependent 

variable. 

Th8 result i s tho •Linearized equation in terns of incre­

ment f mictions. 

Example: r • r 92 • V" (V » constant) 

reference functions, r. * V/ 

J . . - 0 

Total differential: ?.T ST • 202 r £ r •» 2r 90 9 » 0 
s v r v 2 A r* 

insert rersrence functions: J T £ d r * (?T) l * * # « 0 
^ ' • - ^ » ^ ( 9 ' 8 > 

p ^ 

Since c)r - r - V/ft , the result (9.R) i s the sa'-ie as (9.6) 

An additional convenient rule i s that after finding: the 

linearised equation, I t can be differentiated in normal fashion 

with respoct to time, e .g . dr « - — d o . (In this rule If time 

appears expl ic i t ly i t i s no longer to be treated as a constant.) 

The reason the differentiation rule holds i s that when the terns 

in the original equation are expanded In power ser ies , differen­

tiation of the series terra by tern i s valid, and the f i r s t order 

terns remain f irs t order after differentiation, vhlle higher order 

turns reuain higher order. 
Section 9C. LI M a r f a n Incremental r«1»t1nn. 

The linearised aquations between increment functions 

which v i l l be needed rent frequently are tabulated below for 

later reference. The equations can be obtained either by nlrebraic 
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wjanipulatioa of the linear approximations tfiven in Section 9a, 

Xi£. raplaca 8 by fl.t + d&, r by j£ * d r, e t c . , or by the 

technique of Uoction 9b using the "reference functiona" ^iven by 

fiq. (9.1) and (9 .2) . 

An exception to the use of tiie symbol o wil l be M&de 

for the variable p\ Since P * 0 , the increnent function ie the 

same an the whole function, and the a wil l be omitted. 

J r . «3Ljo (9.9) 
a2 

d r - v p (9.10) 

A - - - 2 * (9.11) 

r* r 
p- » d© •»• c)^ (9.12) 

J cf£* d# (9.1?) 

ft « . -2£ . J"g (g.u) 

Section 10. BgMmli J a i l iMMJtMM 

In the prerioua chapter the dynamic equations of a ir ­

craft motion in a "coordinated tMrn" served only to characterise 

tne geometric features of asimuth pro/Teas control, in particular 

to determine "reference paths" which the aircraft would follow 

i f i t "ere alwaya exactly on schedule, liquations of motion which 

specify the control forces on the aircraft must now be set up in 

order to study actual paths under various Ini t ia l conditions and 

dlaturbances. 

The analysis deala with a "closed loop" mechanical system 

in which control forces on the flrcr.tft are determined by positions 
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of aircraft control surfaces which in turn are determined bv feedback 

date. >'i£ure 1 ghova the system echeuatically. 

Aircraft controller 

(pi lot or auto-pilot) 

U 

Schedule 

• ? 
^nr* 

CharncteristiCB of 

aircraft notion 

Figure 1 . SflhumaMc Control J y i t m . 

The general approach to dynanic description of the three 

schemrtlo parte of the syttea wi l l be as follows: 

(a) AlremJt eontPollar. Thle schematic section represent! 

a human pi lot or an automatic control device and 

mechanical or aervo eyeten linkage fron the cockpit 

to the control wsxfajOM of the airarirft. with 

a iTuoan pi lot the "sero-reader" method night be 

used to indicate stabi l isat ion instructions. A 

description of the dynamic ohnraeterietiee of a 

human or automatic p i lo t and of the control linkage 

would be very complex. Fortunately i t i s not 
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necessary to use detailed ehnractarlstiCB. It can 

be assumed that the rcB.xmne of the internal 

component8 in fAgt compared with that of the air­

craft as a whole. For lateral control of aircraft 

motion the position of aircraft control surfaces 

establishes a rate of roll with negligible lag; 

therefore the Internal dynnnice wil l be taken care 

of simply by assuming that any desired rate of rol l 

can be established without lag. 

(b) Aircraft nation. The linearised dynamic relatione 

glver_ inflection. 9. wi l l ser>* as the dynamic descrip­

tion of this part of the system. 

(c) jTaadhwcic- This section of the system represents 

measuremeat of aircraft position, subtraction of 

reference function values from measured valuee to 

obtain deviation data, and formation of a linear 

combination of deviations of several variables to 

serve as Input to the aircraft controller. The 

output o'' the feedback section wi l l be defined as 

the "stabilisation function*. It i s a linear 

ooubinatlon of "lncreuent functions*. 

»'he dynamic chnracterintloe of the parts of the system 

which are represented schematically by "Aircraft controller" and 

"characteristics of aircraft notion" are fixed by paragraphs (a) 

and (b) above. There remains tiie problem of formulating feedback 
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systeme. A. bnoic ByBtem v l l l be aet up in the next section, and 

other possible oathods v l l l be discuosed in Sections 12 and 1?. 

section 11. flp.alfi Control frratan. 

In the stabilization system to be formulated in this sec­

tion feedback wil l be represented by a •stabilization function", 

£*»o .c /0 + o 2 c ) 9 + cJ3 • o3, that i s , by a weighted sum of 

deviations of as imth and" heading and their derivatives from schedule. 

This may be considered to be a basic form of the desired control 

systeu slnoe only the quantities to be controlled and their 

derivatives are fed back, kore indirect feedback cystous, using 

radius and/or bank angle data, wi l l be considered in Section 12. 

The systen given in t ide section wi l l be used for study of air­

craft paths in Chapters V and VI. 

The reason the stabilisation function, 6 , takes the above 

fora Kil l appear in Section 11a, and selection of numerical values 

for the quantltiee c, to c . in Seotion l i b . 

Section l i s . lHffiirinttftl amot ion e f j tr»*«far fnnntlon* of 

Uslnr the above "stabilisation function* and the assump­

tions of Section 10, the control eyetem i-iay be represented schesu -

t ica l ly aa in figure 2 . The relation ofi « k€ represents continuous 

control of rute of rol l on the basis of the weighted sum of devia­

tions from schedule. 
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: 
Aircraft controller 

0 0 •* c(i 
s<> Characteristics of 

aircraft notion 

5 (p + n2**) *ff 

- n 2 0 9 

$ 

Scljediile 

ot - n t 

tUHBLft* 

Tiie systen of equations in figure 2 can be reduced by 

elimination to the following differential equation In the 

single dependent variable, 0O> (Mote that 0 » J o since 9& • 0) 

*• §*- fs> -* K *• *s ft - s § - % §' ••••<»•» 
The constant k aay be abeorbed in the feedback parameters e, to c , 

that is, for analytical purposes «• take k • 1. (The method of 
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choice of the parrvieterB will mitora-ntlcally take this into account.) 

Sq. (11.1) iaay tJian bo rewritten as: 

— 2 - (TO • —J ft** (~ - r3^) ft * e„ cfo «•• o. 0 0 « 0 . . . (11.8) 

«n2 n.2 e a8 * l 

Since this linearized differential equation for azimuth 

deviation, 0 ©, has constant coefficients, the analysis can pro­

ceed in atralchtforward fashion. The need for including a«iouth 

and headln/: derivatives in the stabilisation function can now be 

seen: A necessary condition that a linear differential equation 

with constant coefficients represent a stnbls ayetsta i s that the 

coefficients of tna derivatives of e l l orders up to the highest 

be non-sero and be of the wane s i m . The terms in 0 0 and CQ 

Mould not be present In (11.2) if the stabilisation function had 

not Included the terns c oQ and o. p, thus Q and p snst be fed 

back to produce s tabi l i ty . 

The need for the term c fl in the stabil isation function 
3 

la not luoedlfttely evident froa JSq. (11.8) since the coefficient 
of og lnoludss — as well at o_. However, wiian numerical values 

« 3 

are inserted for V, A , and c_ to e , i t can be shown that i f o 

i s taken to be zero, the stabilisation characteristics of the system 

are very poor, in fact uselsss . 

alnee the differential eouatlon hae constant coefficients, 

the procedures for servomechanisn synthesis can be used for study 

and aelectlon of feedback constants.* However, refined procedures 

• "i'rinel j les of <>ervoii«ehanisns,* by 0. JJ. 3rown and 1). r . Cacrpbell. 
John Jliey and Son, 1946. 

*Jorvoueciuuiisua," vol . PS of the Hadlrtlon Laboratory i er l e s , 
He •-raw 11111. 
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of servo-system design arts not noceanary for the present pnalyeis. 

/i/:ure B i s a transfer diagram of the ayaten in terms of the con-

plex variable s . I t ni^ht be noted that the presence of A trane-

fer fvinction of the form 0 „ ia BOmevhpt surprising nines 
t 2 * / L 2 P 

i t lnr.-liet that there i» on element in the syoten which can 

generate undamped osc i l la t ions . The oscil lations involved are 

a characteristic of the coordinate syntem not of the notion of 

the aircraft — if the aircraft f l i e s at uniform speed on an 

eccentric c irc le , the pxluuth with resnect to the origin contains 

a aliitisuidal term. 
, I • • I , J l » | 

Ji^-*®—®—•Q-* 

c ? * e 4 . 

* V 

Fi,-ure 3 . IflsMtH gaMJlflt klaflBsV 

section l i t . PaternVnfttlpn af flMttMfc tsUaotypi 

/'or calculiHon purposes the following s.veten of unite 

nan beon convert) ontt a is les in rpdiana, ('i stance in n i l e s , *nd 

time in i l mites. In these units tha <*r«wity constant i s r, • PI.ft i i i les/nin.' 
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Two limiting factors In lnternl control vere noted in 

Section ?: Bank nr.frle i s to bo United to 30 «* .52 rnd,, and mt« 

of rol l to about 5 /second «* 5.2 rad./niin. The rrn/:e of rnto of 

rol l w i l l be used in determination of the feedback parameters. 

Subsequent analysis wi l l show that the bank anrla renalns within 

i t s iroper rpjrv̂ e. 

