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FOREWORD

Because it presents information of possibly lasting
value, this doctor’s thesis report, which has had only very limited
distribution, is being issued as an Alr Traffic Control Project
R-serles report.

The work on this thesis arose as part of a longerange
investigation of the application of electronic digital computers

e ——

in air traffic control. As baoi:éround to the investigation it was——

necessary to survey possible methods of obteining high-precision
aircraft flight guidance in the neighborhood of an airport. The
analysis of a proposed method of guldance, which appeared promising
in several ways to be discussed later, was Selected as the subject
for the thesis.

My thankws to Professor Fhilip Franklin for sound advice
in the planning and execution of this thesis. I am grateful also
to W. G. Welchman and C. R. Wieser of the Project Whirlwind Air
Traffic Control group for advice in formulating the thesis problem
and in reviewing the work as it progressed.
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ABSTRAC'T

As part of an investigation of possible future forms of
air traffic control, an analysis is made of orbitel motion around
an Omi-Range DME station. It is assumed that each aircraft would
be assigned an azimuth-ve-time schedule, and that maintenance of
the schedule would be by path variation: reduction of radius when
behind schedule and increase of radius when ahead of schedule. In
order to estimate the precision of the propcced type of orbital
guidance an autopilot control system is formulated. Aircraft motion
is assumed to be governed by the equations of a "coordinated turn".
Feedback of azimuth and heading and their first derivatives are
shown to be needed for stabilization. Linear approximation proce~
dures are shown to be fairly satisfactory for estimating the control
system behavior.

For gppraisal of azimth deviation characteristics, compu-
tations are made using reasonable assumptions for various parameters.
_Regultg ave: (1) /ssumira ne wind ezd gonstent eirersft speed, an
initial error in azimuth of up to 20° could be reduced sbout 30% in
1 minute and 80% in 2 minutes. (2) Assuming 1 mile per minute per minute
deceleration, an aircraft on schedule at the beginning of deceleration
would be 10° behind schedule after 2 minutes. (3) Maximum azimuth
errors caused by wind are of the order of 0.l : where w = wind speed

and V = aircraft speed. Deviations due to wind might be reduced by

meand of heading compensation.
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I. Summary

A. Statement of the Problem
The type of aircraft guidance to be aralyzed will be

called "azimuth progress control". In this proposed form of
control aircraft may be visualized as flying circumferentially
on successive spokes of a rotating wheel whose hub is at or uear
an airport. The normal orbital radius of each aircraft is pro-
portional to its speed. An aircraft corrects deviations from
its proper azimuth by moving outward if it is ashead of schedule
and inward if it is behind schedule, thus changing its azimuth
progress rate until the error is corrected.

Systems of scheduling are frequently descridbed by the
terms "fixed block" or "moving block™ control. An analogous term
for azimuth progress oontrol 15 _"moving line" control. The
mning is clear from considoring the- mt.‘.on in tam of the
spokes of a wheel.

Azimuth progress control in the form studied in the
thesis will be defined as orbital guidance of sircraft relative
1o given aszimuth schedules, with error gorrection by variatiop
of flight path rather than by variation of speed. The idea of




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

Report R-189

correction by path variation implies that the stabilization system
in the aircraft must take over the directional control of aircraft
motion but not the speed control. Since scheduling is ordinarily

thought of in terms of speed control, one purpose of the thesis

is to describe and analyze a supplementary or alternative method,

namely one in which error correction is achieved by path varie-

tion.

Ihe main problem of the thesis is to evaluate the error
correction gharacteristica to be expected under azimuih progress
control. An analysis of error correction is made under the
conditions: (1) No wind, aircraft initially off schedule,

(2) No wind, aircraft changes speed, (3) Effect of steady wind.
Subsidiary studies, which serve as a foundation for work on the
main problem and are s2lso independently important in overall

evaluation of the idea of guidance by azimuth progress control,

are: =

(1) GCeometric considerations in guidance by azimuth

schedules.

(2) Study of control systems for azimuth progress

stabilization.
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3. (atline of Procedurs
The main line of procedure is as followst
The dyvnamies of notion of an alreraft under azimth
propress control is given the siuplifyins description that 43
consists of three elements: .
(1) A controller (pilot or auto-pilot)
(2) The airevaft
(3) The instruments which provide feedback and schedule
information.
squations for description of the first two elementis are introduced
on the basis of two assunptions generally considered suitable
for analyeis of flight control:
(1) Lasz in the mction of the cuntrol machanisns inside
the aireraft is negligidle in comparison with
that of the alreraft nase.
(2) The aircreft roves in a coordincted turn (no eide-
slip).
The dynamic equations set up on the basis of the above

—asymptions eve 1inanvizad in ordar to detarmine atodility require- _

ments. It 1s shown that the aystem can be stabilized by feeddacsk
of arzimuth and headins and their derivatives, in the form of
devintiona from references which are based on the desired
azirmth schedule,

The manalysis of error correction characteristics then

follows, ueins: the linear approxination already introduced for
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study of stabilization. The stabiligation ecuations are for
conetant speed, and no wind. Change of speed and introduction
of a steady vind are handled as linear perturbations. The errors
introduced by linear approximation are examined nnd shown to be
reasonadbly small over the ranfe of variables over vhich the

behavior of the systen is of interest.

C. Sumnary of Assulta

In order to express results in the most tangible fom,
naiely, as nuierical estimates, values h:ve dDeen assuned for
various prraneters such as scheduled azi mth rate, sireraft speed,
wind mascnitude, and others. 7The equations and description of
srocedure in the text can be used to obtain results under other
parsneter assumptions or for study of the effect of varying
certain pnrameters.

A preliminary consideration ie that azimuth prosress
control calls for ma lover scheduled rate of turn in ordital flight
than mi-ht othervise be used. (Thie ie perhaps a disadvantase

of aziouth prosress control in compsrison wvith other forms of

e

el drneey ot nosd et Se e noldered-in toAT TTEht N1 Gamplete.
coaparison of nlternntive srstems is available.) The renson for
the 11 itation ie simply that if the maxioum allowable rate of

turn were used as the scheduled rnte, there would be no leeway

for error correction vhen an airera’t is behind scheduls. A

rate of 1 radian/min., or approxinetely 1 desree/second is assuned

in the anelysisn,
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The recultes on error correction aret
(1) lo wind, constant spoed -~ Initial ervors
on enterings an azlirmth control sector of \'.1;.1 to about 20 degrasg
would be reduced mbout 205 in 1 mimute and 80% in 2 nimtes.
(2) Deceleration from 4 miles/min. to 2 miles/min,
at a rate of 1 milu[mln.z. no vind (this condition fe intended
to represent deceleration frouu cruising: speed to final approach
speed while flying in an arimuth control sector). -- An nircraft
exactly on schadule at the start of deceleration would be 10°
behind schedule at the end of deceleration.
(%) Let the ratio of wind speed to aireraft
ai rspeed de "‘- The maximum axisuth error due to wind ig¢ 60 ¥ depcrees,
e.5. 6° at ‘:- %a .
(4) Compensation for wind —- Assuning that wind
measurements can be obtained, the azimuth errors due to wind
can be r-duud,' at the expense of complicating the control system.
A heading adjustment instruotion which is a sinusoidal funotion
of wind nagmitude and direction is riven 4in the text. Under the
wind sompensating heading instruction asimuth errors due to the
measured component of vind would become neslicible. The results
of (7) above would then apply for a viné vector, w.

1
the difference bdetveen actual vind pnd the mensured value for

» which {s

which cox:ensation has been introduced.
The yeometric aspects of analysie of arzismth pro/ress

control given in the thesis nay be sumuarised as follows:
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(1) Asirath prosrass eonirol is doscrivsi sy smidance
valative to azimuth and hopdirg ©raferoncoe functioas®. The
aziimth "reference functisn® &8 the sircraft schadule, tut it e
sliown that a heeding "reforence fanction® plays en equelly iuportant
Tole in the yuldante of the alreraft. Azimuth and heeding referencs

functions are given for gaveral typss of curved path othar than

simple orbital circles, e.;. squiansuler spirals.
(2) The qeometric linits on error correction are
exanined sand the results serve as o chieck on the dvnamic analysic.
(7) The orgavization of svetens of paths and schidules
for approach to atrports &8 a complax problem for vhich wnr.ous
solutions are deins coneldered. In order to contribute to hmsic

( analysis of the problem, tho thesis subdivides the nature o:'

attributes, such th-t any one or a conbination tniirht b the prime
factor which would nake une of asimath prosress control advintas

roous. The elementary attridutes are:

L]

l fuldance under asimuth prosress gontrol into severnl dietinct

(a) As n relatively sim>le systeuatic fora of alieraft
separation,
{b) Ae a aeans of anintaining precision schedulen on
curved pathas,
(0) As a neans of introducine controlled path varia-
tion to amke flirht prorsress corrections.
“(d) As a schaduling systen in which speed control can

' bo left to the discretiun of the pllot.
Q
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The procadural vrobdblen of formlating control asvatem
equatione for study of aireraft motion under azirmth profress
control led to two muxiliary resultes

(1) Aczimuth progress control should not be considered
as & system of control which calle for a complete set of addi-
tional equipment in an aireraft, It would instead call for
addition of relatively eimple auxiliary devices to standard
auto-pilot equipment.

(2) The instrument neasurenents available in an
aircraf't might be used in several different combinations as
feedback for azimuth progress control. Significant differences
between the alternative methods are noted, but are not studiel

in detail.
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11. Introduction

A. Alx Xavization ond irafiic Contxold

Durinz the past fov years the alr transportustion industry
has resched the stase where traffic control is recognized as one
of its major problems, 1t is not a new problan, but rather one
widch must nov be given sreatly increased attention. Uver a
verivd of 20 years the Civil Aeronautics Administration has built
up a complex network of facilities for air navigation and traifie
control. Like every phase of meronautics these feaoilities have
constantly been undergoins expansion and introduction of new
developments.

Investigations of present and proposed future systems
of traffic control muat deanl with a variety of frctors such as
flight speeds, landing speads, flight altitudes, veather, air
navigation facilities, airport design, instrument flight procedures,
econoiic factors, etec, Lhere are too many such considerations
to discuss here. 1t will nerely be noted that this thesis is
purt of a project on the potentialities of electronic digital
computers in alr traffic control and that the above fnetors are
being studied., Assumptions used in the thesis are in general
drawvn from these studies.

To pmvid.a pers_ ective on the air traffic control
problem, three broad stases in the development of air navigne

tion feeilities slould be noted:
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(1) The initinl basiec aystem of alr navigation in the
U. 3., wvhich ie still in exlstence but will ecoan be
replaced, concists of a systen of *Radio Ranses".

These are rafio beams® which provide fixed air routes.
When the pilet cannot sme the ground, position along

a route is obtalined when the aireraft passes certalin
"fixes", such as interscction of routes or other

radio markers. BEetween "fixes" position can only be
estimetcd by extrapolntion from a previous "fix".
Traffic control specifiss minimum separations in bad
weather. During the early stnres of growth of air
transportation, when tho amount of traffic was small,
traffic control could be fitted to this navigation
systen, but the system ia now obsolescent.

(2) An importent advance in air trrnsportation cane
with the introduction of the "Instrument Landing

System® (ILS). This facility pernitted a great increase
of air traffic in poor weather. As a result the traffic
contrul problem became wore difficult both along the

alr routes and in airport approach zones. In particular,
the "stacking" of alrcrnft waiting to land becane a
serious problen, =- at najor teruinals airersft have
sometiues hud to cirecle for an hour before renching

their turn to land.

* The "beans" referrod to in describing Radio Range and Omni-
Ranse rre not actually focussed beams. They are direction
indications which involve phase and intensity relutions of
rodiation patterns.
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() Present and future traffic requirements dictate
expansion of navigation facilities. Radio Ranres,
which provide only a lind ted number of routes, are
beins replaced by the "Umni-directional Ranze" system.
The latter will consist of rotntine radio beams, located
at airports and en route points, which will provide
aircraft with their agirmth relative to sround statione.
"Omni-Ranse" 18 an extension of the Radio lanse syetem
in the sense that it will provide juidance for approach
to an airport or en route point nlons any agimuth line
rather than only alongs fixed routes.

Radio "istance iersuring Equioment® (DMZ) is
under development. ZEach alircraft equipped with DIE
will be adle to measure its radial distance from
Vini-Ranze stations. The combination of Unni-Ranse and
UiE will provide aircraft with complete position infor-
mation in polar coordinntes. (Umni-Range alone can in
orinciple rleo provice full position inforantion by use
of azimuth neasurensnts relative to two stations; how-
ever, this oroucedurs would be inferior to use of ILE).

Devices for automntic conversion from polar to
Cartesian coordinates ("Course Computers") are bdeing
developed for use in conjunction with Onni-Ranse and
DME, The conversion will provice parallel en-route

courses.
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B. Automatic Disital Comuters

In the present air traffic control system nll data are
hendled by humen operatore. The controllers work with en route
position fixes vhich are obtained about once evary 15 minutes
from each aircraft, 1t eppears that they would not be able to
handle more fraquent position reports, nor cope with much more
complex traffic., Introduction of Omni-Range and DME navigation
in place of Redio Ranges neans that:

(1) Tuere will be grenter flexidility in routing.

(2) Poeition data will be constantly available.
1t is doubtful whether human controllers will be able to take
full advantage of these developments.

The potentielity of application of autonatic digital
computers lies in the need for rapid handling of a large amount
of information, When computers become available they should be
able to take over at least the routine parts of the work now
done by human operators.

A concept which underlies much of the work of the M. 1. T,
Mr Uraffic Control Project is that in investigating the use of
autonstic dirital computers in air traffic control g gommter
ahould be considered primarily as a contupl devigce rather than
sinply as a hirh speed bookkeepins unit., The main reasons it is
fuportant to take this point of view are:

(1) Computers are intended to operate in "real time",

i.e. compute rapidly enourh to play a dynamic role in

the operstion of the control eyetem,
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(2) Computers can incorporate “conditional prosramning®
(automstic selection of alternative control instructions
on the basis of data and computrtions).
The general concept of digital computers as @lements of control
systens has been fully described in the fourth quarterly progress
report of the i'roject.

Assuning that automatic cmputerln will be incorporated
in future traffic control systems, Rasic investiszation ia needed
an procedures for determinntion of Lfliglt routes and schadules.
Fresent procedures based on "adio Range routes and infrsouent
oosition reports offer little guidance for future developments.

A general investigation of the problem was started by the Froject.
The thesia is part of that investigation.

Actually, the functions of a dipgital computer will not
enter directly in the thesis. The reason for thie is that any
proposed form of scheduling, in which aircraft receive frequent
or contimwus control instructions, mst first be studied as a
problem in the dynamics of aircraft guidance. The thesis is
concerned prim.irily with this phase of the problenm,

C. Alrpart Approach Control

The work of the Project has been focussed mainly on
forme of traffic control for airport approach. This aspect of
traffic control, even more than that of en route control, calls

for hizh speed data handling and computation.
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The study of airport approach traffic control has tims
far dealt with two malin problems:

(1) Formulation of flipght patterne

(2) Determination of naximum safeo traffic

The second problem has taken the form of studies on
whether control systems can ultimately be ceveloped which would
perait successive landings in all weather at a rate of one
pireraft every half-minute (on a single runway), This soal
recuires the developnent of precision suidance systems vhich can
bring aireraft to within about * 5 seconds of a specified schedule
in the final stege of approach,

The ultimnte criterion for air traffic control is
safety. Resardleas of iraffic levala, Daxizun safaty in Lhe
apureach zons would ke attained by preciaion suidance in iime and
a0alldon.

D. Erecision Ouidance of Alroraft

The term "puidance” here will denote control of an
aireraft according to eassigned flight instructions. The instruc-
tions may be of wvarious types such as: a piven flight path rela-
tive to the ;round without regard to alticude or rate of progiress;
& time schedule along a fixed path; a fixed rate of turn; an
nzimth schedule, etc, It appears to de fensidle %o introduce
relatively hish precision muidance of aireraft in the airport
approach gone. 1LS landins aporoach is one type of precision

guidance which is in practical use, and may be considered to be
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a first step in the evolution of Tuture approach syastems, (I1LS
itself may, however, be guperceded by other developmsnts.)

The problem of this theeis and related studies on the
£roject is to evaluate procedures for path and schedule guidance.
For simplicity altitude nay be aspumed to be conatant in these
studies. The types of puidance may then be classed as:

(1) Complate suidanca - Vse of fixed paths with

schedules naintained by control of aircraft
speed.

(2) Sghadule control by path wardatign (with or sithont

meed control) - Azimuth prosress control falls

in this classification =~ a given arimth schedule
is to bYe maintained by variation of radius. CUther
forms of schedulins usins path varistion have

been exanined by the Project, but have not deen
studied as carefully as Azirmth Progress Control.

The precision of path or schedule followins depends of
course on the precision of navigational meesurements. The maximum
orror of Ouni-Range in its present stage of development is about
3 dagrees. MU has apparenily ot yet had thorcugh gorvice teats,
but it appears that present equipment will have a maximum error
of about one-half mile. Equipnent of greater accuracy is under
development. Lventually azimuth accuracy to 0.1 degree and
distance to within 200 feet nay be availadble in the approach zone.

(These accuracies would be unnecessary en route,)
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The idea of azimath prorress control was nvronceed by
¥, 0, Velehman, It was the basis for an airport approach plan
which we called the "Spiral Staircase”. Under this plan esch
aireraft approanching for a landins would enter a circulating
flisht sector at an assipgned azirmth, then proceed at a constant
.rate of azimuth proysress while it reduced speed and nltitude.
separation betwean aircraft would be provided by the arimuth
*spoke” pattern. The iden is described more fully in the third
querterly progress report of the Froject.

- The "ipiral Staircage” plan has bean studied as a
traffic control gystea dy W. O, Jelchman mnd V. &, lersel. This
thesis reintes to their uor:k by 2oing into the nmeat' on of the
dynamic characteristics of motion of an airceraft under w#riemth
sroyress control, Father taan restrict the analyais to specific
assuuptione of the "Spiral Staircase” traffic systen atudy, the
theals investisntes the renernl ~eometFic and dymamic charescturis-
tics of aziuth prorrees control ns a nethod of aireraf't puldance.
“he results are intended to crovide n besie fur evaluation of
the ndvants; es and disadventinces of ngziouth prosress control as
a neans of schedulms atabiliszaticn on any part of an approach
syesten vhich calles for curved flight jpatha, for e-zamule on a

"procedure turn® precedins the fina) plide path,
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This chapter deseribes geomotric characteristics of
ari.mth Hropress control undec the condition of ng wind. The

mrpose is twofolds

(1) To present poometric end dynamic relations which
will enter into subsequent analysis of control
syste. atabilization.

(”) To shov huw nzimth prosress contrul misht o)jerate
in airport a- . roach systoma. The ain will be to
is0lata aund diacuss basic elements of ~zimuth
control as a guidance $ecinique, rather than to

forrmlate an approach plan as a whole,

Section 1. QLo.ndin ta Jvaln® and ototions

roaition of an alremft will be weusured in polar coul-
din-tes r, @ relutive to n fixed pround station, 0, as in fisure 1.
The point, 0, will be considered to be the loeatiorn of an Cnni-
Lamyie, L. M, &, station vhich provides radic faeilities for
nensurenent of r, @ by the aireraft. Hovever, it 18 also possidle
to consider, 0, ne any fixed rround point to which r, O are
referred by courdinnte trancsfurnntion calculntions. The enloula-
tiona ndrht be earried out in alr-dborne equisment, or in a ground
station computor, depending on the n-vipntion system,

Mrereft -otion vill de tr-ate’ antirely as thoush it

were level flisht., In practice, nireraf’t in the n rosch gone
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would have a gnall angle of deecent througsh pard or all of the
zone, Murthersore, the distance from the nlireraft to tha ground

atation will be tnken in plan view projection rather than ns

actunl alent distnance.

9 Q
"
\
l e
. v
q0f \y=~
P
) 2 X
Flyure 1

@ is mensured countarclockwise from tho x nxis
P i the loention of an aireraft
v g thw veloeity vector of the aireraft
# 418 the ansle Yotween the alreraft lonsitndinal axie
and the direction of the ¥ nxis. ¢ is mansured clock=
vice, 1t cen be considered to be ths cormpass heading
0! the sirer-rs{ axis.
FQ 1o the perpendicul.nr to OF
§ 1a the nnsle from PQ to the nireraft axis neasnred

clockvige from rQ
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Throughout th's chapter 1t will bo ssowaied that there
18 no vind, and that the airer-ft wotion is without eideslip,
7 then corressonde with the direction of the nireraft exie, and
@ may refer to Y ar the nircraft heuding.

The »n1lot of an elircraft thinke in terns of polar coor-
M nates with conter P, and reference line nlong the axis of the
sdraraft. In his systen (p + 90°) 1s the azirmth of the sround
station, 0. For analytieal purpvees it ie more convenlant to use
L Pp then p * 90° and to rufer entirely tu tho ¢round coordinate sys-
tonr a8 in Fiyure 1 reatner than introduce eireraft coordinatos as
vell. ¢ will be terned the "relative hevdins”.

Fijure 1 shows that:
p -0** -oa-(lol)

Uther syiibols used ir this chopter are:

¢ = bank ancle, nacsured oseitive in the right

| hand scrow sense about the airer: ft lonsitudinal
axis. § =0 in level flirht,

_( t = time
‘ & = gravity constant

W = aireraft weizht

v, ¥V for true air speed. The Aifference between

lizht at constant spead and £14ht during

{ clirnre of speed is fmuurtant in tho analyveis. To
| @uwhasize tho distinction, tie on itnl letter, V,
r will nlaye be uced for constrnt speed and the

s:iall letter, v, for varyin: speed,
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The following; reanri: on unita monlies for the entire
reportt In enzlysie and comomtation it has besn convenioent to
use radian measure for angles, and the description of analytic
sroceduros in later sectiona vill refer to radians. However,
for detter visualization, fin:l results vill zencerally be converted
to desre:s, Time will penorslly be in mimutes nnd distrnce in
uiles. It should be noted that nan uzimuth r-te of one radian

per uinute is nesrly the sue ng one desree per second,

- oas B s W S e e S de S SR S SR g TR A S ER S SR SR R SR W R W O W s e

section 2. JHaslc Bauations snd Liadtinge Fagtors

It vill be assumed that the rudder and ailerons of the
ai reraft aro alvays controlled in the correct relution to provide
*coordinated tums®., The i~teranl equation of motion of the center
of sravity of the airoraft for flisht at constant altitude is

thent

-'f‘-u tan ¢ snesl B

/
The linear approxinetion o (2.1) with tan § replaced
by § s fairly eatisfactory up to § = ®° and will semerally be

“used:

w

-‘--ﬂ suus(2i)

We will not be concerned with thrust and dry: forces
and vil)l thors:ore ~rite the othar emintion of motion of the center

of' eravity of the airernft nst
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In this chapter in dealing with seometrical aspecto of
azd nth prorress control, (2.7) and equations which follow from
1t vill be the primary considerations. The lateral force equation,
(2.1) i1l not have r. major role until the analysis of stablliza-
tion in subsecuent chaptors.