The stnbiliration function £ » CjOQ • o^cTo • « -0 ' • • . 0 

and the controller action 0 0 • kfc , m&y be combined as: 

6 \ - cx og + c?S 0 • o 3 p • o 4 & (k - 1) 

Since jk » 0 ( iq . (9.2) ) , and jl • *J| • 0 0 we have 
% r r« • 
f • o- o© * c ,0 0 • c 3 p • o p . . . . ( 11 .a ) 

*ho system wil l be set up fur an aircraft entering an 

aflciuth control sector at V • 4 a i lea /n ln . (V i s tr.ken hlrh enough 

to represent aslituth control at cruielnr speed, and to pemit 

subsequent eranination of the behavior durin/: deceleration to 

approach speed.) assune that the scheduled arlrmith prorress rate 

ie f l " 1 radian/minute, and that successive aircraft are to be 

1 radian apart. 

assume that the nlrcraft i s schedulsd to enter the as l -

nuth control rone at 0. • 0 and t « 0 . :*t c)e , do , p" , 3 
1 o* o o* o 

denote the devtrtlons of afimuth, arltiuth rate, hendin/r, and 

he-dlnr rate at t » 0. With scheduled separation beV-een air­

craft of 1 radian, the Init ial azinuth deviation, 0 0 , munt not 

exceed about *0.3 radian, for simplicity assume a case in 

which J© a 0.3 radians, vrhile fk , 0 , and $ are sero. Under 
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thia i n i t i a l condition the I n i t i a l rate of r o l l , 9 , Ro>lied for 

correct ion of the acinuth error w i l l be aesuwed to be 3 r*d./riin. 

(This leaves leeway for higher rates when 0 0 , (J , and 0 are 

not rero. ) Inc^rtinr the nsevuned i n i t i a l condit ions in 2q. (11.3) 

we havei 3 "0 .3 c . , c . • 10. 

o « 10 i s now inserted in equation (11 .2) alon/r v l t h 

V • 4 , « " 2 1 . 8 , and ft » 1 «ivin«i 

Oe"- b.46 0 . 0 0 * (1 - 5 . 4 6 c J OQ • 5 . 4 S o i • 54 .3 0 0 - 0 . . . . ( 1 1 . 4 ) 

The pnm atom c , c , and o w i l l now be selected by 

RSb'ii.ilrv: c r i t i c a l dnstpln*:, i . e . , that (11.4) has 4 equal ne^i t l v e 

real route. The «qu«»\- r s c * . - e t t V e e aenoteu by tho e y s b o l , ^ . 

Tnc character i s t i c polynomial co rr eaponlin/: to (11 .4) i e 

• 4 - 5.45 0 4 i 3 « (1 - 5 .45c ) e 2 • 6 .45eRs • 54.6 

>or c r i t i c a l dmipinr: ve havei 

( • - A ) * - » 4 - 5 .45o 4 « 3 • (1 - 5.45c ) l 2 * 5.45cpe • 54.5 

ia'W'tliv: po-'ero of G tfives: 

A • - 2.72 

e n « • 14.8 

o • - 8.0 (The new tlve "irno of o_ and o offset the 
3 el A 

°4 " " p , ° negatives in P - - 0 / f t 2 and p » - # 0 / f l P 

which entered bocp.uue of the eirn conven­

t ions of the coordinnte system) 

a "stabl l lr .nt l jn function" for the system har> thus been determined! 

i - 10 0 0 •• 1 4 . 8 0 0 - 8 .0 p - 2 . 0 p . . . . ( 1 1 . 3 ) 
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and tha differential equation In 0 for tho control system i s : 

cfo't- 10.9 dQ t 44.5 C'Q V 80.6 do * 54,5d%s0 (11.6) 

(applicable only whan f •» 4, jf).- 1) 

*q. (11.6) wil l provide tne starting point in Section 14 

for exaiilnln/; the path of an olrcruft under asimuth progress 

control when It enters with a fliven i n i t i a l deviation from schedule. 

It will be shown that the feedback constants chosen here provide 

error correction chorncterlsties which approximate tha geometric 

poss ibi l i t ies shown in section 9c, For this reason i t does not 

appear neoeaeary |ej carry out any nore refined sorvo analysis in 

6 search for optimum constants. 

Feedbaak parameter* v«re determined above by assuming 

a particular Init ia l condition; 0© •O.?, 00 • 0 , $ * 0 , 0 " 0 . 
r 0 0 0 0 

As a ehecx thnt the pnraneters obtained do not cal l for too high 

a rate of rol l under other i n i t i a l conditions, coneider the 

following easesi 

(a) dup;iose the aircraft does not enter the arlnuth 

control sector nt the correct rudius. «et the i n i t i a l 

error in radius be £ ° - 5 mile, 
r Xla f 

By (9.9) d6 - - ~ 6 t 

J<5Q - t * J - 1 £ rady«ln. ( a - l , V - 4 ) 

Aaeuise that SQQ - 0 , p^ • 0 , | # - 0 . 
Than 0 « c_ 0*9 - 14.8 x t j - t l . 8 rad. /nln. , which 
Is wall vlthin the permissible ran^e for rate of r o l l . 
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(b) Suppoae tliare io an Init ial heading error 

fi • £ 0.3 riid., and OO = 0 , 0 0 " 0 . 6 " 0 . Then 'o ' o ' o * ro 

\ « a p • - 9.0 x ( t 0.3) « * 2.4 rod./oin. 

again v.thin the allowable control ran^o. 

(e) Suppose at t • 0 that the aircraft has not estab­

lished a bank angle for the azimuth control sector, 

but instead la s t i l l in straight level f l ight . Assume 

00 - 0 , 0 0 » 0, p • 0 . The in i t i a l bank wvfle la 
0 0 O 

0 • 0, and the in i t ia l bank ancle error (using Kq. (9.2) ) ro 

la 

ito**,-^'1!-
Br (9.M), S'4 - f <J> «f t 

0 * w 

By (9.1S), 0o - J«o • S+o - a - 1 
In this case the in i t i a l rata of rol l called for by the 
control systsa la 0 - c p" » - 2 rad. /aln. , which l a 

again in the allowable ranfa. 

Append! X 

Section 12. JllBOMattM SktiflUtatilftP. iBstJaaV 

In the yrecedliv section a control syoteta MM set up 

in the forr.i which wil l be used for analysis of airerr.ft paths i n 

Chapters / find VI. I t wil l be sho^n below that there era othar 

posalbla Methods of stabi l isat ion. The problems Involved in 

evaluation and oonparleon of the vrrious poss ibi l i t ies v l l l be 
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indicated, but It would take n lnr^e auount of datalled analysis 

for a thorough study. 

Consider i'i,'-ure 2 with a stabilization function denotad 

by £ , but otherwise unspecified. The relatione in the figure 

can be combined In the formt 

- 5 ( a • vQ) "€ (*• In Section 11, k can . . . . ( 1 2 . 1 ) 
* fT be absorbed in £ ) 

Tills section wil l examine vnrloue stabil isation functions, . 

.Section 13a. IbMJLUIll jjettMsH 

The quantities which ulrht be used in the stabil isation 

function will be celledu"«safellltlmff elements*. A l i s t of such 

ouantiUes, ineludlnr those which were need in Section 11, follows 

in fable I . 

The coluun headed "Formation* shows how the desired 

StabllirlBff element" would be formed by neane of instrument 

measurements in the aircraft, r , 0 , ^t f, and V are measurements, 

while n end t are known references. Differentiation of a measured 

quantity l e Indicated by "J* rather than by a dot over the variable 

in order to dletiw^iish the fact that differentiation by use of 

alQCtrlcal or mechanical devicee i e involved. 

ihe column headed "dtablllsln* effect" rives the l inear­

ised relation of the "stabilising element" to Jo (obtained by 

use of Equations (9.9) to (9.14) ) . It should be noted that v 

has different significance in this column from that in the 

"Formation" column. In the "Formation" column i t represents 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Report R-189 -79-

Introductlon of spaed meaoureraetnt as part of the feedback process, 

vhile in the "Stabi l is ing Sffect" column, speed appears, not as 

r. measured quantity, but as a parameter of the a i r c ra f t motion. 

Table 1 - tUhUJUJM B — I l s \ . . . ; . 

saatai turnliai aiaitUAiiag m m 
So o - n t <r« 
fi S-A ft 

( - • « - J*e) 
dt • • ' na 

o * ^ 

dft + i U .£ ' dt ' dt " ^ 2 

<fr an aati(a) r - ^ "A? 

hote (1 ) . The reference function for r *• r , " - -^ * 
(Xq. (9.P) ) . Ihorsforo <ty - f i ^ - ^ +/1 t 

Hot* (2 ) . Use of ST as part of a stabilization func­
tion for aslouth oontrol vould not Imply 
that radial stabil isation i t beinc introduced, 
sine* the reference radius, V/A , changes 
freely with the speed of the aircraft and 
i s not specified by the oontrol system. 
(A similar remark applies to a $) 

Koto (*) . r\ i s a nev sy»bol to represent the Riven 
ooablnatlon of bank angle and radius. This 
combination provides a way of using radius 
and bank angle for stabil isation without 
use of spood. 
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Section 12b. ttaUtMBJ •MbsamttSM 

The follovdn^ four comil derations provide a baela for 

combining several "atablllzlng elements'1 Into a "ctnbili-.'atlon 

function". 

(1) The stabilisation function oust account 

for 0 0 and I t s f irs t three derivatives. The reasons 

for this vere eiven In Section 11 In the two paragraphs 

which follow Equation (11.3) . 