Azimith prosress control is characteriged by an azimth
schedule @(t), the radiue r bdeins left free to vary with the speed
of the sireraft. With @(t) specified, ecuation (2.7) nay be solved
for r for any aircrnft apesd. Lowever ths nature cf the system,
eierges ore clearly by supolanting (2.7) as fullows: (assune
constant speed)

FeVang
o ceeee(2.4)
o =V cos p

(2.4) 1a ecnivalent to (2.7). liow elizinate r and V

V_?_ﬂ.
r=
Al erentinte,
- thn..ﬂ.,‘-, - Lng.l..& °
o2
subgtitute r = V gin 3,

.mﬁ.._ﬂg.ﬂa__.ﬂ;;.ﬁ. °

by vriting

0+ (" + %) tanpmo vere(2.8)
#uation (.5) ia equivalent to equation (2.7). Althoush

more com-lex, 1t is more sismificant for aziimth control since
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linenr dimensfions hrve buen climinanted. Consider an azimuth
schedule 9(t), and solve (~.5) for the mssvoiasted “relative
heading" scheduls, 8(t). The pair of funections, 0(t) and 5(¢)
then roprosent a family of pathe with paraneter V. For any speci-
fic V, wve have by (2.4), r =V mg_ﬂ. » Thus r &8 proportional to
V, ond the agimth schedule represents & faclly of radially pro=
partional curves. An alreraft following a {O(t), b(t)_} schedule
at spead V moves anlong one of these curves, end when its speed
is chansed 4t nmst simttle across the family until the speed le
stabilized at a nev value of V. In the simplest case the fanlly
oconeists of concentric circles, and vhen speed is reduced the
paths spiral inward. Anpular schedules A(t) and B(t) which
deternine several tynes of curves of interest will be given in
Section 4,

A famly .f radially similar paths corresponding to an
aziiuth schedule O(t) and the associated hendins sohedule, will
be termed rafarsncs patha. 7The prodlem of stadilisation by asisuth
pronraess control will involve finding control systems which will

cause an aircraft travelling at speed V to strdilize onto the
corros onding reference path.

Bquation (2.5) 18 not as complex as it appeare at first
glance. If Q(t) is o given desired asimuth scheduls, it is a
first order differential equation inp. It vill also be useful
to assutie a p schedule, e.z., for an ecuiansular spiral, and
uge (2.6) to deternine the asimuth schedule required. If § s
fiven as a funotion of ¢, (2.5) is n firet order differential

ecuntion in Q.
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Before proceeding to possible functions of ~~imuth control
in alrport aopronch systems and to formalation of refercnce pethe
of interest, frctoras rre listed here which wvill limit the control
systam behavior in various ways. A diecuasion of these nuinte
wvill be given in an appendix -~ Section 6.

(n) Larger schedule corrections oan be nade by an

azimuth control systen when the nircraft is ahend
of schedule than when it is behind achedule.

(b) A heacing reference aochedule and he:ding error
wengurenent will be noeded for stabilization, along
vith asiruth schedule nd azi:mth error nensurenant,

(c) Peruissible bank angle and rate of roll will de
linited to about 20°, and about 8°/second respec~
tively (for comuercial aviation).

(d) Asi:uth prosress rate should be bnsed on a bank
angle of about 150 in order to nrovide leeway for
stabilization.

(e) The nccuracy of tine schedule control is relnted
to the anpular prosress rate in the n:;'utam the
higher the angular rnte, the better the tine accuracy.

(f) The angle £ of the reference paths will be linited
to ¢ ao°. sinoce at larger values of f the charac-

toristic fentures of arimuth progress control die-

appear.

- e W W O S W T S e TR R SR W R e M R e W e e e - ee W W W W W -
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Section 3. Xunctions of Azizmth irosraes Congrpl

The etudy of aircraft guidance nnd scheduliny,, of whieh
tido report is a part, has as one of its urinoipal aims the deter-
aination of practical uystens for giding zireraft throush an
Al.roach zong to a landing. It appears that tho approach zone
should be considered ~s a circle of at lesst ™0 niles radius about
the ulrpurt, and possibly a good deal larger. Guidance syetons
are boing nnalyzed from two complementary puints of viewt
(1) Formlation of jateernted plang of (uidance for the entire
approach, and (2) Evalusxtion of guldance kecihniguss vhich can be
uged to effectuate part or ell of the interrted plan. This
report is a study of one proposed guidence fsachnious and is
presented nriorrily as an aid to othors in the /Toup vho are
studyin: appronch plane as a whole.

It 19 clear that agimuth prosrees control cannot be

. the only furn of rmidance in an approach zone since the final
ah roach to a runvay must be a fixed path. The point of view
taken hers w1l be %o pressnt sarticuler euidance funationa for
wvhich agimuth prosress control may provide one possible solution,
leavin: the comparison with other guidance technicues, anc formi-
lntion of complete gpproach plans for other studies. This section
w11l preeent basic guidance functions, vhile considerations vith
reg-rd to integrnting these functions into complete systems
vill be diacussed in Section B,

Incidentrlly, although the concept of azfuuth prosress

contrsl is beins exaiined here in isolation from other types of
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fquldance, it should not be congidsred to be n technique vhose
srocedure nnd equipment will be distinet from the other parts of
a uidance syatem., A complete ruidance systen will undoubtedly
be conoidered ns A unit desismed for several interrelated types
of oporation with overlnpnins uses of inotruments and equipment.
Thie ie nlready tho case in present day sireraft, in which an
auto-pilot can be used for pilot relief en route and for glide
suth stabilization on 1. L. S. ap:.ronches. In thias regard,
Section )3 vill preeent a forumlution of arimuth propress control
in ‘}lnch the stablliration system will be considered ag :n suxi-
liary to an auto-pilot.

1t will be assuxed hers that an over-all approach system
vill consist of a procedure in which each aireraft vill be nesigned
2 landing time when 1t enters the aporoach gone or shortly thers-
after, and that the system will gulde the aircraft in such a way
that 1t can maintain safe separation end gradually etabilige its
time schedule #0 as to land at the astigned tinme with very small
error. ¥ith this oconcept in mind azimuth progress control appears
to involve four bnsic asnects of the neceseary guidance:

(1) Maintain safe separation

(2) Provide a means of schedulins on curved paths

(3) Stabilire agimuth schedule to correct time schedule

erTors
(4) Provide a s)eed reduction procedure vhich 1g flexidle

yet peraits accurate soheduling.
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A discuassion of these functions, showing how they reay
be considered Sepsrrtely or An sombinstion fellows. Figures 7
and 3 +ill be used for illustration. For the purnose of isolating
tha elerents of midence under asimuth contrel, we can continue
to assune level flight. liovever, one of the fivst steyrs in for-
mlating complete ap roach systens would be to set up a relation
vetwaen nltitude and azirmth schedules.

(1) Haintadn Sofe Separation

A distinction will be nmade betwean a sector in which the
strean of airoraft have uerged into & common course, and gectors
which mny be considsrsd ne distinet extensions of the routes which
ay, roach the airport. The former vill be called a "confluence
sector®, and the latter "individual sectors®, In Figure 2 the
central circle represents a "confluence sector® and tho spirals
wvnich enter the circle are "individual sectors*, both under azimuth
ororress control. The circle nné the gnirale should eaoh bde con-
sidered ne repregentative of » family of curves with radiua pro-
portional to specd of riroraft.

Use of azinuth control to naintain safe ssparation would
probably be associated with one or both of the functions (3) and
(4) above: tine schadule stadllization, and puidance during de-
celeration. However, it misht also be a distinet phase of an
inte:rated spproach plan. For example, the "confluence sector*
in Figure 2 nirht serve as a vay of merzing the strean of aireraft

comdng from all directions into a single asequence for runway
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approach. kLntry tc such s "eonfluence sector uirht be nlonsg
fixed vnths, @.2., stralpeht lines tengent to tha circle, or micht
be nlons "individual sectors® of azirmth control, as reuresented

by the sopirals in Fi{,ure 2,

Figure 2
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_ It should be noted that encn aircraft wust enter a
"confluence sector” under azimuth schedule tolerances deternined
by the azimth syscing on the gsector; in other words a hi/sh desree
of schedule accuracy must be attained prior to entry. For examle,
1f succesaive aireraft are to be 60° apart, then the error at
eniry cannot exceed about 15°,

(2) scheduline on Curved Patha

The folloving exwiple will indiecate the poszidle advan-

tase of azimith control for schedulins {lirht prosress on ocurved

paths,

Conoider a U=-shaped path, ns in Fipure 1 and assune
that 1t 19 noocessary to maintain a procise sohedule alons: the path,
e do not yot kmow what precision vill be possible, bdut aome
assuuptions will be made here in order to illustrate the differ-
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ences dbetwsen fixed pathe ~nd azirmth progreas control.

Let us asswie that alr speed can be held within 7% of
an ascismed value, that lateral deviations from an assisned path
will not exceed 0,2 mile, and that szimuth ecan be held within 8°
of an assirmed schedule. The atraisht semionts AB and CD in
Fi,ure 3 are under fixed path suldance. Un the ssulicircle NC
about the point 0 we will conpzre Tixed path suidance with azimuth
progress control. Let tue nouinal radius of the senicircle be

2 miles.
A ceometric differsnce betwsen Lixad nath suldance on

atraizht paths and curvad patha should first be noted. Along
straight sepnents, lateral devintions do not introduce appreciable
errors in longitudinal prosress, but on a curved section the error
can bocone quite sisnificant. For exaiple comsider a atraisht lins
6 miles lons, and assume that headins s held within * 10° of
the direction of the prth. The schefule error caused by lateral
devirtions over tha 6 miles could not exceed 0.1 mile:

6 x (1 = cos 20°) = .09,
The semicircle of 2 mile radius is also adout 6 mles long. A

continu.us luteral deviation of 0.2 mile gpn ihg asnicirgle could
introduce a progress error of about(.6 mile: 21 - 1.8 50,6,

It would perhaps de better to assume that under maximum lsteral
deviation of 0.2 uile, the nbsolute value of the averagze devintion
cannot exceed about .1 nile. The prosress error on the seuicircle
could then bde up to 0.2 mile; still a factor of 3 larrer than on

the straight path,
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For comparison betweon the ixed path seiicirele and
azimth prosress control we will compare errors in torus of time

ratouer than digtance. un the fixed path, we have ¢ u‘?

At T+ B2l od s a2 ) L...(3.2)
v 2 v

where t = tin> %o traverse tho seaicircle
3 = lensth of the semicirele = 2 7 miles
V= air gpesd. Assuue 1720 n.p.h. = 2 milea/ninute
AS = linear prirress error due to lateral deviations;

assune 0,2 mile on tho basis of the preceding
parasraph

ﬂ'.l = air spesd vercentnme error, assumed I%

Then in our exa:ple, the naximum tine error on the fixed
senicircle 1s At ¥ .26 minute.
For aziuwuth prosress control
At =) AC eeee(l.2)
where ()= i- asimuth rate
A6 = naxirun devintion from azimuth schedule
In the example, AQ = 5° = 0.09 radian
Pay ] -g‘ * 0.09 = 0.1 mimate
Thus in this exasple azimuth control hns the advantage.
Speed error does not harn the azimuth aystem, the result boing
simply a snall change in redius. On completing the semicirele
the lateral devintion due to chanste in radius orn be stnbilized

on the subsement strailght path vithout aspreciabdle ef72¢t on the

schadule,
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Tha above exaiple in not intanded to p»rove that azimuth
progress control is superior om curved patha, Wt rather %o indi-
ente that 1t does hive posiidble advanteses, dependings on the
npneuvers required nnd on ths ricance sysaten errors actunlly

attalinable.

(") Zine Schedule Error Reduction

Use of asziumuth control to stabilize time schedules can
be considered froa several pointas of view depending on the azimuth
error attainable.

The ultinate odjective would be to attain aziimnth sta-
biliration to an accuracy corresponding to the hizhest time
ascuracy needed for precise schedulins in the final strges of
sppronch, Other studies have suc/rested that tine accuracy of
the order of £ 6 seconds is desirable at the desinning of the
£lide pnth, this precision to be attained pradually ns the nir-
craft vroceeds throucgh the approach rone. To meet this denand
an arirmth procress control ayetem would have to atnbilisze azirmuth
to vithin £ 6°, assuning 1°Iloeond azirath procress rate. If thie
is attainable, aireraft .dght enter a confluunce sector vith time
error tolerances larrser than 5 seconds, say up to 15 or 20 seconds
and be stabdilized to within the 5 second tolerance dy the time
they lesve the confluence sector. In this case it rould be de-
sirable to have the confluence sector be the st se of siidance

imsedintely orecedins the glide pnth. (Fowever this would pose
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the problenm of providing agimuth control about reference nointe
videh change with ohanie of landin: runway. See Sactisn Ha for
further conments.)

If agirmath stabllization ennnot moet the cuwmestaed
ulti.inte objeotive, it nay, however, meot ths need for intermediate
steps in sohedule stnbilization. For exan’le, assume in Figure 2
thet aireraft on the confluence sector are to be scheduled 60°
apart. The tolerance for each aircraft would be about % 15°.

As noted in (1) above it would be necessary to achieve tuis

accuracy beiore the aircrnft reached the confluence sector. Asimuth
control on the epiral individual sectors misht serve to reduce time
errors frum souethins initinlly of the order of ¥ 2 minutes down

to ¥ 15 seconds by the time of Joining the confluence sector. In
this cese the individual sectors would serve for stabilisation
sufficient to perrdit nereing of paths.

Mnally, 17 azimuth control accuracy ie still poorer,
the aerite of the $ea wuld be much decreased, dut sone possibdi-
lities iipht still remain. For example controlled flight time
dslays night bde introduced by use of asizmuth control about
Cuni-Range stations adjacent to the mppromch sone. Instructions
for euch o maneuver nisht come from the central apyroach ocontrol.,

The three examples above illustrate the concept that an
intesrnted ap.roach plan will probebly consist of saveral stages
of timo schedule stadjlization. aziimth control has been susgzested
for ench atrse provided the neocessar; azi:mth accuracy can be

attained.
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(4) Spasd Reduction

The .ourth aspect of approach ;midance for which azimmuth
cuntrol appears to have merit is thnt it peraite naintaining
schedules durin/; decsleration frou ermising speed to ap .roach
speed without risid gpecification of the tine nnd rnte of decelera-
tiun, Heduction of speed curresponds to rovin: invard on a family
of radiglly similsr paths. In the course of larse spesd chanres
sone displacenent frum proper srimuth 18 to be expected, rnd the

.agnitude of this displace.ent will be exained later.

It 1s possidle to consider a varioty of ways in which
ngiuth control could serve as part of an interrated approach plan
on the basis of the ebove four functions. However, no attempt
wvill be nace here to eatalorue all possidilities as thie will
depend on cocpnrison and interreletion of nzimth control with
other sspects of midance: altitude control, speed -contrul,
fixed path ruidance, ete. Fijure 2 has already served for partial
illustration. Prelininary studies of intesratod approach plans
based lerrely on azitmuth control have been presonted by ¥V, G, Velchman
in reorts 2=2001 wund «=2007.

In 8-2001 azitmth control was .ruposed in a for which
ve heve terued the “"spiral staircase®. 1t waa roposen that mir-
craft enter a "confluence sector” orn straisht pnths, anc proceed
under wzi mth prusress control widle redueins altitude and speed
in proparation for landing. The spiral stairoase idea encocpassed

three of the nopve descorided functions of agiruth control: safe
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I’ b - separation, epeesd reduction, and {:provement of tie schedule
stabilization to a precielon of ¥ S saconds dy the tinme alreraflt
lef't the szi:math control sector. Subsequent etudy of this concept
‘ (E=-2011 by D. R, Isrrnel) indicnted that the idea of entering the
8:iral staircase on straisnt line pnths posed considerable dif-
ficulty.

A D0ssible variation of the "s. iral staircase" idea
;dyht be to use the "individual sectors” of Firure 2 in nlace
: of strulsht line entry. It misht then be advantaseous to have
the uain speed raductions take place on the "individual sectors”
rather than in the confluence sector.

Further ranificationo arise when one considers nltitude

' separation in conjnction with azgimuth control. For example,
tiere ai.ht be azi:uth contrp) ocourses at two or more levels, and
these might even involve different neimuth prosress rates., OF
course, in formlating interrated approach systems 1t vill be
desirsnble to anvoid such complications i sinwler schemes can de
shown to be feasibdle.

f As r final 1llustrntion, suppose that azimuth progress
control is capable of the Hrec’sivn of % 6 seconds which vas
sugges ‘ed above as an ultimate goal. Then one might seex to
forrmlate satvau: actory approach patterns in vhich arimuth control

‘ serves as midance for a finel U turn onto a glide path. 1n such
a plan arimuth control zight be used for spesd reduction scheduling

’ in an enrlier stnne of the appronch zone, tut the speed reduetion
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could not oocur on the final U turn as 4t would disturd the last
strge of tine schedule stabilization.

Section 4. Referance Curves

Before .ruceedin to so.ie peonetrical conaidarntiona

concerning intesration of nzimuth control into complate approach
plans, seversl "reference paths" will be fornul.ted analytically.
Folloving the lines of Section 2, Q(t) and pP(t) (azimuth and head-
ing achedules) will serve na the principal specification of the
curves, "Refarence functions” will be signified by the subscript, i, --

eim, ﬁi(t) -- to indicate igput to the control svetem, The
gubseript will distinguish the reference functions from actual

peths 0(t), p(¢), r(t) which devinte from the refsrence paths
under v rious disturbances.

It 18 necessary first t mal:e assumptions about tha types
of reference path vhich will be feasible. OUne possidility is
that ensineorins recuirements or further analysis of suidance will
recuire that the system provide a sinsle gonstant arirmth prosress

! rrte for all aireraft. This concept was in fact sufficient for

the "spiral ataircase” pruposal which was sun arized above. Under
tile assw.otion the only "reference prths" availadle are circles.
(*Refarence pnths" wore defined in Section 2 on tho dasis of
congtant altitude. In the "s:iral staircase” there is constant
rate of vescent so that tue reforence paths becone helices.)

The woro penernl viewpoint will dbe tnken here that

variable reference functions, 01“) and p‘(t), ean be trengitted




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

B-1335 a5,

to each eireraft in the syateu. However, it will be agsumed

that these Munctions shouvld be of gimple fornm, preferadly of e

type which lende 1tself to use of "analogsue® devices in the rircraft
control aystem. Simple trigonometric funetions should De con-
sidered scceptable; they will in faot soon be used in “"course line"
computers. Simple logarithmic and exponentirl ralntions oxn aleo
be nechanized.

It doss not aprear unreslistic to psrit falrly complex
functions, on the assumption that the 2ain burden of computation
or data storrge oould be carried out in sround strtion equipment,
bt the simpler assumption s brond enourh for present purposes.

$imple inplicit function descriotions of the reference
functions will be consicdered to be ndaissible just as well as
axplicit formulas, e.g. 8in Ol = Kt ia as good as 01 = are sin Kt;
anc p, = ‘l' , with p, given in terms of O, rathor than in terms
of t is satisfactory.

The radial functions rttt) with paraneter V wvill also
be given., 7The recarks adout complexity of functions do not apply
hore since this function does not enter into the control sveten.

Usonetric anslyseg used to arrive at the rore compliented
of the followving: reference functions, will be siven in Seection 7,
only the finsl results beins riven here. Ench aet Oi(t), bl(t)
satisfies equation (2.5). The Ol(t) functions are for the initial
condition @ =0 at ¢ = 0, Time and angle diaplacement constante

to represent different aireraft in the sratem can readily de intro-

duced.
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Circles gentarad at the orlein represent the heart of
the arirmuuth control ides, and will be the naln subjeet of control
srysten analysis. Lot be a constant rete of angular prorreas

about point 0. The "roference functions" are:

0 =t
B, =0 sans{A%)
7 =V

kocantric gircler misht serve as entry pnths, e.n7. sccen-

tric sedeircles 1: Mipure 2 in jlace of the sjirels, or perhnps
for uther aspects of puidance. Fli; Lt on eccentrie circles doas
ook corresaond fo Solstant aziuuth Qrosress Intl, but has the
acventrge of beins a simple flisht operation ns far as the nircraft
i1teelf is concerned. It ma turn out that the servo syeten in

the ;ircraft can oe deslyned satisfactorily for cirecular reference
aths, repardlaes of whether the circle ias centered or not vith
respect to the ground station, wiile spirale ur other curved
reference paths would p.as nore difficnlt ensineerins problems.
The reference functions for eccentric cirecles, vith the ground

station, 0, luside the cirele, are:
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Let K = a desired ratio UA/CB

c,,ﬁ..:.-l
K+l

p = dosired rate of turn of
the aircraft on the

eccentric circle

-5

Then: tan 01 i pt + C

N L )

Py =9, ~pt
4 -l!"h'*cz-!-?.(:oo';t—

[

Sircles zuich pass throuch the ericin are a special

case vhich pernit constant agimuth rate. Tile may be worth con-

Figure 4. Rccantric Circls

siderin: as a forn of puidance in which there is nzimuth progress
control over part of the reference pnth followved by a g dance
effect which leads the airceraft toward a fixed point. (In Figure 5,
as the airoraft approaches point 0, § aspproaches 900. As noted

at the end of Section 2, and discussed in Section 6, at larpge §

the control syetem would no lonser behave alons the lines vhich

are beins; analyzed in thir revort, and would recuire separate

anolysis.)
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) = constant azimuth

pruiress rate

8, =t

Figure 5. T :

woulsngulear siirals are defined as enrves for vhich @

is constrant. Tng refarcnce functiona are:

1
ai - °1 lortclcg,t + 1)
8., = constunt
i
vhere C, = tan i and C, = 8(0) v+ (4.8)
V(C,C_t + 1) cos
, m—d R 5
02
A more jeneral class of curve is ovotalned by setting
p=n+* bd, with a rnd b constsnt. An annlysis of these curves
w11 be siven in maction 7. The csse *ith b = - ‘?1 turns out to
be the eardiod. The reference functions for this case are:
& -
stin 3+ = 52 [c - zfn(m]
A
Bt-- 301 .Qll(‘.b)
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Actunlly, the relation [} = a + B3 includes all of' the
curves discugoed nbove oxcept the eccentric cireles. The case
a =0, b =0 represents circles centered at Itho orising a # 0,
b = 0 sives the equianmular spiral; and b # 0 ;sives more general
curves of hich ecircles throush the origsin an¢ the cardiod are
special casea. (When b # O the velue of b determines the type
of curve, and a 45 simoly a paraneter which rotates the curves
about the origin.)

Since f = Y + @, nll of the curves discussad nay also
be expressed by ¥ = a' + 1'0. In other words, vhether we use §
(relative hending) or ¢ (cumoass hending) ihare is & linenr relation
batveen heading and azimuth for moat of the azimith control achedules
sensidered tius far.

section 5. (sonetrical hspects of Intecrntion of Az{ mth Control
dntg Complete Approasch Plana

dince the report is an analysis of azimuth progsrees
control as n guidance technique, this section is intended to
oring vut adaitional points about the technique rather than analyze
com.lete approach plane. The followins points will be discussed:
(a) loeation of azizuth reference center points
(b) Adjustment of azimuth schedules for partienlar
conditions
(e) Oeometrical examination of paths which correct time
schedule errors

(d4) Optimm value of B when leaving an azimuth control sector,
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Section 5a. Locstion of Center Point

Thus far the discussion has implied that if mrzimuth
control is feasible, an Guni-Fange station would serve aas the
center point 0. On this basie the idea of arzimuth control is
aspecially simzle and therefore atiractive, and led ‘Yelchman to
forrmlnato the "spiral stalrcase" mpproach plan. More detailed
axanination of his proposal uncovered complicating features which
vifeset some of the initial simplicity.