(2) The "stabilising elements" In Table I can 

he divided Into two groups corresponding to evsn and 

odd <Jw derivatives; 

09, jjk tram - cfe, <f+, p\ r 

ft. <fy.0. <Tr, far^ 
The stabil isation fuaotion might be written £ - § * 6 g» 

where 6 . consists of elements from the 0 0 , d o group, 

and ( o f elemeata from the d o , group* 

(?) The •tablliration function should be a l inear 

combination of four elements, two from the Jo, 0 0 group 

and two from the «0 , do group. There arm tev*jral 

combinations of fewer than four elements which meet 

the in i t ia l requirement etated above, that 00 and i t s 
A 

flret three derivatives be represented, e.g.,. two element 

eystem 

£ - o 1 c f ^ * e ^ . o 1 ( ^ * J , 0 ) * V F ^ * C d $ ...(12.2) 

t-
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Briof ctudy of such gyuteiris ahowo th«.t with only tvo 

elements either the eystea c»nnot be stabilized or 

else thuit the stabil isation cliaracteri s t i e s would be 

very poor(lon£ time constants). With three elements 

tiie atp.billr.fttion characteristies are s t i l l unsatis­

factory.M The best three element system appears to 

bet 

C - C j / e t ^ B + c . ^ 

A prellolnary study of the control system characterie-

tlca uain£ this function indicated that the system 

could be s ter i l i sed but would be t,uite inferior to the 

system of Section 11 in which four stabil izing eleuente 

were used. 

The diff iculty with two and three element systems 

le that they introduce fixed relatione between the 

coefficients of the /© derivatives, for example, 

in Equation (12.2) , no matter what valuee of o. and 

c0 are chosen, there i s a fixed ratio between the ooef-

flelente of the 0 0 and terms, and also a fixed ratio 

between the <fb and (f"d coefficient a. With four etabi-

11 t ine elements, two from the 0 0 , d o group and two 
* Uee of Routh'e test for s tab i l i t y , and exanlnation of charac­

ter i s t i c roots associated with reaeonable valuee for the 
constants, c , was rdequnte for these preliminary appraieals. 
For a fourth^ order differential equation with constant coef-
f ic iente , * • ax' • b x + e i + d x - O , Rout^e criterion for 
s tabi l i ty consists of the requirement si 

a, b, e , d 0 

cS - abc • a2d 
(See Karman and Blot, •Mathematical Methods in -rvlneeriru*.") 
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froia the group, the eye tun IB free of such 

constrainto. Uae of raoro than four stabil izing e le ­

ments wo\\lri be retiundnnt. 

(4) The "relative heading* fi appears only AS a 

natter of convenience in analysis. The only way to 

obtain fr in an aircraft 1B by measurement of 0 and </», 

and use of the relation, (J • • • ^ . When £ and 0 

appear In the stabilization function, the terse can 

be regrouped and expressed in terms of 0<j& and CM/: 

6 • c Jo • c 6 0 • e p • o 4 ^ 

- c^O - A t ) * c2(8 - a ) • e3<0 • ^) • c4(S f ^) 

- (c1+o3)(©-nt) •»• (o2*c4)(© - n ) * ozty+nt) -»-c4ty +/i) 

• c^ do to* do • c cfy • c 0/ 

way: 

Tike alternatives can now be considered in the following 

Let €** £ . + € as suggested in item (Z) Above. 

There are really only two alternatives for C .: 

c", • o .J Q + c J , or f « o j B * e2r. Any other 
r * re­

combination of tv>o terms from the wO, w3 groves involves 

exactly the same measurements as one of these two 

expressions. For 6_ there are more alternatives - any 

combination of two elements fixxn the »©, do .̂ roup 

which represents both 00 and (7 0 can be used. 
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The following three exatiples v i l ! be usad as a basis 

for discussion In Section 12c. In each on.no the stabilization 

function, € , and the differential equation lr cfo obtained by 

uee of (12.1) i s given. For slzapllcity A l a assumed equal to 1. 

System A - ^ J© • A^'Q + » 3 P • %4 P 

loams 

• M . 13) 

in - d o " - %<S'*+ (? - O v Q • tv><f© • a, d o • 0 (12.3) 
V 6 * g 3 « A 

r • * do •*• * <J» • v p •»• b J<jfr 
^ 1 2 3 4 

System I - b^O - t ) • b g l r - ?) «• b^O f ^ ) • * 4 < ^ * 1) 

(to) 
^ d o " - b cfb'-r ( - - b„)<T© - (b„V •• b ) / © • b , J © s P . . . ( 1 2 . 4 ) 

V ĝ 4 f 3 2 4 1 

^ - CjCfo • c ^ • « 8 # * c4cf«jfr 

S y , t C B y - c^Q - %) • c2(0 + *) «• o3(0 ••• y6) • c 4 ( ^ * • 1) 

^J©"- ( c 2 J • o4) J© • (J - o3)cTo - (2c2 j • c4) J o • c1<J0 - 0 

(12.6) 

Section 12o. Stam required for further nnAlvnls. 

?horo»Jgh evaluation and conparieoh of the alternative 

Stabilisation systems would require careful analysis of the 

following factors. 

(c) 
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It can be soon that V enters ao o parameter in different 

ways in Equations (IP.3) , (1P.4), and (1?.6) . (Also oea Fi^ire a 

which represents example (a) above. In that fi/^ire r enters as 

a gain factor in the feed-forward section of the servo system. 

In transfer fimctlon diagrams for examples (b) and (c) V would 

also enter in the feedback sections, thus giving different sta­

b i l i ty characteriAticn.) A detailed analysis of the alternative 

systems would require determination of the range of speeds over 

which sach system would provide satisfactory characteristics. 

A preliminary analysis was i a<ie of examples (a) and ( c ) . The 

results indicated that the s tabi l i ty of (c) i s more sensitive to 

speed changes, and that there might be difficulty in finding 

constants for that system which would be satisfactory over an 

adequate range of spends. 

The s tabi l i ty characteristics of the various systems 

can be made independent of speed by using speed measurement as a 

multiplier in the stabilization function. In example (a) above 

the stabil isation function would become! 

£ » V(a' (To • ai Jw •• a', ^ • ai i) 
1 Z 3 4 

, ,N substituting tills in (1^.1) divest 
va' / 

g * • " »4 & • £ - a3> ^ • a» / o • a|cTQ « 0 

Thus the differential equation no longer contains V, and the 

s tabi l i ty characteristics are nominally the sane at a l l apeede. 
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The OHine procedure applies to the other systena except that only 

port of the stabilisation function should be multiplied by V, 

e.g. in oxaople (c)i 

€» ?(c|cfo • c£ 0 • c^J^) * cjK\ 

(c*i £**•• t n e differential equation! 

•1 CTQ"- ( -2 -r 0 i ) J"o* • <* - c') eft) - (—• t- c«) /© • 0! cTo • 0 
g fc* 4 « 3 « 4 1 

This procedure appears to be desirable except for the added 

complication in the stabil isat ion function. The effect of errors 

in spend measurement also has to be examined, particularly in 

oases l ike (c1) vhere V multiplies only ptirt of the stabil isation 

function. 

(2) HBnauremRnt error* 

Since the stabilisation function can make use of dif­

ferent ner.oureoents and would weight then differently, the 

probable errors of each type of measurement should be estimated 

and their effects on the system studied. The measurements which 

are most likely to introduce difficulties are V, •* , •• , and 

W± { TZ because it includes TT ). Kach of these quantities must 
Clt at av 

be smoothed uut to eliminate irregularities. In the case of r 

and 9, radio preparation noise must be filtered out before taking 

taelr derlrntlTSs. Air speed, V, must be smoothed to eliminate 

the effects of turbulence. The smoothing (or filtering) process is 

equiTalent to introducinf: delays in transmission of the data to 
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tho system. Tije effeot is to rake it Were difficult to obtain a 

stable system. 

The three examples, (a), (b), and (c), above provide 

alternatives with regard to the use of smoothed data. iiystam (a) 

uses ~~f , system (b) uses V, and system (c) contains none of the 

ut 
doubtful quantities. 

(3) Effect frj Mtlj 

The effect of a steady wind on system (a) wil l be 

analysed In Chapter Vj. In raner*! wind adds a ainusoidal pertur­

bation term to the egress ions for tlm "siabilisinr elements" in 

tarnn of 0 8 . For example, QT, which appears in Tabls I aa 

- "~T 0 0 becomes - T~rQ 0 • 5f coa ( f \t • p) , where w «* wind mag-
fL? fir iL 

nltuda and ix » wind direction. The perturbations Introduce a 

snail "forced oscil lation" into the aircraft Motion. Tne procedure 

of Chapter VI could be applied to alternative stabil isation systems 

in orryr to determine which minimlsea the effect of vlnd. (The 

oscil latory effect of vlnd on orbital flight i s analay-ous to a 

parallel dl aplacement effect on straight path stabil isation.) 

(4) affect gf npa-UnnnrttY. 

It wi l l be shown in Section 17 thct the linearised 

analysis used throughout the thesis ia a reasonable approximation 

but should not be taken as a final evaluation. The effect of 

non-linearity becomes large enough to make i t desirable to follow 

up the results of analysis by linear approximation with mora 
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exact calculations In which the principal non- l lnear l t l e s of the 

system are taken into account. The difference* betveen llne.-rlr»ed 

and non-linear ca lculat ions found in Section 17 i s su f f i c i ent 

to Indicate that In comparing a l ternat ive s t a b i l i z a t i o n systems 

study of the non-linear e f fec t s might have an appreciable bearing 

on the evn.lur.tion. 

Section 1?. further Conaldflrr.Uon of f\ Control fctaJMM BltM 

ULam iafl Baafllae KmttMfc 

In this* appendix the s t^bi l i rnt ion system w i l l be 

fundamentally tho saue as i n Section 11 , but the form of presen­

tat ion v i l l bo roviaed in o n e r to accomplish the following 

purposes: 

(a) To i l l u s t r a t e tho concept discussed at the beginning 

of Section 3 , — tnut eouij.iant for a?inuth progress 

control can be consl(tared an one feature of an 

integrated aircrnft guidance eouipment system. In 

the s t a b i l i s a t i o n syston described oolov, nrlnuth 

error feedback v i l l be part of the input to an 

auto -p i lo t heading control , and the auto-ul lot can 

be considered to be the eoulpnant in use on nresent 

day a i rcra f t . 