The prosent section will tnke the point of view chat,
if there is enough advantage, it will be feasible to have meveral
center points for azi.uth referencs., Un the basls of ths pressat
stage of development of air juidance equipment, goordipste frani-
fornationa in iha alreralt appears to be the most likely way in
vhich the center fo¥ asimuth contrul misht be transferred from
point to point, 0Uffeet course computers now under development
are simply equipment for transforming from polar coordinates,
orovided by Umni-Yange and LME, to Cartesian coordinates. Trans-
formation to polar coordinsates about a new center would require
the andcitional step of poins fron Cartesian coordinates back to
polar coordinates adout a nev center, or could combine the opera-
tions into a éirect poler to poler transformation. This wmay not
be unduly complicated, and in fact, pguidance plans which call for
flight on fixed curves may necessitnte essentinlly the same
operanticns. Alternntively, assuming that computing nachines

vill be needed as part of the sround station equipment, it nay
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become desirable to make coordinate transfoymntions on the grouvnd
and transmit the resnlts to snch alreraft. Finally, the use of
two or more Umnl-RKanse stations in the approach zone mipght be the
best solutlion. The systam night need only one Unni-Ranse at a
tine, depending on the direction of the wind,

It 18 not possible to coneider all of the confipurations
vhich may arise in approach ¢uidance, but in order to show an
aspect of the geometrical layout in which loeation of azimuth
refercnce centers would be a problens, the relation between a_ainuth
control and the final glide path will be examined.

A single runvay will be discussed. Similar considera-
tions would apply ‘o parallel runways or runways in several direc-
tions. The finel leg of an approach guidance system will be
asgsumed to be a strnight glide path about 5 iiles long. The
flide psth nay be on either end of the runway depanding on wind
direction,

Consider first the feometrical layout required to guide
an aircra’t by arimuth control directly onto & glide path. In
Figure 7 A3 and UC are the ylide paths for the airport runway,

. AL 18 a lina nerpendicular to AR, and U is an aziimth center

on AZ for asimuth controlled turn onto the glide path A3, 0! is

a corrosponding point for uee of the glide path LC. It will be
shovn that a single azisuth reference point such as ('' nidway

vbetween the two glide path entry points, A and D, could not cover
both glide paths,

Assume that the rete of rotation about 0 is 1 redian/minute
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(a1is;htly less than L depree/second), and that approach gpeeds

range from 80 to 140 m,p.h., or 1‘% to F']g miles/minute. The

Firure 7

— — — — — — —

point O should be located l'g miles from A, thus an aireraft at

the slovest speed of 1% niles/riinute has as referance pnth the
circle of radius B,-]% wiles, and the fastest aircraft has as
reference path the circle of radl.un Ra = ?% miles. AA' and AA''
are each é mle. OUn a glide path 6 miles lon an initial deviation
of '?,' mile i8 peraissible, and path leny:th differences from any
podnt between A' and A'' to B are quite saall. 17 the point O

is noved alons A further from &, (corresponding to a decrease

in mzi:uth rate sdbout 0), the ratio % vill not change since it

correayonds to the ratic of permissidle appronch speeds. Thus

as 0 moves outwvard A'A'' becones larger and soon the points
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A' anda A"’ are too far from the center of the glide path (unless
the 5:1ide patn is lensthened,) Moreover as 0 is moved further
from A, the schedule errors at the head of the glids path increane,
since the azl mth rate decreases. (See 2q. (6.2).; Thus it does
not sppear possidble to use e single Umni-Ranse at a point such an
U'* to provide msimuth pro/sress cuntrol directly onto voth glide
pathe, AB and DC,

If azimuth control directly onto a glide path does not
turn out %¢ be deairable, Wt nerging of asircraft paths by means
of azimuth control is deeirabls, then the situntion may be as

in Fijgure 8. After mergin: of paths under arimuth control abdout 0,

Heurs £.
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sach alrerafl't ie given fixed path guldnnce to the head of the ~lide
path. The loeantion of point O is not critical. Poassidly it can
be at O' very near the muwey.

Figure B represents the preferable concept of arimuth
cuontrol about a single Omni-Range station. Fipgure 7, on the other
hand, would require an Unnl-Rense adjacent to each glide path or
fecilities for polar-to-poler coordinute transforaation.

Section 5b. Adjuatment of Azimath schedules fox Particnlar Conditions

Up to this point 1t nas been assumed that in & given
sector the 01(t), ﬂ’.(t’)_f\mcuom would be the same for all aircraft,
except for shifts in time. Un that assumption the "relersnce paths"
were shown in JSection 2 to be a family of radielly similar curves,
with radius proportional to speed, V., Insteand, it would be possible
to set up different 9, f schedules for different aireraft according
to soeed, altitude, wind or other particular conditions.

Suppose, for exaple, that it is desired to provide
azimuth control which causes a family of paths to converre to n
common point, as in Figure 9, Azimuth control {s about point O,
and all paths are to converre at A, and be headod toward B,

Q, P schedules could be determined corresponding to any nominal
curve such as 01, Ca, or C.'. and would provide azimuth progsress
control. Alircraft would not be guided by the curves thamsalves,
but rather by corresponding: azimuth and headins schedules. levia-
tions from expected s.eod at A would produce lateral errurs at A,
but that would presupably be less important than maintaining the

desired forvard schedule,
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This forimlation of aszimuth control is more general than
thut used in enrlier sections, and may turn out to be desiradle 1if
azinuth contrul proves to have advantasres for schedulins on
eurved paths, as discussed in Section I, itea (2). However, there
are important disadvanteses conpared to use of fixed @, f functionas:

(1) Asicmuth control would no longser immediately provide

safe separation schedulas, Instead it would be

necessary to exanine the schedules set un for adjacent
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alreraft %o gee whether they provide for safe
separation at =11 tines. OUnce this had been sstube
lished the system would, of coursa, be juat an safe
ag that based on fixed 0, P functions.

(2) The ruidance syrsten would require more complex

fecilities. In particular more computation would
be required and nore instructions would have to be
transnitted frou ground to air.

Thus far in examininr confi,urations fo-~ puidance, patterne
such as Figure 9 have not gppearsd o be necsssary. Hovever, schedule
adjustuents will have to be considered in studyins the effects of
wind on azimuth control (Section 2/).

dection Be. Schadule Correctiona

Servo system analysis later in the report will provide a
reneral basis for studyings the stabiliring characteristics of azimuth
pro.ress control systems. A purely geonetric examination here will
serve as A prelininary to the servo analysis.

Consider a senicircular reference path, Py in Fiyure 10.
Point A is assumed to be tho startins point for azi:mth prosress
control, 1Y is nssumed to appro:.inate the path an aircraft would
take if it were behind schaduls at A by the maximum snount which
could be corrected in 180° of aztmuth progress control. Similarly
P, i¢ for the maximum amount abead of schedule.

" and P, are 0)irale which have a linear relation between
p and @. For p, the relation (in radians) i p = - 1:'0' ]" 9, and
for P, it isf = '2 - *}9. (Soirale of thia type were discussed
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Heurs 12.

B 0, o} O, A

in SJection 4 as possible "reference paths® but here are used as
assuned correction paths relative to the reference path, Py
The center points for constructing P and P, are actually nt 01 and
02 respectively, wh'ch does not matter here, since all that is vanted
is that the curves represent probable behavior under azimuth con-
trol, regardless of how the curves are constructed.) p, leaves A
At p =< .f- - 450, that i{s with a larepe headins correction rela-
tive to the reference path, Py+ 1t remches 3 where tine mirecraft
19 assumed to be brck on nchedule with i = o I{'!' E" 0, 1.e. tan-
gentially to Py Similarly p, lerves A at § =+ 45°, and also
arrives at B tansmentially. The broken lines near A indicate that
an aircraft vould actually have to curve pradually onto pl and
Py

The details ot the analysis will be lp,-i.vm in Section 8.
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The resulte are as follows: Let () be the scheduled azimuth rnte
about 0 ia redians per ninute. The time on P for an alireraft at
opsed V is ‘l'o =T/} = 3.14/(). At the save speed time on Py would
be T, = 3.04/() and on p, would be T, = 2.76/fL (. 18 e single num-
ber aseocinted with the center O; azimuth rates about 01 and 02
do not enter the calculation.)

Zims we have, 2 =2 = .10/ minute

Tr—! - 'ro =+ .62/ uainute

At 1°/uc. azinuth rate, () is very near 1l mdian[minute.
!‘° - '1'1. the nssumed maximun corrections for an aireraft behind
schedule is only 6 seconds, vhile 1'2 - 'ro. the assumed maximum
correction wvhen ahead of schedule is 37 seconds. Py and Py
are in n sense equivalent inwvard and out:'ard correctins paths since
both leave A with p = 45°, and rejoin the semicircle at B with f =0°,
There is thus a large asymmetry in the capecity to correct schedule
errors, as noted in Section 2,

The invard correction on path P is surprisingly low.
defore interpreting: the implications for anzimuth control two fectors
should be taken into account, (1) The control system is not expucted
to sculeve perfect scheduling at 3, but rather scheduling within
some tolerance, say %+ Bﬂ, corresponding to time error range of £ 6
seconds at (L = 1. (2) An immrd correction path could cross
the 1line UB at a point nearer to 0. Un the baoie of point () an
estimute of the best tile saving on an inward path in tho above

example appenrs to be about 12 to 15 gseconde. This would permit
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raduction of an arror of 15 to 20 seconds at A to vithin the system
tolerancs of X 5 seconds at B, giving a possidle "atnbilirzation

ratio® of about 3 to 1 for venind schedule flirhts over a mo"

sectur,

Section 54. Figal Valua of 8

Section 2 atated that P schedules would be limited to B
between -0 and '*-"00, and reasons are given for the limitstion in
Jection 6, This section will point out t set schedule accuracy
will be obteined if B, = 0° at the end of primuth control.

“Brror blocks® for an aireraft woving: under azimuth
control are sketched in Figure 11. 60 le the saximun deviation

from scheduled asimuth at any instant, and 6’, the maximunm lnteral
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deviation from the reference paith. The upper vedge is at a point
wvhers the headins reference called for iga ﬁl - 0°, and the lowar
vedgze vhare ﬂ1 2 .20°. The radinl range er is shown relativaely
larpe, since azimuth stabilization requires fairly large lateral
deviations, as has been seen in Section 6e¢, Speed errors also
account for part of 61-' but stabilization would renerslly be the
uajor part.

During flight on an azimuth control sector schedule
accuracy is mensurad hy' eo alone. However, nt the end of azimuth
control Er must also be considered. Fipgure 12 shows the end of

arirmuth cuntrol at two values of Si. OUn the left side of the figure

fdzure 12

:tmu o‘t
—-
counrse

(a) Final value of § s 0° (b) Final value of f 1s -20°
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the final. value of ‘BS. ia 'C'U, ant on the rizht side 1% is -.’*’Oo.
The distance & - at the top of aach wedge is the naximun schedule
error at wnich azimuth eontrel may deliver the sireraft onto =
subsequent straight path. In Figure 12(a), éz is riven approximatoly
by :

ex-_{-ﬁég cese(5.1)

ﬂl = final value of aszimuth rate

In Fig"lll‘a 12(b) we have ap,roximately:

- _
éx n, €a* €. 8y seiolBeB)

’1 = final value of 531 in radians

with 31 = 20° s% radian, and sssuming ér = % mile, the
radial dmia:tton can contribute } mile to the schedule error, éx.
Thus for maxiram precision the end of asismuuth control should de ae
in ¥igure 12(a) vith B = 0%,
---....-..----......-.-..-....---....--.....(--

Aopandices

Section 6. QRiacuasion of Liniting ¥agtora

Toe followins is a point by noint discussion of the
liniting factors vhich vere listed at the end of Section 2,
() Assvmatry. 1t is obvious that the path of an aireraft in
the systen corn be lengthened mure than it can be shortened,

Hovever, consider a circular reference path and consider neardy

curves outside anc ineide the circle which represent schedule
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corraecting patiis for aireraft ahead of or behlnd schadule. 1f the
correcting panthes are gufficlently nesr the referecnce path the
correction 1s symmetric, Lovever, to nake spprecliabls correctione
during not too larre an azimuth advance, tho correction pathe

must diverge appreciably from the reference path and the aseymesry
becomes quite important. An exmaple was pgiven in Section Sc.

(b) Usa of Hardin: as wall as Azirmih. The heeding in the form f8,
or alternatively the compase hesrding, ¢, has already been introduced
in Section é as intrinsic to the idea of azimuth prosress
control. 3ince the headins reference iunciion is a direct conse-
quence of the mzimuth schedule, via eguation (2.5), it may de
possible to reformulute the idea in a way which does not present
the hendins; explicitly. OUne might then exmmine the possibility of
stabilizing the system ueing arimuth error data, vithout heeding
error data. However, the analysis of stabilization nethods later
in the report will shov that heading error information is essen-
tial. 1t appears to be the only source of second derivative (&)
information, without vhich the system cannot be stabdilived. The
only other possible source of © is actusl differentintion of @
nepsurements to the second order. Considering the probable nature
of the @ measurings systen, this nlternntive appears to be onti;oly
out of the question. In other wordis use of headings on a parallal
footing with azimuth enters naturally in Section 2, and is nleso

essential to stabilization.
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(e) Hapik and Roll Idmita. The bank ansle limitation and the rate
of roll limit will deternine linmlts on feedback parameters in the
stabilization system. Oeometrically they appear as limits ocn the
curvature and rate of chance of curvature. In coordinated turns

with relstively emall bank angles (up to x0° may be considered as
relatively small) the rrdius of curvature is given approxinntely

by eng y and with @ limited to :!o". the smallest available radius

x
e

(d) Azisutd Frosress Rate. Consider a constant szimuth prosress
rate, (1 . The heading reference function for concentric circlas

-

of curvature is given ap.roximatsly by en.tn

may be written ¥ = « (U t, and ve hnv.-.ﬁ = .(] . Substituting this

in Zquation (2.2) pives ()= - ;‘ «eea(6.1)

Bank angle is limited to X°, but the stabilized value on a reference
path must be sanller, {n order o provide leeway for correcting

action. Assune that the maximum stedilized @ 1s 16°. Then by (6.1),
the larger the value of V mﬁchm enter, the smaller(] must Dde,

1f the systen ndmite eircraft us to about 00 m,.p.h., () cannot

exceed lohmnd. But if eirera‘t enter the arimuth control rzone

only at reduced speeds in preonrstion for landing, say up to 150° niles/hr.,
then (L can be raised to 2°/sscond,

(o) ZIima Agcuracy. Let 60 be the maximum error of the © meas-
urenent system. Then for concentric circle reference paths, the
maximum error in time schedule, €., nay be written 6t - -Ké-a eee(6.2)
wvhere K would be 1 if the stabilization system were perfect, but

actual’y will be considerably larger than 1. (6.2) indicates that
4
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a hirh aginuth rato, () , 1c desiridble to reduca the time error.

This 1e simply a way, suitable for thie problem, of expressing the
fact that 1lnear eccurecy in the @ direction inproves as the radiue
decressos. Simply to fix icdean, asgume ée = :‘1‘ ’ s L= lof:;scond,
K = 10, then ét = + B goconds.

(f) Limitetion of f to * 30°. This limitation s an optional

one, since there is of course nothing about the aircraft itself
which lirdts P. The limitation to % x° :dll. be applied to reference
paths, and cor;acttna action will be peruissivle up to say o — I 450.
The reasons for the limitation are as followst

(1) Paths involving larger values of § call for quite
different lines of attack on getting up a strbiliza-
tion eystonm.

(2) Une of the main ideas of azimuth control is to
provide safe separation detween aircraflt by separa-
tion in azimth. The arimuth sepnrrntions associated
with given time separations become snnller as P

becones larger, as indicated in Fi,ure 13,

(%) Along the lines of iten (e) on tiae accuracy, for
a riven ansle error, €., the corrasponding time
schedule error € 4 increases as @ incresmses. The
effect 1s small for B not exceading * 46°, btut then

srodual ly becones larse.
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aircraft position

< another aircraft ot
= the same speed

0 X

mrcr‘aft (qircra‘fR ,

B ~

/%, )
0 smaller azimuth separafion
X

than obove at the same
time separation

--------------------------

(1) At comstant speed, V, and at gonatant azimuth procreds acheduls,
@=0), the only possible reference paths are circles centered at

the origin or eircles which pass through the origing

Bquation (2.5) was, 6 + (8° + &) tan p = 0
Vith @ =1, @ = 0 1t bacomes:
(.ﬂ_*ﬁ) tanf =0 eveelTed)

Solutioms of (7.1) are; (a), .= 0

), f=-0
b--nt*g--ofgi
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Corresponding to (a) we have r = E*Q%n'ﬂ' ".li. which

ie a circle with centor at the origin

Corrseponding to (b) we have r = L 0

is a circle which pasoes through the origin.

(2) Equianpular spiral
Bquation (2.5) 1s convenient for setting up the equl-

angular spiral in the form desired here.
Let (31 = conetant

Let C, = tan p,

1
Then (2.5) beconaes:

RS °, o’ =0
Integration gives: t = 01t + -61
2
where 0? = 9(0)
nCy v,
o=
clcpt.-o 1
J .
i - 01 J.og(clcaz +1)
y(c,C,t + 1
() )

v o
’1f_?'&' c, cos B,

(%) spirals for which f = a + b0

9

Start with the general relation:

;&: = tan 8 ...’.(7.2)

With p = a + b3, (7.2) becomes:

ﬁ‘ = tan (a*bo)do veed(7.3)
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Integrate (7.%5):

r= u[cm:(n + MT b seas({T.4)

where ¢ i3 an integration constant

For szimuth progroes control a family of radlally aimilar
curves is desirad, wvith radius proportional to speed, V,
(7.4) cen be rewritten with ¢ = CV,

r = cv[coe(a + 1)) sess(7:8)

thes, ¢ LD L Lomalare)
Vc[eon(a + bQH L

. 14
] "% coela + bﬁa L eeee(7.6)

(7.8) can be integrated in terms of elementary functions
vhenever (1 + %) ie an integer (positive or negative)
For example, let b = - %: then 1 + % = . 1, and ths intesral
of (7.6) 1is:

1(t--1'. ) -?.lin(s-‘l"OJ oseel7:.7)

c ) 2
Let a = 0 (this mounts to rotating the base line of the
polar coordinnte system), and let to =0, Tha(?7.7) is,
t=2Cein@2and withp = - % 6 and (7.5),\:. have the
reference funotions which were given for tﬁe cardiod in

Section 4;

"}
llns“-‘;a

By=-39
Aoy alX
The form of the relation batween r ond @ shovs that the

gurves are cardiods
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(4) Conatruction of refersnce functions for eccentric circlea.

4

In Flsuro 14)0 is tne center of a poler coordinate system. An
aircraft noves on the eccentric circle of radius E and center 0'

at rate of turn p. Let F de the loecation of the aireraft at

time, ¢, and 1"1 be the point where the circle crosses the y axis.
Relations(7.8) to (7.12) can be seen from the firure,

¢ == pt (taiing t = 0 at A) cvees(?.8)
A)’O' =.pf seee (7.9)

(f and J are measured positive clockvise)

ng'- sgia¥dy 9@ ceses (7.10)
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00 | alndorol . snl ot

R pin @ stn@ =z0 seeakledA

g' = pt .... ( ,.12)

5 7.13

R o406 0 e (7.13)

Comdbining (7.10) and (7.11) gives:

ginfp=-asin)Yein®@ = ... {7.14)
Jut f = Q + @ (£q. (1.1) )

=Qawpt,  asess (7.15)
and (7.13) becones:

#in(@ = pt) = <« ginY sin &

sin © cos pt - cos @ sinpt = - ginY sin @

sin O(cos pt + ein ¥) = cos @ sin pt

mo-m. pt*.‘nx 0-0..(7.16)
Since R = V/p, (7.17) gives:
= L aln nt
¥ p sin@ e (7.17)

o
) 1 ltain +2 cos pt aind
Using (7.16), L B s =

sin @ tnn20 sin ot
v 2 g
Tharefors, = = -~ 1+3in ¥ *+ 2 coa pt ein¥ ..... {7.18)

Let C = ain ¥ , then the reference functions are given

v (7.16), (7.15), and (7.18) in the form:

tan O = o8 pt + C
ﬁl -01 - pt ..... (7.19)
—
Y 3]
rl.-p 1+2Ccospt +C
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Let K = OA/OD
C can be expreossed in terme of X3

QAnR*EG' =R+ Rein)

Eun-b'{?--n-nma'

" +
k= oafon = A

- e eE mE S R SR S S SR eE A e s SR S SR SR G R e B W O s R e W W O W o

Section 8. [Eguations for Saction Dg.

Bquations (7.5) and (7.6) will be used to find the time
of flisht of prths p, and p, in Figure 10.

V = aircraft speed (same on P, Py and p?)

(L= azgimth prosress rate on P,

n.dlwﬂ.t.r of pO -2"/.“. -o-..(BolJ
Onpl,ﬂl'—a".*'tOwhiah!l of the form = a + b0
uuhn--f , b-‘}

By (7.6) the polar coordinate equation of N (about the
center 0, in Figure 10) st
r = oV [cos(- T+ 3 o} svswelBB)
at 6 =0 , r(0) -GY[ml(-'B)J-“I‘ cv
at @ =1 , r(m) = CV [oo.o]"-cv
r(0) + r(w) = XF = 5CV

Therefore by (8.1), C = -82.6:

By (7.6), 0 = 22 coa’(- T+ d0)
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Therefora the tima of flight on pl ia:

w
Tl./ '5%_3&05(—%*%0)&
°

_ﬂ_[; ling‘i"n‘ aling—:‘r . O*“]IT
s — o + % log tan
SO L4 ml4g_;_-__n am.zg_i_;_r 4 8 |,
_3.04

NoR

31n11nrlyoupnx
p-n-’;o-.-rbo

4
e=T.ve-d

4 ¥ 2
r(@) = CV cos (‘-‘0)
r(0) = & cv
(M) = CV

-ioymdd
r(0) + r(m) rid Q

C=8/50

¢ 80 3 Z_A
0= s T (L-29
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IV. itabilization

This chepter will formlate recuirements for stabilizing
alreraft notion when the nircra_ft _15 guided by azimuth and heading
"reference functions". The mnalysis \dll deal with the case in
which the schedule calla for azimuth progress at a conetant rate,
the reference paths being circles centered at the origin., It will
be assumed that a control grastem stabdilized for this basic case
would also serve for other reference paths such as eccentric
circles and spirals, provided the difference from concentric circles
is not great; 1.e. for eccentric circles that the center is fairly
nexr the origin, and for equianjular spirals that the constant

angle § 1s relatively small.

Section 9. Jldnear Apprexipation Frocedures
The stubility of non linear dynamic systems of the type

to be dealt vith here can be determined by analysis based on the
first order terms of power series expansions of the differential
equations in terms of their dependent variables. The proceas will
be termed "linearizing” the system. Simple rules for linearization
will be siven in section 9b,

An "increnent function® will be defined as the deviation
of a quantity from its "reference function", and will be denoted
by the symbol Jblfou the variable, o.2., JO(t) = Q(t) - 01“)’
vhere 0(t) s .thn actual function, and 9’(z) is the refarence
funetion. Dlerivativea of JB will be written J'o, J'O'. eto.
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"Linenrized" variables nay appear in the syresten equations
in two forms: (1) as the whole of the ‘unetions or, (2) ae incre-

nent functiuns. The equatione can alwnys be converted from either

form to the other.

Section 9a. Jasic linear approximations

The refarence tunctions for circles centered at the oripgin

vill be needed;
01 = N4
By =0
r, =Y/

onooo(gol)

Reference funsiicus TOr other Variablls Cai Ue derivaed

from (§.1), in particular
$=p =0 (1.1) givems ¢, = -0t
" --% .....(9.2)

and - =¢ (2.7) given

b -0

The lateral eauation of motion L“‘ = tan § (2.2) 18

the
approxioated by‘um equation I}" =-d eeeee(9.%)

At § = 15° the aifference between tan § and ¢ is only 2%, vhile
at m‘, the difference 1s 5. S5ince bank angie is to be limited

to 2°, the upproximation 1s quite 'zood throughout the range.