(b) To show the s t a b i l i z a t i o n system In a form "hieh 

has tho spec i f ic featxirao required for azimuth 

progress control , but Which peruitu introduction 
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of experiment;:! data or assumptions concerning the 

a i rc ra f t control ler «nd eircrnf t Motion riynsniea 

other than the RBRunptions Riven In iection 10. 

(c) To ehow the re la t ion between reprueentation of the 

ayotem by d i f fe rent ia l equations, and Laplace 

tr&nafom ( t ransfer function) d iagram. 

In the schematic ilagran below (Figure 4) the a i r c r a f t 

heading i s Assumed to be controlled by an auto-p i lo t , and a?irauth 

feedback may be considered to be en added f a c i l i t y which ciian^es 

the heading schedule in the direct ion which s tab i l i zes azimuth 

progress . 

Heading ochedule 
Aircraft control ler 

auto-pi lot 

Azimuth fcW-k->—*• 

Charecteristica 
of 

aircraft notion 

bending feedback 

Ariauth feedback 

figure 4 . i M — 1 1 1 Contra! iMJaaV 

In orq»r to formul»te the anglyelo in A :.ore general 

Way than in iect ion 11 , the ayntea diagram can next be set up as 

in f igure 5 . Heading appears as the var iable , v/> (conpaa* heading), 
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rathor than p (relative heading) since an auto-pilot has a compass 

reference. </< ic the hendiiv: reference function, and 0 a 0. - £• « 
1 a i s- O 

i s the input to the auto -p i lo t , 6 being a weighted sum of 

deviations in arinuth and azimuth ra te , ^he actual heading, i/', 

i s nubtracted i rou ^ to f i v e the incremental input, € , 
a a 

to the auto -p i lo t . The rectangle containing the notation, £ ~*£c* 

represents the as yet unspecified dynamic response of the a ircraf t 

control surfaces to the mechanical system ins ide the 'dreraf t . 

The next rectangle, containing <£ -»^» represents the heading 

response of the a ircraft to i t s control surfaces. The f ina l 

block, a re lat ion between heading »nd azimuth, i e Eq. ( ? . 5 ) , 

v l t h ^ * 0 suoBtitnted for ft. 

Picture 5 has addad n i l of the necessary nrimith re lat ions 

for azimuth progress control to a handing control system "hose 

dyne->lc character i s t ic* have not been spec i f i ed . The presentation 

provides a framework for making dynr.nl c as: unptionj other than 

those of Section 10 . In part icu lar , experimental data on heading 

s t a b i l i z a t i o n could nerve as a basis for analysis of azimuth 

contro l . The non-linear re lat ion oet^een 9 and ^ could be handled 

by ii.chine computation or could be replaced by the l inear approxi­

mation: 

H •* IL2 ((fe • dtff) - o .. . .(13.D 
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* i 
- I L t 

* i " * 9 ^ 

0J 

©t - i l t 

6. 
6 , - a 

7®-
' a ' 

c^tfft i- c 2 <U 

Internal 
Mechanlso 

Heading 
Response £ S*(2»2t-e^) ton(«/*9)*0! 

I f flftd^ftci; 

" T T T ft 

Figure 6 la a transfer function diagram, equivalent to 

>'lgure 5 at Bcip.ll deviations. In this case the unspecified relatione, 

( 6 - - * ^ 0 ) «n* ^ e ~ * ^ »PP«*r »• unspecified tn<nsfer functions 

0 and 0 . 
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XI 

"T-*-<j« 

c i * V 

6 

?imr« 6. arnnnfor ^unction oia«raa 6<nUvfllgnt %Q tUffld 5. 

The remainder of thle section will deal "lth the relation 

between the differential equation representation of the system, 

as in j-'imre 5, and the transfer fttnetljtt rspra..entatlon, Figure 6. 

This oat wi l l serve as an eranple of methods uned in other pirts 

of the r*_.>rt. 

In on.er to deal with a con,jletsly foruulated example, 

the aar-uaptiono of Jectlon 10 v l l l be introduced. Lag in the 

mectiarAame inside the aircraft la asauoed negligible, and he'<dln£ 

rate li.foruntlon i s resumed to be obtained by differentiation of 

the nuto-pllot input, € . The relation 6 -»£ in Pigurt 6 takes 

the fortij £ ( t ) - c „ £ (t) • c , £ (t) . (I?.?) 
c 3 a * •> 

ABRUbiing coordinated turns and no lag in rate of ro l l , the pair 

uf equations: 0 » k £ 
7 S 
**tp* • tan 0 

....(13..'') 

describe the heading response, fe -+ *}. For analytical purposes 

le t K • 1. 
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Tli<5 d i f f erent ia l equntlon representation of the s^ateir. 

;«\s now Oeon npeelf ied. In orde^* to o«t u- the tmnefer function 

diqgrasi the di; ferent inl ecuiationn " i l l be expressed In l inear ized 

incremental f o r i and then replaced by :.«plm:e transform re la t ione . 

Each t^-nsfer function in the r&tio of output to Input In the 

I'reojnency douMn. 

( l ? . 2 ) beconee fc (e) - o„ e ( t ) * e . t 6 ( s ) In the 

frequency rtoapln, <vnd we hnve)t 

si • i W V * V (17-4) 

n 

(i.7.."^) in l lne*rls«d incremental forn »)<>coiei 

/if - t U; 
c 

Cll l lnatlng JC tflveBt ~J«^ » £ » 

ftj.n in tr-.n*f I rk»t«tloA1 — u' C)MK) m t (*•' 
£ c 

2 6 C ( . ) Vtr> 

(11.1) In tranaforu notiMon t» 

» c)0(e) "» X l 2 £ d o U ; * <f*t(*)l • 0 . v h i i . rtvet 

th.* a \J> -* o 0 t r t n i f e r runctlor »1 "«*«"> niivn In 

•'lnnlly fc • c , 0 0 * C_C)Q In f imr© 5 berj-nee 

60 (*) 
- - c, • e 0 e ToTTT " ci 
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After finding the transfer f\mction:i» the transfer 

diagram can be set up as in Figure 6. One nut be enreful, 

however, in dra'/in/: the interconnect!ono, since in the transfer 

diagram al l functions are in incremental form, while the differ­

ential equation diagram contains subtraction points where incre­

mental quantities are formed. The writer has found i t desirable 

to check the equivalence "henever both types of diagram arc 

drawn up. An overall check i s provided by using the transfer 

dlagraa to find the overall transfer function as a quotient of 

polynomials in s , and seeing vhether the polynomial in the 

denominator agrees with the characteristic polynomial of the 

system found by reducing the differential equations to a single 

linearired equation in 
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-he procedure of Section 11 led to the formulation of 

a control isyatem v i t h spec i f i c feedback pnratieters. This chapter 

slwwe the resul t ing aziuuth deviat ion c h a r a c t e r i s t i c s and f l i g h t 

paths aasumiry; no wind. The main resu l t s are obtained by use of 

l inear approximation. An appendix examines the approximation 

procedure and shove that i t i e f a i r l y s a t i s f a c t o r y . 

sect ion 14 . Correction of I n i t i a l *rror at Constant Snead 

*he f l i g h t beiwivior deter:lined b;* the s t a b i l i z a t i o n 

eyotwn v ) H be ohovn for the s i tuat ion "hen an a ircraf t enters 

an r.ftiauth control sector somewhat off schedule. Assume a con-

strnt speed of 4 miles/rain, and an a*i:iuth rr te schedule of Si" 1 rrrt. /nln. 

(These particular values nre used for convenience in computation 

since they vera used in Section 11 in ee l ec t inr feedback parameters. 

For more detai led analys i s a ranre of value*, of f and perhape 

AIBO of A should oa considered. The eouatlons reouired for mora 

.-•eneral study w i l l oe riven In an appendix — Sect ion IP . ) lhe 

d i f ferent ia l equation in OQ i s : 

o'S'f 10.9 Ott • 44.5 0 0 -r 8 0 . 8 / 0 • S 4 . 5 0 9 • 0 . . . . ( 1 4 . 1 ) 

vnicii has four eoual charac ter i s t i c roo t s , A " - 8 » f t | ao that the 

solut ion can be wri t ten: 

< f o - e A t p ( t ) (14.?) 

where p ( t ) l a a tl i ird decree polynomial. 
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>r, 0 9 , l.et thero je an Init ia l ajii.uth error, 0 9 » ann nxuume 
o 

th^t ttie other in i t ia l dovintiona nre /*lven in the form 

00(0) = B(0) = &(0) « 0 . 

Since, by (9.11), p •» -•*"5 and fi » - — • , the initi.nl conditions 

r a" f, n 2 , . 
for (14.1) are 09(0) = <f$ , 0 9(0) « 0, U9(0) » 0, and 09(0) • 0. 
*iie solution of (14.1) under these initial conditions is: 

V 2 2 N. 3 3 
(fd - j*9 • ** (1 ->t * ̂ T 1 - - * - 4 - ) (radians) ....(14.3) 

( > • - :>.72, 0 0 unspecified) 

. . . . ( 14 .4 ) 

A • - «.TO, d< 

The linear approximations to the other vnri»bleo nre 

then ci*«n byt 

H«dlus, r = 4 - 4 09 (miles) 

Heading, ^ « - d 9 (radians) 

Sink Anglo, f - - .18 (1 • 0 9 * 09) (radians) 

Hate of roll,j* - - .18 (e)9 +06*) rad./min. 

i*et the In i t ia l a*i:iuth error be 0 9 • - 0 . * radian • - 17°, 
o 

figure 1 shovs the azimuth deviation as a function of time, and 

Yitfire P shovs the aircraft path. In ?lfture P. the points Indicated 

by • are actual positions, and those 1:.dieted by O nre the 

corroa, oaQiiir' scheduled positions. The behavior i n heading, 

bank, and rate of rol l e n be seen from the following tnblet 
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TABLK I 

Tine 
(minutes) 

0 

0 . 2 5 

0 . 5 

0 . 7 5 

1.0 

1.5 

P.O 

JlaU 

Azlwuth 
orror,<To 

(Degrees) 

- 1 7 ° 

- 17 

- 16 

- 14 

- 13 

- 7 

- 3 

• 

HadiUB, r 
(miles) 

4 

7.9 

3.6 

3 .4 

3 .3 

3.4 

3 .6 

3.9 

rtelrtive 
Heading, P 
(^e/rreet) 

0° 

- 11 

- 16 

- 11 

- 3 

• 6 

• 6 

* 2 

Bnnk mw:le, 

(Decrees) 

- 1 0 ° 

- 19 

- 10 

- 6 

- 7 

- 11 

- la 

- l i 

Rate of 
r o l l , $ 
Dorreee/soo. 

- ?.,9 / s e c . 

• 0.5 

• 0 .6 

• 0 . 1 

- 0 . 1 

- 0 . 1 

0 

0 

/o't 

/e 

t (mi f lu tes ) 

Vlrura i 
Ailmth tirror nu U M 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Reoort R-189 
-97-

X 

starting 
point 

Figure 9. Aircraft r»th After ln l t ln l -17° Srror. 

—o— scheduled position 

—»•- actual path 

Fi,«ure 1 indicates thnt nri'..uth trorress control would 

st> oi l ire an in i t ia l error mther slowly. In the f iret £ alnute 

there i s prHCtically no reduction of the error, after 1 minute 

the error in reduced about TO/i, and after tvx> minutes i t i e down 

about 80^. 

The etnbllirntlon chrx>.etcristies are nbout as expectoo 

trtien ono considers the tine-dlstance-azinutn relatione obtainable 

by path yarlation on purely reoraetrlc grounds (sen taction 5c.) 
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Tftfl resultu of tnis auction nhould therefore be aumir.ri~.ed p r l -

rtsrily by saying that J&& SOnJ&I&JL. ay a foci .goi ua i n >Saction 2J, £»s-

haau basically aa aatijatf && MflBBtt agMacm c ^ r e ^ 

(a) i'he ayateu provides close<i loop *ruidance which 

chooses approximately correct geometric paths for 

azimuth s t a b i l i z a t i o n . 

(b) Wole I shows th-1 the bank «m/;le ?>nd rate of 

ro l l re.inin within prncticnl l i m i t s 

Section l b . j tn .Mllsat lon riurlr»- Sused Hefriction 

I t wan noted in .Section !• that nrlnruth progress control 

of 1 ers the p o s s i b i l i t y of f ly ing on *n Arinwth wcherfule (hiring 

deceleration fron c r u i s i i v speed to ap;:ro< ch tueed, naJin/: 

irecise speed control unnecessary. We can no«« examine the dynnml c 

behavior during decelerat ion. 

I t w i l l be assumed th/-t tho deceleration i s constant. 

3')«ea duriry the deceleration period i s described by v • V * a t , 

vnnrt V « original cruiHlnr speed an<! a • acce lerat ion . Tlie 

accelerat ion i s aosuuac. to oe -1 :,ille/min." . (*his v*.lue has 

JSCI. tputed as nor-tnl for UC-n a irplanes . ) Ihe i n i t i a l speed, V, 

i s tHuon AS 4 ai i les/min. , Rnd the deceleration i s »ssiuned to run 

for ?. minutes, rivinr: »m approach speed of ?• n i los /mln . 

The analys is of the, d;-nw.iic system v-hen tho speed i s 

vr-ryinr r i f f ere sonevhnt from that for constant speed. The 

Tocedurr w i l l be described in Section l?b . 
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Let the i n i t i a l ariauth deviation be v and as suae 

09(0) • 0 , cf Q(0) =« 0, and 0 9(0) « 0. Then the ar.iuuth deviation 

(for V » 4 , a » - 1 , ft - 1) la ffiven by: 

(To =» -0 .2 • (cfo * 0 . 2 ) e M ( l - A t * "^-T^- « ^ y ) (radians) o ~ o 

( A - - 2 . T O ) (15.1) 

and the radius by: 

r » 4 - t + < k c f e • O.*)* 4 » 8 (mllee) (15.2) 
3 O 

Figures J and 4 show asimuth deviation T I , time and the 

aircraft path for 3 value* of QQ . These examples indicate the 

following behavior of the systo.i during deceleration: 

(1) The ezinuth control eysten providee ap .roxirlately 

tne desired ,-uldance during deceleration, that l e 

the aircraft takes a course which pernito i t to 

stay near i t s axlnuth schedule. 

(?) iHirln/* decelerntl .n the aircraft tends to fa l l 

somewhat beulnrt scuedule. however, i f the aircraft 

i s behind schedule at the st- rt of i eceleration, 

i t does not f a l l further behind. 

section i c . jjjrwllflfiftUun at MM AJUUYUC rnifiirturi. 

It i s useful for tout pur oior, to uae n sinr<ler but 

cruder analysis than that In the prace^in/; sections. Th* pro­

cedure to be fflven here pemits ^rellninnry study of the reometrlc 
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2-0 t (huniAtes) 

Firure ?. ftT4P"th iMvint.li'" ™- Til™ " n f ^ r yMjflLtMJttl 

t*/ mm-

<fd.*-l-/7' 

<foc*-/7' 

figure 4. H a a a i Ufcfrl —fltt *>ec«loratlon. 
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featuree of guidance paths on the basis of second order differen­

t ia l equations in place of the fourth order eountlone which appeared 

previously. The e.nrlier analysis wil l be referred to ao the 

"fourth order procedure" and the nethad described in tide section 

as the "second order procedure". 

.Section 14 indlcrtod that n fair ly Ion*: tiao i s required 

ta stabi l i se aftor an in i t ia l e?i;nuth error, un the other hand, 

chmyos in relative heading, p , sufficient to detemine the path 

virttt ions required for irirmth progress control, can be nada by 

the v.ircrnit In n relatively short t ine . As a result, a simple 

fori of .•na'Jyiis which approximates the earlier iroeednre can be 

obtained by ne^ectin,: the tine Imp, required to establish n desired 

headln/r; in other "orde, by assaiiru* th*»t relative herrtlnr i s 

unaor Instantaneous control. The "stabilisation function" 

r«' \ij red under thl n assuot^tion i s : 

6 - o. do • o?SQ (16.1) 

where c, and on are constants to be choaen such (tint paths found 

under tao siMjlifyinr aasu*nption are a food auproxination for 

patnsi determined by the earlier analysis. 

Tne procedure used to select c, and o_ appearo in the 

appendix — Section 17c. The values obtained are C. * 1 , c •» P.. 

oe ttln/: P • - c /o/A » M»dA" »» *QUMtion (16.1) becooeet 

Ji5 • 3 cTo * 0 0 • 0 (16.2) 

ihus "a deal vith a second order equation for 00 inste-d of the 

fourth orier equ tion (14.1). 
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£o compare the prthn detor> lined by tho simplified analy-

eia with those obtained earlier, consider i;hs example U3«d in 

aoction 14. The i n i t i a l conditiana are .? radian, 

nnd the corresponding solution of (IB.3) i s : 

cfo • -0 .3 e - t ( l • t ) (radians) (16.?) 

The aircraft path i s then given by J 

Q *= f i t •*• J*Q » t - 0 . 3 *~l(\ t- t ) ) 

r »£• dr »£-^de-4^-j^jjjLtI ) 

TifSira 5 compnros the path obtained by uao of (16.4) with 

that obtained in Section 14. I t can be seen that the "second 

order procedure" of this section provides a reasonable approxima­

tion to that obtained by the earlier analysis. 

It would not have been desirable to proceed directly 

to the second order procedure without f i r s t setting up tlie fourth 

order procedure. In the fourth order procedure U n i t s on rate 

of rol l and bank angle were the dynamic coneiderations which 

determined the permissible aonsitivity of the stabilization 

system, i . e . determined tlie feedback conotonts. On tho other 

hand the second order formulation assumes instrtntaneous heading 

control, disregarding tho dynamic l imitations, Had the second 

order procedure been set up op.rlier there vould have been no 

real bauis for clvoice of feedback parameters, "he gogonq order 

nrocr.dure 1B £O. M tlvjwM ill <JJ\lV AC. G l&L Oi. ftnpTQXlnr.Ung 

geometrical fentureB of the fourth order system. I t v i l l be used 

for this purpose in the sections on the ef 'ect of *dnd. 
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Starting poiht 
<fG0 = - / 7 ° 

"t second ordfr procedure 

r'l.ivre 5 . Uai3P?irlMQn of YlU-ht i ath Utttainad bv fourth Orriar 

and jflconfl vrflor ^rocft^urM. 
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baction 17. MfqqX.Qf KofH-lnwUiy 

It was shown In Section 9a that th« elementary relations 

which Borve as a stnrtla/t point for study of aalnuth progress 

control can be linearized ^thout serious error over the ran/:e 

of the variables which should be covered. This provided prelluinary 

grounds for nnarumliv: tint linearization vuuld serve not only as 

the vny to formulate a stable system, but also as an adequate 

appro 7.1 rant ion procedure for computntion of paths. Ttds soctlon 

wi l l show f i r s t tlL-t the latter assumption needs further inves­

tigation, nnd wil l then show by a step-by-step integration of the 

non-line-.r equations that the linear approximation i s usable. 

section 5c examined patn length alonf two comparable 

spirals , one outside, and the otner inaido -. semicircular reference 

path. I t was noted that in conprrlsbn *dth the length ol the 

semicircle, the path length increase on tho outside spiral was 

several tines ^renter than the path lenrth reduction on the 

lnalrte spiral. On the other hand, according to the linearized 

solution of the str.biliration ayste-n equations, a 0 - 0 Q «**( 1-at+^-rj- - **%") 

(Bq. (14.1) ) , the sane len/rth of t l .n i s required to s t ' b i l i r e 

after an Ini t ia l pgsltlve azimuth error AS after the correspond­

ing MsttltH •pror. TUaa the question arises "hether tlio linear 

approximation hides nn important reometric feature of the paths. 