3
(The pover series for tan § is tan § = ¢ *:"*aé* eeey time

the devintion from linearity is third order.)

The linear approximation for r=Veinp ta
i'-w l.ll.(9|4)

At B = 20° the error in replacing sin B by B is 54, and at p = a8°

1t 1e 115, Acaln the error is e third order gffect.
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For 10 = V ooa B, (2.4), va can write:

chDa_ﬂ_“Vcca = VeoaB
r 5 m-‘«T% Q@ +dé/n)

Vith f enall, cos B :1; end vith J‘élﬂ, suell, W @1 - c&l/ﬂ >

tims the linear approximation for (9.5) ie:

r';‘%_ (1 -%é) senselDel)
or r';r% (2 -g'_) (replecing §é by © -2 )

L]
ceeee(9.5)

The spproximations in this case require dropping second and higher

2
degree terms of the two pover series cos f = 1 - g—‘f --= and

m- l- Jé[ﬂ * (J.OJQ )3* ==, thus there are two second
order arrors in the linearized equation. However, the second order
terns tend to cancel sach other vut, the product of the twu power
series being rmk—l. -] '%ﬁ' *[.(%ﬁ)ﬂ - ;Laj + higher order
terms. As a result, when %oth § mdﬁ deviate from their reference
values (0 and 1 respectively), the linear approximation nay de
very cood, e.g. at B = 20° and & = &0 the difference between
(9.5) and its linear approximation, (9.6), 1s 25. The situation is
poorer vhen sither B or 5 alone devistes from the reference value,
for oxample, vhen © = () (no deviation) ut p = 20°, then (9.5) and
(9.6) aiffer by 15%.

Bifferentiating (9.6) and equatin: to (9.4) eliminates r,
giving the "linearized" relation between O and Pi

ﬂ --.:'5 oo-o-(gu?)

*¢ It should de noted that the synbol ;dou not imply that an
spproximation has been made. 1In equation (9.5) ¢ ¢ represents
the function (6 - () ) without approximation.
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“lds 1s the linearized equivalent of (2.5) and will be important

in formulating stabilization systene. The linearizetion errors in
this cuxge can be coneiderably larger than those estimated above,
and may have an appreciable effect on solutions of the control
system eauatione in cases in which schedule deviations are

fairly larre. However, the formulation of strbilization systems
will be based on snall deviztions. Sudsequent examination of the
ef'ect uf non=linearity at the larger deviations may show some
modification of tue feedback constants to be desirable. Section 17

will exanine the eifect of non-linearity somevhat further.

Jection 9b. JFomal lipenrization rulea.

The following procedure will facilitate the analyveis
by providing a simple rontine for "linearization". The orocedure
formes the first order terus wh‘lc-h would appear if all terms in
the equation vere replaced Dy power series in the dependent variables.

Uiven an equation which is satisfieq by the reference

functions,
(1) Vrite down the total differential of the scusation,

eacn term beins considerad as a function of the
dependent variables. Use the symbol " J" in front
of the differentials instead of "§'. Tn setting
down the total differentinl the darivativas of a

dependent varirble are to be treated as smenarate
varinbles, If tine appenrs ernlicitly it is to

be treated as a constant.
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(2) Insert the reference functione for ench dependent

variable,

The result is tho linearized squation in tems of incre=-

ment functions.

Example: ¥ rzéz + v (V = constant)
reference functions, = v/
;l =0
o =0

Total differential: 27 dF + 20° rdr + 2r°6d0 = 0

ingert rererence functions: n_alEJ.r - (1)211 ;6 =0
Jr--éga a....(9.8)

Since Jr =r-V, the result (9.8) 1s the saue as (9.6)
An additional convenient rule is thst after finding the
linenrired ecuntion, it can be differentiated in normal fashion
with respoct to time, e.g. J;' = -f{-én['o.. (In this rule if time
appears explicitly it is no longer to be tresated as a constant.)
The renson the differentiation rule holds ie that vhen the terns
in the original equation are expanded in power series, differen-
tiation of the series term b:r term is vanlid, and the firet order
terus remain first order after differentiation, while hisher order
terms reuain higher order.

Section 9c. Linearizad incremental relations

The linearirzed equitions vetween increment functions
which vill be needed ost frecuently are tabulated below for

later reference. The equations can be obtained either by nlrebdraic




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

0

Report R-189 67

manipulation of the linesr approximations given 1n Section 9a,
¥iz. roplace 0 by Nt + de, r by §+ § v, ete., or by the
technique of Soction 9b using the "reference functiocns® given by
Eq. (9.1) and (9.2).

An exceptiun to the use of the symbol [vdll be Mzle
for the variable B. 'Sinco bl = 0, the incresent function is the

same as the whole function, nnd the J will be omitted.

Sr--.‘{EJO' saenel D)

Ji--vp sweesl9.30)

B = e seeea(9.11)

pudo+dyg enan(9.12)

EJ}- J¢ veeee(9.17)
S

&---ag- Je vere.(9.14)

Section 10. Pvnanlc Syatem Aagumpiions

In the previous chapter the dynamic equations of air-
craft motion in a "coordinnted turn® gerved only to characterize
tue geometric features of azimuth prosress control, in particular
to determine "reference paths" which the aircraft would follow
if 4t ere nlvays exactly on schedule. Equations of motion which
specify the cuntrul forces on the uireraft sust now de set up in
order to study mctusl paths under various initial conditions and
disturbances.

The analysis deals with a "closed loop" mechanical system

in wideh control forces on the nirernft are dotsroined by positions
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of atreraft control surfaces which in turn ars determined by feedback

data. Figure 1 ghows the systeu schnsuatically.

Aircraft controller Charncteristics of

O

(pilot or auto-pilot) aireraft motion

Schedule

Figure 1. ghematic Control Svaten.

The general approach to dynanic description of the three

schenrtic parte of the system will be as follows:

(a) Alrcraft controller. This schematic gection represents

a mman pilot or an automntic control device and
nechanical or servo systen linkase fron the cockpit
to the contrul surfnces of the aireraft., With

a human pilot the "sero-reader” method night be

used to indicate stabilization instructions. A

description of the dynamic characteristics of a

haman or autonatic pilot and of the control linkase

would be very complex, Fortunntaly it {s not
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(v)

(e)

=8 G

necessary t use detallod characteristics. It can
be assumed that the response of the internal
components is fast compared with that of the air-
craft as a whole. For lateral control of aircraft
motion the position of aireraft control surfaces
establishes A rate of roll with negligible lag;
therefore the internal dynanics will be taken care
of sinmply by assuming that any desired rate of roll
can be established without lag,

Alrcraft motion. The linearired dynamic relations
river in Section 2 will gerve as the dynamic descrip-
tion of this part of the system,

EaadRack. This section of the system represents
measurensnt of airoraft position, sudtraction of
reference function values from measured vnlues to
obtain deviation data, and formation of a linear
conbination of deviations of several variables to
serve as input to the aircraft controller. 7he
output o the feedback section will de defined as
the "atabilization function®. It is a linear

coudinntion of "increment functions®.

“he dvnamic characterintics of the parta of the system

viiich are represented schematically By "aircraft controller® and

"gheracteristics of aireraft motion" are fixed by parrgrachs (a)

and (b) adove. There remains the prodlen of formulating feedback
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systems. A bapic srstem will bs set up in the next section, and

other possible methods will be discussed in Sectiome 12 and 17,

Section 11. Jaalc Control Svaten.
In the stabilization system to be forrmulated in this sec-

tion feedback will be represented by a "stabilization function",

€= oicro + ché - °:P * o‘h, that is, by a weighted sum of
deviutions of azimuth and headins and their derivatives from schedule.
This may be considered to be a dasic form of the desired cuntrol
systen since only the gquantities to be controlled and their
derivatives are fed bdack, hlore indirect feedback systeus, using
radius and/or dank ansle data, will be considered in Section 12,

The systen riven in this section wvill be used for study of air-

oraft paths in Chapters V and VI,

The reason the stubilization function, &, takes the above
formm will appear in Section lla, and selection of numerical values
for the quantities e, to A in Section 11b.

Section lla. MiZfarential squeilon and trensfer functions.of
iha_svatan.

Using tho nbove "stndilization function® and the assuup-
tions of Section 10, the control system vay be represented schem: -
tically as in Fipure 2. The relation Ji = ké represontn contirmuous
control of rute of roll on the dasis of the veipghted sum of devia-

tions from schedule.
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Alrereft controller J-, Characteristics of

9
J} s € aircraft motion

I LG4l =
§=-0"8

Bl e

Stabilization function apsiad
G-_olJﬁ + gazre *eo, P +c‘§

Schedule
o, =Nt
By =0

Lgure 2.

The systen of equalions in Figure 2 can be reduced by
elimination to the following differential eguation in the
single de,endent variabdle, JO: (Note that 0 = J ¢ since .9.1 = 0)

. %.%". {%) = k[01 do+ o, Jo=s -{9 Fiy ceen(11.2)

& 302" % Q2
The constant k may be absorbed in the feedback paranmeters °1 to c‘.

that is, for analytical purposes we take k = 1. (The nethod of
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choice of the parancters will automatically take this inte account.)
Eg. (11.1) way then be rewritten as:
—L .E.-—uﬁ J’é’* (i-ga-JJE* c J5 T o Jo- 0 ...(11.2)
m_z _n_z e (2 pe] 1

Sinca this linearized differential equation for azimuth
deviation, JO, has constant coefficients, the analysis can pro=-
ceed in straightforward fashion. The need for including azimuth
and hesdins; derivetives in the stabilization function can nov be
seen: A necessary coadition that a linear differential equation
u‘!._th constant coefficients reprerent a stnble systen is thnt the
coefficiente of the derivatives of all orders up to the highest
be non-sero and be of the mame sign. The terms in Jé and 90"
would not be present in (11.2) if the atabilization function had
not included the ternms cy Jé and % 5. thus © and a mst be fed
back to produce stability.

The need for the term °3 f in tha stabdilization function
is not iunmedintely evident from Xq. (11.2) since the coefficient
of J‘o includes '5 as well as ca. Fowever, vien numerical wvalues
are inserted for V,{l , and e to e,; it can be shovn that if e,
is taken to be zero, the stndiliration characteristics of the system
are very poor, in fact useless.

3ince the differential ecuation has constant coefficients,

the proceduress for servomechanisn aynthesis can be used for study

and selection of fesdback constants.* lowever, refined procedures

* "eripei.les of servoneehnnisne,® by G, 3. Irom and D, ¥, Campbell,
John iley and Son, 1948,

"Servomechanisns,” vol. M5 of the Rmdirtion Laboragory series,
He'iraw 1111,
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of servo-aysiem deslpn are not necesaary for the present snalvais.
Fijure 3 18 a transfer diagsram of tha systen in tarms of the com-
plex varisble s. It might e noted that the presence of a trane-

fer function of the form —5—1—&-5 1a somewhnt gurprisins since
s *

it inplies that there is nn element in the svaten which can
renerate undsiped cscillations. The osoillutions involved are
& charncteristic of the cvordinate system not of the motion of
the aireraft —- if the rircraft flies at uniform speed on an

eccentric oircle, the nzinuth with resnect to the origin contains

a sinnsoidal ternm, ~
z fl ;

J‘ k - p - »30

A V.02 P

Gy * 0,8 [—

elfeal

Pioure 3. Zronaler Runction Lincranm.
Section 11b. Latemiination of Lasdback parsaatera
For enleulrtion pur,oses the following svetem of unite

has beon convenientt anrles in redians, distance in milee, »nd

2
time in minutes, In thene unite the gravity constent s g = 21 .8 muu/nm.
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Two limitings factors in laternl control were noted in
Section 23 Dank ansle is to be limited to 30° = .52 rad., and ratoe
of roll to mbout 5°/second = 6,2 rad./min. The rrnse of rate of
roll will be used in deteruination of the feedback parameters.
Subsegquent analvsis will show that the bank angle renains within
its proper range.

do + o, di :

The stadbiligation function €= o o+ e, o+ L p+ °, B
and the controller action Ja = kK€ , may be combined ast

:ﬁ-clcro+a2Jo-vaaﬁ *a‘ﬁ (k = 1)

- . L) L)

Stnce §, = 0 (sq. (9.2) ), ma P =P + dP we have

- * - -

,H%JO*c'Jo*cap*a‘ﬁ eeee(ll.3)

The system will be set up fur an airoraft entering an
azicuth control sector at ¥ = 4 miles/min, (V is trken hish enough
tc represent azimth control at cruising speed, and tc pemit
snusequent eranination of tue behavior durins: deceleration %0
aporonch speed,) Assune that the scheduled arismth prosress rate
is l= 1 rudian/minute, and that successive aircraft are to bde

1 radian apart.