A, second difficulty i s lhat thn ran^o over "hich linear 

approxl-v tlun i s sntlafactory changes under the -icthenatical 

JZ ? . 3 .? 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Report R-189 

t.nnipulntions "hich leatf from the basic relatione to the final 

equntiono. Consider the equation 

« - - . n 2 e , (i7.i) 

which WOG derived in Section 9a from two equations vhooe linear 

approxinatione were flood over tha daalred ran^e. The non-linear 

foru of (17.1) la 

-iq. (2.5)i 0 - - (0 2 • 0 p) tan p (17.P) 

It wil l ue shown that the difference between (17.1) and (17.?) 

can becoue ler/:e in the ran/:e of variables to ha covered. Tha 

rrrym of .tba variable p in (17.n) wil l be axnmlned. Assume that 

0 « A , i . e . tiv-t there la no error in H7inuth rate, and replace 

tan p by ft, which i t a satisfactory apjroxlmotion over the P 

rnnr.9 batween -45 end +45 . Than (17.2) can be written: 

8 « - / | ? (1 + £ ) p (17.3) 

(17.1) ia a reasonable approximation for (17.?) when r i s a frac­

tion lees than T,. The actual rnnre of values of r* can be aaen from 

the lateral force equation! 

* (p - 0) - tan % (17.4) 

By (17.4), uslnc 0 - f l : ^ - 1 • ^ tan 0 (17.5) 

Let Qm 1 rad./aln. and V • 4 ui lea/oln. Then by (17.5) , in 

covering the allowable r><nre of b*nk anrlen, 0, from -TO0 to 
• 

o P •80 , ^ v a r i e s from -2 .1 to +4.1, whereaa only when i t renalna 

between say -0.5 and "*0.6 la (17.1) a rx>od ap roxlnntion for 

(17.P) or (17..1). It would otay within the narrower Uni t s only 

under small deviations fron schedule. *iws i t appears that 
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replacing (17.2) by (17.1) i s l ikely to be a weal: approximation 

for coaputlng paths when the deviations fron echedule are fa ir ly 

large. 

In view of the above considerations i t appeared desirnble 

to check on the val idity of tlie paths found by linear approximation. 

In order to do so tho differential equations for behavior of the 

system were set up in the sane way as for the linearized procedure, 

except thr.t (17.2) was used in place of (17.1) . The equations are 

riven at the end of this section. The resulting non-linear system 

was integrated etep by step from t • 0 to t • 2.0 minutes, using 

0.1 aln. Intervals, r&tha were commuted for two Ini t ia l conditions: 

(a) 0(0) - - 17°, 0(0) - 3(0) - H(0) - 0 

(b) 0(0) » • 17°, 0(0) - 0 ( 0 ) - £ ( 0 ) - 0 

Flnire 6 compares the paths obtained by step-by-step computation 

with the corresponding linear ap iroxinations (one of which i s 

the exaiple which appeared in section 14). I t can be seen that 

the linear results provide a fa ir ly satisfactory approximation, 

figure 7 eliows the aslouth error v s . tine obtained by 

step-by-step computation for the two in i t ia l conditions. The 

upper curve corresponds to the path outside the ref«rnnce c irc le 

in .figure 6 ami the lower curve to the path inside the c i rc le , 

on the basis of the reo.aetrical dincuasion of tlie difference 

between an outside and »n inside path i t might have been expected 

that the upper curve would tend to stabi l ise uore ouickly than the 

lower. Instead the two curvet t tnbl l lre at "bout the sane rate 
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with ti.o advantage in favor of the lower curve instead of the 

uppor. Firwro G sliove that the s t a b i l i z a t i o n system tends to 

produce greater inward than outward deviations fron the reference 

c i r c l e , and thUB to balance the s t a b i l i z a t i o n chaTactoriatiCB. 

In se t t ing uu the non-linear equati-ms for thti above 

discussion there --are two non- l inear i t i e s to be considered: 

(a) Equation (17.2) above which brings In the character i s t i c s 

of the coordinate system, (b) the ter;.i tan 0 in the l a t e r a l 

force equation ( 1 7 . 4 ) . The second of these was disregarded, that 

l a , (an 0 was replaced by 0, s ince i t appeared to bo only a small 

ef - ect and would have complicated the conputt-tion. The ecuatlone 

of tne s y s t a : can e a s i l y be reduced (usinr tho 'wcie feedback 

constants at before) tu (17.P.) above and (17.6) i 

* £ - o) - io(o - a t ) • u.8(o - a ) - H.O p - n.o p 
c 

(17 .6) 

Assume V « 4 and ft « 1. l*t 0 • w, 0 • n , and 0 • )»• T»en 

the equations can be set uj: i n tue following form which i s Con­

venient fur step-by-step computation: 
jy (17 .? ) : 

3y (17 .6 ) : 

P. f\ m . ( * ' + « < ft.) tan p 

dt 

8-
dt V 

dt * 

0 + 54.6(0 - t ) • 80.6(wi - 1) - 43 .8 8 - 10.9 M 

. . . ( 1 7 . 7 ) 

r •• im i 
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ts* 

(fa,*+ 17* 

^ ^ = "'7° 

Pleura 6. Atrcnut hwtim. 

n 9 Stap-by»»teu coaputrtloh 

. . « . . » . • > uinamr approxinmtlc" 

i ' 

firure 7. Hlfalfc fcatf Tl, DM* 
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5ecticm 18. Sn.BpX^nfinta to frifiUonn 14, \5* nnfl ifi 

Section 18a. Constant apqed ftmy.tlona (Supplement to Section 14). 

Equations for deter dnr.tlon of the f l irht behavior under 

any i n i t i a l conditions afU ^ivon belov. For convenience a l l of 

the necessary reference functions a.u4 linearised increnontal 

r»lations are collected haro. The specific feedback constants 

chosen in Section 11 are used. V and fL appear as parameters. 

The reference functions are: 

A t 

Pi " 0 
.(18.1) 

.(18 .P) 

\ • - *A/« ) 

'ihe necessary linearized Incremental relations aret 

t - - <r<i/ii.* 

. ^ # - ̂  • - 5 <*jf• «r* 
Let the in i t i a l conditions *o rlren as position, haadlnjr, 

and bank aiyle ct t • Oi r , 0 , p , and f . Usinr (18.1) and 

(18 .P) the Init ia l ralues of J o , J o , 0 0 , and J© are seen to 

bet do - 0(0) - 0.(0) - 0 
0 1 _£ 

(Too - - ^T [r(0) - rt(0)] - i l ( l - %* ) 

ft -aV 
cf©; - - a f £ l ^(o)- * #4(o) • cTo(o)J - a f t -y* - 7ft - »> 

. . (18.3) 
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The n i f f a r e n t i a l equation for 0 0 l e t 

;<fo"+ ^ J © + (~ + ^ J c f b * • 14.8 C/6 + lOcJo • 0 (18 .4) 

*rr a 2 « A 2 

After solvine; (IB.4) for 0 0 under the i n i t i a l condi­

t ions (18.rt) , the other variables f-ro obtained by use of ( 1 8 . 2 ) . 

Uection 18b. ttMtilttJssMI BBsMlIflM (Supplement to Section 15) 

In order to aiuilyve the behavior of the ayeteu when 

speud i s YhJ'yiib;, tike dynamic equations w i l l be restr.tedt 

Coordinated turni _>t • 0 

a ircraft control: 0 • lc6 (k » 1) 

s t a b i l i s a t i o n ! 6 " l o d o * 14.8 0*0 - 8 .0 p - P.O p 

p » 0 • / 

r «• v s in f l 

rO • v cos p 

. . ( 1 8 . 5 ) 

liquations (18.5) can be llnearireri by treat ing the 

varylnr speed, v , a s fi constant reforenre speed, V, plus an 

Increment funct ion, cfv; v • V • c ) v . The roference functions 

fur l inear i* in£ tlie system are the sane as for constant speed -

Acuatlons (18 .1) — v i t h the addit ion of a speed reference, 

v. » V. The reduction of the set of eauntions ( i n . 5 ) to a 

In 0 0 s ingle l lnerri^etl equation in 0 0 then proceeds as fo l lovs t 

1/ie l lne^rired i n c a ental forms of r *• v s in [• and 

r 0 " v cr>s p are: 
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J r » V £ (13.6) 

Jr • - -~r 00 * • $ x (13.7) 

Differentiating (18.7) and equating tho result to (16.6) 

gives: 

f-jjl + m. (18-8) 

i'he f i r s t four equations in (18.5) reduce by l.Lneari?.a-

tlon and elimination of ^, 6 , and <f> tot 

^ (jj - cJ'© - — JV - l o d e • 14.8 0 8 - 8.0 B - 2.0 *B . . . (18 .9) 
6 6 

Eliminating £ from (10.9) by use of (18.8) gives the 

differential equation in J 8; 

Jcre%a^\(^^i)crK + w . 8 c r e ^ i o o Q - - ~ ^ W ^ ^ 2 7 ^ * ^ 

. . . . (18 .10) 

1'or the calcul»tiona in Section 16, V • 4 , fi » 1, 

end CTT » at • - t . With these assumptions (18.10) becomee: 

£'$'+ 10.9cfo • 44.5 00 • lA.8cTb « 10 J i - - 10.7 . . . (18.11) 

Solutions to (18.11) for any in i t i a l conditions are 

easily obtained since the l e f t hand side has the coefficients which 

appeared in dealing with constant speed and vrhlch correspond to 

four equal characteristic roote, ^ •» - 2.72. After solving (18.11) 

for 0 0 , (18.7) gives urt and the aircraft path i s given by 

g » t + 0 9 and r » 4 • 0 t • 4 • % • 40 0 . Solutions for par­

ticular i n i t i a l conditions vere given in Section 15. 

In carrying out the above analysis, i t appeared at 

f i r s t tliat the approximation obtained by linearisation night be 
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poor since relatively large speed changes voro treated as f iret 

degree increments. This meant specifically that terns cueh aa 

c/vofl • atwO, being second degree terms, were dropped. Second 

approximation equations were therefore set up. The equation* 

obtained '»ere too unwieldy to work with, tlierefore only the largest 

second decree terns were kept. The following; equation ••as ob­

tained in place of (18.U)t 

Oe"-*- 10.9S"9 • 44.5 J*6 ••• 80.6C/0 •• 5 4 . 5 0 6 • - 10.7 • ^09*+ 10.9c)© 

(18.12) 

The f i r s t approximation — the solution to (18.11) — w.-.a sub­

stituted for 0 9 on the right aide of (18.IP), tinat i s , the solu­

tion to the linearised equation wno used to approximate the second 

degree terns. Approximate solutions to (1H.1?) were thus obtained. 

The revised results differed very l i t t l e froa the f i r s t approxima­

tion, Indicating that within the rango of variations considered 

the f i r s t Approximations were satisfactory. 

Section 180. C\x>icm of stab! l i g a t i o n coiifitnntB (Tupp^.enient to 

Section 16) 

The following procedure vas used to Belect feedback 

constants for the "second order procedure)" such that the paths 

obtained would be a reasonable approximation for results obtained 

by tho fourth order Methods 

Consider the case described in Section 14, where the 
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fourtu order proeuduro was used under the i n i t i a l conditional 

09(0) » OQ t 0©(O) » 0 , p(0) « 0, p(0> « 0 . The nolution for 

J© i s 2q. (14.3): 

J© - CTQ 9
M ( l . A t + ̂ 4*- - ^"r*- ) 

O <tJ O 

( ) i » - P.72) 

and the corresponding solution for (3 i s : 

f )2 O 0 2 

(il-D 
The maximum value of ft, found by use of (18.13), i s : 

fi « .97 J© (18.14) 
rmax. o 

The stabilization function for the eecond order procedure ia 

p - a - d o - f r c d © (18.15) 

and under the in i t ia l conditions, J©(0) • C7©o, 0 9(0) "» 0, 

(18.IS) become*: 

j5(0) - ^ ©o (18.16) 

Aasunirv: lnBtantnneoua herding control, the i n i t i a l value of B 

for the eecond order proceflure ehould be about equal to B^^ 

of the fourth order procedure; therefore, coi^pnrinf: (18.14) 

and (18.16), e. i s taken equal to 1. Inserting B » - J 0 and 

cx » 1 in (18.15) ftives 

c f e * c 2 c ) 6 * J©"»0, (18.17) 

Choice of c2 » 2 then raakea (18.17) represent critical damping. 

It has been shown in Section 26 that the resulting second order 

procedure i s a reasonable approximation for the fourth order pro­

cedure. 
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VI. Jtffoct of Wind 

The af:'oct of a atandv vfind v i l l be examined. 'Iho 

wind wil l be described as a vector of magnitude, tf, and compass 

direction, JA. 

As a preliminary to the study of effect of wind on 

arimuth progress control, the effoct on circular flight paths 

without azimuth control wil l bo shown. The azimuth stabilisation 

system wil l than be examined from two points of view: (a) deter­

mination of azimuth deviations and flight paths when the wind 

vector i s disregarded, (b) provision of revised heading reference 

functions which take wind into account. 

The results for steady winds could be used for prelimi­

nary ext inct ion of the effect of fusts by treating gusts as 

steady winds of short duration. However, ao computations have 

been made along this l ine . 
I 

I t wil l bo neoesiary to ;.iake uss of two coordinate 

systemst rTound coordinates, and a coordinate system which moves 

vith the wind. The latter wi l l be referred to ae "aii^-uaes coor­

dinates". Position in alr-aasfc coordinates wil l be signified by 

primed symbols: x ' , y*, r*, ©• . For convenience we can let the 

centers of the two coordinate systems coincide at t • 0 . Airspeed, 

V, wi l l not be primed, but refers, of course, to air-mass coor­

dinates. 
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sectior. 19. Cirt ilMIlfix-H Control. 

Consider an a ircraf t roving at constant alrspead V, 

and turning at P.. constant ra te , p . Assume there i s a e'swady 

wind of nafinitude, w, and d irect ion , M. The path i s a c i r c l e in 

air-mass coordinates? 

. (19 .1) 
pt ) 

) 
r* - V/p ) 

Tha path in ground coordinates i s obtained by a straightforward 

t r a n s f o r a t i o n of coordinates (see Section 28)t 

V I r « - r i t n ^ pt Mn (ut • u) +1$ t>t) 
p | v w ' • y * 

2 

9 • arc tan ( 
s in pt • 5 pt cos ft 

M 
) 

cos pt *• S pt s in >A 

Figure 1 aluws tha ground path for V 

.(19.3) 

miles/win., 

p • 1 rad./aln., )*. " p (wind in the direction of the positive 

x axis), at two values of & 0.1 and 0.3. 

Secondly, consider an aircraft which moves at constant 

airspeed, V, over n rround circle of radius, R. In the presence 

of wind the ground speed varies "ith angulur position,nnd the 
azimuth progress rate is not constant. The relation between 
axlmuth and tine is Klven by (soa Section ??)i 

t » M 

.(19.3) 

wuere t i s the time between the angular pos i t ions 6 . and 6 ? , 

( 1 9 * 0 can be evaluated ty use of e l l i p t i c lnte. ral t a b l e s . 
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: 

w 

no wind 

starting 
joa'mt 

Figure 1. Affect nf jflLaJ on FUrht UUM 

lit CpnntMit r.wta of g u m 
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liot ~ •» lc. I t i s convenient to l e t w have positive pud 

negative values to indicate opposite *-ind d i rec t ions , usinft a 

single valuo of M. The follovrin/? fev values of the eompltt* 

e l l i p t i c In tegral , i l(k), are sufficient to evaluate (19.3) in 

several cases of in t e res t : 

o I ••• n . l t- ft.2 •*• ft.s 
(19.4) 

For n f l ight patn as indicated in Figure Zt ths t ine 

required to traverse 180° with the vlnrt in the direct ion of the 

y Axis (/A a o) i s given by: 

t - v ( 1 j j^S) a(k) (19.5) 

k 

ii(k) 

0 

1.571 

I ±o . i 
1.567 

1 0.2 

1.555 

± 0 . 3 

1.535 

and for wind in the direction of the x axle by: 

.(19.6) 

^r^---~- Fixed path 

Stnrtln/: point 

Figure 2 . 
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it. • 

Let S » 1, which corresponds to on aftimuth rate of 1 radian/rain. 

in the wind free oase. Under no wind the tine over n lf'.O aector 

i s 3.14 nin. — 1B8 seconds. IHe tine deviations, eft. caused "by 

wind in the y axla direction, obtained by use of (19.4) and (19.5) 

arc: k • 

<J t (seconds) 

• 0.1 1 0.' ± 0 . 3 

* 1 * 6 * 14 

For wind in tho x direction the time changes are: 

k • 0.1 • 0.2 * 0.3 - 0 . 1 -1-0.2 I - 0.3 

0 t (seconds} j • 13 * 31 j + 5 4 1 - 1 1 | - 1 9 | - 25 

Equation (IP..*5:) oan be evaluated to o close ap .roxina­

tion without UBe of e l l i p t i c intonrals by ceries expansion to the 

second decree in k • S . (See Section P.?..) The result 1st 

| • - £ • - k sm<n • 8 ) + J k 2 8 ^ .m 2(n + o)J | ° 2 _ ( i y > 7 ) 

Section 20. Aalmuth 3taMli™tlon. 

In the previous section i t was possible to work with 

exact eouation8, but for analysis of the azimuth stabilization 

system I t in necessary to return to linear approximation. 
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In order to aimplify tho analysis the ofcabi 11 station 

oyster) wil l be represented by a second ortior differential etma-

tion, as discussed in Sectiori 16, rather than by a fourth order 

equation. 

The results to be piven in this asetion can be looked 

at from two pointE of viev: 

(a) Wind disregarded — azimth ant'. he»din^ reference 

functions nay be set up stii the baala of np. wind 

and l e f t unciuuu^ed when vrind i s present. The 

analysis to folio-: then shows th« uziouth errors 

introduced by vinda. 

(b) As a wind error effect — assume that heading 

adjv.etnents are taade to cocipensate for a 

measured wind (sea tho next section). Under wind 

fluctuations and measurement errors there wil l 

be an un':nown wind component whloh cannot be 

taken into account. The analysis of asiriuth 

errors due to this conponont i s the sane as for 

Item (a ) . 

The equations of the system are as follows: 
* 

In place of tho no-wind relations, r * V sin £ and 

rft • V cos | i , we have (eee Section 22) i 

r • Y sin 0 • w sin(0 • H) ) 
) (20.1) 

x9 • V cos fJ • w cos(6 -*• )*) ) 

(0 i s s t i l l the heading of the aircraft axis 

relntive to the radius vector in the ground 

coordinate ayatem.) 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Honort R-189 -120-

ilquntlono (20.1) , when linearized re la t ive to 6. *» A.t» x*. • V/fl» 

fi »"0, and «. a 0 , occorao: 

efr « V 0 + w o i n ( a t * [•*) (20.2) 

cTr = - - f r o o + 5 c o 3 ( a t + n) (so.3) 

(w l ike p has zero reference, therefore i s written 

without tho sy/nhol O in the l inearized equalionc) 

Differontifttlon of (20.3) and use of (P0.2) fiivea tha l inearized 

re la t ion between p end 0: 

0 • - * * - 2} cir.(fl.t • H) ('"0.4) 

The stabilisation function for tho "oanond order pro­

cedure" formulated in Section 16 was (* • Je * 2 J©. Ueo of 

(20.4) for p £iven the differential equation for 0 0: 

— £ * 2 C ) 0 * c F e » - J l t s i n ( & t • |A) (20.5) 
il 

The solution of (20.5) for 06, followed "by use of (20.2) for 

gives tho linonr approximation to the a i rcraf t pa th . 

x,et U.= 1 rad./rjinute. I he solution of (20.5) 1st 

J o = C •"* • C t i " * * * Cos(t • n) (20.6) 

where O. prd C are integration conotante. 

For illustration let the initial conditions be P(0) « 0, 

r(0) » V. Then tho initial conditions for (2D.6) aret 

00(0) « 0 

00(0) • 5 cos >K (uaitv; (20.3) with Jr «= 0) 

(The non-tero i n i t i a l condition on u 3 expresses the fact t\\n': 

i f the i n i t i a l rndius i s correct for nj wind, than tho a. iiiuth 

APPROVED FOR PUBLIC RELEASE. CASE 06-1104.



Report H-189 -121-

rnte i s J.n error due to the conponont of vind speod In thn direc­

tion of nlrcrr.ft notion.) With these in i t ia l condition!; (?0.6) 

becomest 

do =* e"* ( t sin ^ - cos JA) • ^ cos(t • JA) ...,(r>0.7) 

Apiimith deviations fiiven by (30.7) are plotted against 

t iae in Figure 3 with ^ • 0 .1 , for several **lnd directions, M< 

Under the linear approximation, curves for r other than 0.1 are 

obtained by proportional multiplication of ordlnates. The maximum 

deviation shown in Figure 3 i s C)0 • 6 . Therefore, an estimate 

of the ns taoa error for any wind direction i s i 

^Q " 6 (ML " * f * • « * • • • (30.8) 

<fe 
J* , a/ , 1 1 - / 
v ' 

*/n<A vector z£ (j* =<?0^ 

fr (mta»fe*) 
4. •»* 0(r*«-i*n<O 

Wind Vtctor^f (/**+**) 

*i«* vector Af f/**oJ 

>'irure 3 . AgUmth Deviation Due to Wind for Several Wind Directions 
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At fairly high wind 3 the aftimuth deviations permitted 

by tho str.bllizr.tion system can be fairly l;nrge. For example, 

at w «» 40 nlleB per hour and ¥ « 120 miles per hour, by (20.8) 

the azimuth deviation due to wind could go up to 20°. 

section 21. BettfliflC ttgfjrjMi A ,̂iUBtr,iflnt. 

Possibly the azimuth deviations due to wind, shown in 

the previous section, could be tolerated without modification of 

auiiiuth control schedules since the deviations of successive 

aircraft would be approximately in phase. This would be desirable 

since i t would preserve the simplicity of guidance instructions. 

On the other hand, cure detailed analysis, in conjunction with 

formulation of an integrated plan for airport approach, nay show 

that adjustments for wind must be made. A procedure for modifying 

the heading reference function to compensate for wind follows. 

The objeotlve io to keep the aircraft on a constant azimuth 

progress schedule, 0. " / I t . 

In this section w and }. w i l l refer to qenaured v*lug« 

uf prevailing wind magnitude and direction rather than to true 

values. Tho results of the previous section would s t i l l npply 

to the *.»ijtc! error component. 

A preliminary totals for wind compensation wil l be shown 

by use of Figure 4 . Under no wind l e t the c irc le C about the 

orlrtn be the path of an aircraft which i e Advancing at aclmuth 

progress rate TlB V/R. Suppose there were a wind, w, in the 
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direction of tho x ax is . It will toe shown th .̂t ii' the nlrcmft 

follows the path C instead of C tha p.rimuth progress rate remlna 

virtually unchanged. C i s a circle of tho aaao radius as C, 

with center 0. on the y axis below 0, and with 00. • v/fl . 

V4/ 

Figure 4 . Chnnre of P»th to Adjust for Wind 
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Consider the azimuth pro;;reeG rnto a&ilik & (not 0„) w:ien the 

aircraft follov.-a C. in the presence of the wind. At point P 

the ground apeed la V - w, and the distance OP i s R « 00. * R - ^ . 

The azimuth rate about 0 Is thuat 

r - w V w 
R - A H"A 

Similarly at P_, 0 - ^ ^ - J - A , 
3 R + fc 

and at Pfl and P , g »^ » JT. Thua at the points where CL 

croaaos the x rati y axe* th« **lMnth prorroaa rate has the proper 

ralue. 

The p.bova procedure wi l l be generalised for a l l wind 

directlona ana wil l be formulated aa a method of herdliv adjust­

ment to oompenaate for wind. The result wil l be that in place 

of the reference functions ©, • / I t and {J. * 0 for no wind, the 

functions should be 0. « A t and p •» - | * s in( f l t • ^) . 

flrure 5 i s sUiiinr to >'lgure 4 except that the wind i s 

in an arbitrary direction, >A. The center 0. for the circle C 

la on a l ine tnrou^h 0 perpendicular to the '<inc vector, and at 

A distance j^frcs Q, to the rlrut of the wind vector. Tlie coor­

dinates of 0. are: 

^ - J o o . H 

yx - - ^ sin n. 

The equation of C let 

(x - £ o o . )A)2 v (y * * . m »A)2 - R2 - ^ ( t t . 1 ) 
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Inoertinn x » r COB 0, y « r Bin G in (31.1) i t can te roduceu to: 

2 2 
3 L . r

2 + J i L 2j. S cgjjjg + ^ (21.8) 

>irar« s. Ctoara of i'htlx to i i iMi for Hat 

iquHtion (21.2) i s next lln*Mrlr«d rolntira to r. • r , ©. » A t , 

and v » 0. Tnii raplpcas (21.2) by an axpraatlon in *'hioh 

position pn C. up e>\r« «• a <1«ri<\tlon frua position on Ot 
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0 » £ c T r - - ~ w co 9 ( IU + K) (21.3) 

or: Jr « * coe ( A t •<-»*,) (PI.3) 

(21.3) gives the linear Approximation to the radial deviation of 

C from G. By (20.3): 

cfo » - ~ - ( f r - t - * ^ - c o e ( . r U •»•)*) (21.4) 

Combining (21.3) and (21.4) «e have 

Jo m 0 (21.5) 

Thue oilauth prorross on C. la the sane as on C (within the 

H a l t s of linear Approximation). 

aquation (20.2) cia;.* be wri t ten asi 

P - -^ - Jf ein( A t • »A) (21.6) 

Differentiating (21.3) and inserting (ff in (21.B) givee: 

0 - - ^ ein ( f i t f |A) (21.7) 

By usinr ('1.7) ae the hendlnr reference function, p . , l i place 

of p » 0, and keeping 0. • / I t , the aircraft v i l l be guided to 

follow the path C , thus allnlnntlng azinuth deviation due to 

the ueaeured wind. Arlnuth and heading nensuro'ientB renain rela­

tive to the original center, 0 , the point 0. havlnr been used 

only AS n neans uf arriving at the desired result . It should be 

noted that the nev heading reference, P . , la not th« niroctlon 

of taiv;ency to Cj, *»t rather pro vines the proper "crab angle" 

such that the ground path l i C. . 
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aection J>2. Appendix 

To transform from ,:round polar coordinaiaa to air-oesaas 

polar coordinates, or vice-versa, I t le convenient to uao Inter­

mediate transformations In Cartesian coordinates*. Tha uridine of 

the ground coordinate oyaten and rlr-mass coordinate Byâ em are 

aasuiaad to coincide at t • 0 . The x and y components of wind are: 

v • w sin H (u le measured pooltlvo clock-

w » w cos M wise with >* » 0 on the y axle.) 

Therefore the Cartesian ooordlnate relations aret 

x « x' + tw tin \x ) 
) (22.1) 

y « y ' • tw COS )A ) 

To transform the circular path In air-mass coordinates, (19.1): 

Q* » pt , r1 • V/p, into ground coordinates w« have 

x • r1 cos «• • tw sin H - • oos pt • tw sin p ) 

- J . . . ( P P . 2 ) 
y • r1 sin ©• • tw cos |» » * sin pt • tw oos n { 

jjubatltutiiv: (22.2) in r • ] x' * y 2 and 0 «• are tan j gives 

(19.2) . 

tfext, ws noed the relations which replace r • V s ic p 

and rO • V oos (5 whan vind le present. The compass heading, «/, 

of the aircraft axis Is the same In either coordinate system 

, (but p Is not the sane). We hove 
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x« - V 8 in ^ 

y' » V cos »/ 

x « V ain ^ * w oi^ )* 

y •» V eoa ^ • w ooa p; 

p • x coa 0 * y Bin 0 

• V ain / ooa 0 • V coa ^ ain Of** ain M- coa 0 * w coa u ain 6 

- f ain P • w ain (0 *M) ( » . S ) 
• • • 

re =» y coa 0 - x ain 0 

• V coa 4 °°* 9 - f Bin */ sin © • w ooa >* coa 0 - v ain JA sin 0 

• V ooa p • w ooa(e • |A) (22.4) 

Given A circular path of radiua H in ground eoordinatea, 

(22.3) , with r • 0, becoaaai 
ainP « - ^ ain (0 • !*) , (22.5) 

and by (22..+) and (22.5) I 

R 0 - V | 1 - J einS(a •»*) • w coa (0 • H ) (nn-6> 

on 

AXact Inter ration of (22.7) requires uaa of a l l ip t i c int*vr»le as 

noted in Section 19. Let £ » k. Expansion of (22.7) in a pov^r 

*erl«8 in v can be uaed in place of e l l ip t l e lnterrals. The 

expansion la obtained eaaily by ualn^ the product of two series: 
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1 - k2 « 1 • k2 * k4 + 

[ l - kneln2(8 • iiM 8 - k coe(© • J*) P X - k 00»(9*j0 - |k2«inn(© ^ ) - |k4eln4(Qty) 

(Mnonlal 3xpancton) 

1'hua (22.7) expanded In k 1st 

g - f [ l - k oo«(0 • »*) • k 2 d - £»in2(» • * > ) - k3cot(0 • R) • "] 

(22.8) 

(P.3.8) can he Integrated oaeily terra hy terra. Ueiw; teraa only 

ae far aa k2 , the integral of (22.8) la (19.7) which tfvae «ood 

aereeaent with uae of e l l l p t i e Integral* over an adequate ran«e 

of k. 

Signed flju* 
exander Orden 

Approved _____ 
J. W. florrester 

AO:lfu 
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