Agsune that the aircraft is scheduled to enter the asi-

Jo_, 48 B

mith control rone at O, = 0 and t = 0. Let U9 , 70 , ﬂo' Bo
denote the devirtions of arimuth, arzirmth rate, heading, and
hendiny rate at t = 0, Vith sechedulad saparntion betveen air-
eraft of 1 radinn, the initial azimmth devintion, Crao, miat not
exceed adout $0.3 radian, for simplicity asvume a case in

which 300 = 0,3 radians, vhile Jbo' <] and ﬁo are gero, Under

o'
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thia initinl condition the initial rate of roll, ao’ roolied for
correction of the azimuth error will be assumed to be 3 rad./nin,
(“hin leaves leewsry for higher rates when J&o, ﬁo, and éo nre
not vero.) Insertins the assumed initial conditions in Zo. (11.3)
we have: 3 =0,3 € cl = 10.
01 = 10 {s now inserted in equation (11.”) along with
Vem4, p=21.8, and (1 = 1 giving:
@' 5.46 045'5'* (1 - 5.450,) 56+ 5.45d0 + 54.5d0 =0 ....(11.4)
The para .eters €1 Cup and A will now be selected by
assuaing critical demping, i.e,, that (11.4) has 4 equal negrtive
real routs. The egue' 7:iis-will De denoted by tie symbol, A
The chnrrcteristic polynoalal eorroapondlim: to (11.4) s
3

ot < 5.48 o 00 v (1 - 5.45::3).2 + B.450

For critical dauping ve havei

2- + 54.6

(o -)\)‘ o .4 - 5.450‘.3 + (1l - 5.4'L‘5c3)|2 - 5.450?3 + 54 .5

3quuating povers of & gives:

A =a2.7

e, ™ + 14.8

0, == 8.0 (The negrtive sicug of c, and ¢, offget the
¢, = =2,0 negntives inf = - 'a'/nz and f = -'.ﬂ-fﬂ.?'

9
which enteared becruse of the sirn conven-

tions of the coordin:te system)
A "gtadbilization function® for the asvste. has tims been ceternined:

é-mJovu.eJ'o-s.ou - 2.0 svealiL8)
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and the differentinl eguation in @ for tho control systen is:
§é"+ 10,905 + 44.5d% + 80.6 Jb 54.50850 .....(11.6)

(applicadle only when V = 4, ()= 1)

8q. (11.6) will provide tue starting point in Section 14
for exanining the path of an aireraft under asimuth progress
control when it enters with a given initial deviation from schedule.
It will be shown that the feedback constante chosen here provide
error correction chirncteristics vhich approxinste the reometric
possibilities shown in section Sc. For this reason it does not
appear necessary to oarry out any nore refined sorvo annlysis in
& search for optimun constants.

Feedback parameters vere deteriined above by assuning
a particular initial condition: J'co =),.T, J&o =0, ‘o =0, Eo = 0.
As a chack that the parenoters obtained do not call for toc high
a rate of roll under other initial conditions, consider the
folloving cases:

(a) Suppose the ajreraft coes not enter the arimuth

control sertor ant tha correct rudius. wet the initial

error in radius be X 0.5 mile,

By (9.9) 90 = - %!J-r

J&o -:Q‘E-:;%ndhin. (L=1,V=4)
Assume that Joo »0,P, 20, Bo =0,
Then § = o, 06, = 14.8 x 23 =318 rad./min., vhich

1s vell vithin the per issible range for rate of roll.
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(b) Suppose there is an initial heading error

B, = 0.3 rad., and do_=0, Jéo = 0, éo = 0. Then
Bo =c P, = =8.0x(20.3) =224 rad./sin,

again within the allowable control range.

(¢) Suppose at t = O that the aircraft has not estab-
lished a bank engle for the azimuth cont;ml sector,

but instead is still in straight level flight. Assume

Joo =0, J"oo =0, B, = 0. The initial bank ancle is

po = 0, and the initial bank angle error (ueing Eq. (9.2) )

is
P, =9, - = I
% (9.13), J¥° - Jﬁo =

By (9.12), B, = J&o + Jfﬁo =) =1
In this case the initial rate of roll called for by the

L] L ]
control systea is ’o -c, ﬂo ® « 2 rad./oin,, vhich is
again in the allowadble range.

Apnendix
Section 12. Altetnative Stabllization Svatems.

In the precedins section s control syctem vmae ssd up
in the form which will be used for annlysis of airernft paths in
Chapters / nnd VI, It will be shown below that there are other
possible methods of stnbiligation. The problens involved in

evaluation and comparison of the vrrious possibilities vill de
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indicated, but it would take n large auount of detalled analyeis
for a thoruugh study.

Consider Yipure 2 with a stabilization functicn denoted
by €, but otherwise unspecified. The relations in the fipure

can be combined in the form:

+ J'é) =€ (as in Section 11, k can  ....(12.1)

-¥
€ n3 be absorbed in € )

This wection will examine various stabilization funections, .
Jection 12a. Stabilizing elausnta

The quantities wvhich night be used in the stabiligation
function will be c=lled "atnbiiizisn: slements®™. A liet of much
gumniitice, includins thoee which were used in Section 11, follows
in Tadle I.

The colwn headed "Formation" shows how the desired
*stabiliring element® would bde formed by means of instrunent
mlur-u'nn in the aircraft. r, 0, ¥, §, and V are measuremsnts,
vhile f) and § are knovn references. Differentiation of a measured
quantity 1 indicated by i rather tnan by a dot over the variable
in order to distimyuish the fact that differentiation by use of
sloctrical or mechanical devices is involved,

The column headed "3trdilizing effect" pives the linear-
ized relntion of the "stadilising elenent® to J-O (obtained by
use of Bouations (9.9) to (9.14) ). It elould de noted that V
has different significance in this colunn from that in the

"Formation” colusmn. In the "Formntion® column it represents
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introduction of apecd measurement g2 part of the feedback procecs,
while in the "Stabllizing BEffect™ column, epeed appears, not as

o measured quantity, but as a parameter of the airecraft motion.

Table I - Stabilizing Elements .

Smbol Fornation Stabllizing Effect

de 0-0t do

é “.n 9

Jb‘ P+t See dote (1) (-'{g-JOJ

41 44 .0 (-2'3'-%)
Vi

B oy . i

; @, a4 X

FTRMT 02

fr samlota) r-% -!{3&5

' m -!{-;o
B g

J, ’-r-'-.&a -‘(Jcn- 3"

n ssadosa() v -r -2 (2ds - 2§

¥ote (1). The reference function for y lef = Nt
(%q. (9.2) ). f%herefore dyf = L Al R

Note (2). Use of Jr ms part of a stadilization func-
tion for asiouth control would not imply
that radial stabilization is Deing introduced,
since the reference radius, V/N , changes
freely with the speed of the aireraft and
is not specified by the control system.
(A similar remark applies to d§)

Yote (%), N ia a new symiol to represent the given
combination of bank angle and radius. This
conbination provides a way of using radius
and dank angle for stabdiligation without

use of speed,




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

Report 189 -80-

Section 12b. Sienificepnt alternatives

The following four considerantions provide a basie for
combining several "stabilizing elements” into a "stabilization
function".

(1) The stabilization function must account

for JO and 4ts firat three derivatives. The reasons

for this were given in Section 11 in the two paragraphs

videh follow Equation (11.2).

(2) The "stabiliszing elements" in Tadle I can
be divided into two groups corresponding to even and

odd 49 derivatives:

.&_G['ﬁ.m - JO, ‘rﬁ‘! B, r

Mm- Jé. ‘R‘-éa trf- J’o’l
The stabilization function might be written (= él + €,
where €1 consists of elements from the JO, J'o' group,
and €, of elements from the Jo, 5" grovp.

(3) The stadiliration function should bde a linear
combination of four olements, two from the {0. a'b' group
and two from the 40, J6 growp. There are several
mmﬁuonn of fewsr than four elements vhich meet
the initial requirement stated above, that oro and its

a
firet three derivatives be represented, ..g.,ﬁtw element

systen
€m .1J¢' qar\- 51(# vJO) + OJ‘nJa "i na) «++(12.2)
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Brief study of such systems shows that tith only two
elenents either the system csnnot be stebilirzed or

elaga that the stabilization characteristics would be
very poor(long time constants). Vith three elements
tle stebilization characteristics are still unsatis-

factory.®* Tho best three slement n:'sten mpvears to

bet
4 +
€0 dosap+on
A prelininary study of the control system characteris-
tics ueing this function indicated tlnt the system
could be stabilized but would be quite inferior to ths

yeten olf Section 11 in which four stabilizing eleuents
were used.

The difficulty with two and three element systems
is that they introduce fixed relations between the
coefficients of the JO derivatives. For example,
in Bountion (12.2), no matter what values of ° and

c, are chosen, there is a fixed ratioc between the coef=-

2
fictents of the J8 and G temms, end also a fixed ratio

between the Ja and (fa coefficients. Htth.tm stabi-

1izing elements, two from the JO, J'O' growp and two

* Usa of Routh's test for stabllity, and exanination of charac-
teristic roots associated with reasonable values for the
constants, Cy» Wns rdequate for these prelininary appraisals.
For a fourth order differential equation wvith constant coef-
ficients, X * ax * bx * ax + dx = 0, Routh's criterion for
stabdility consists of the requirements:

a, b,e, 4 O
ea - aboc * ;zd 0

(See Kqrman and Bipt, "Mathematical liethods in Sndnesring.)
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way:

from the Jé, JQ groug, the aystem is free of such
conatraints. Use of more than four stabilizing ele-
ments would be redundnnt.

(4) The "relative heading” f appears only as a
natter of convenience in analysis. The only way %o
obtain f in an alrcraft is by measurement of © and ),
and use of the relation, B = @+, Whon f and f
a.ppu‘r in the stabilization function, the terme can
be regrouped and expressed in terms of chﬁ and ds

E= olcl‘o-r 02J5+ csﬁ + 045

=0 (0-0t) ¥, (6-01)*o 0+ *e 6y
= (6,700 (9-11t) + (0,7¢,) (8 ~(1) ™ oyl +Nt) *o,(f +11)

cltfe -rcécfa + osaﬁﬁ + c4J¢

The elternatives can now be considered in the followving

Let €= 61 + 62 as suggested in item (2) above.

There are really only two mltornatives for £ 1

6.1 = olJO + c, B, or El = olcro * czi-. Any other
combination of two terus from the JG, F) group involves
exactly the same neasurements as one of these two
expressions. For (-z there gre more alternatives - any

combination of two elements from the Ja, Jo group

wvhich represents both Jo and Jo can be used,




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

L

Repoxt R-1&3 -8 3=

The following three exaaples will be used as a beslo
for discussion in Section 12¢. In each ocase the atabilization
function, € , and the differential equation ir JO obtained by

use of (12.1) is given. For simplicity Nl ie rssumed equal to 1.

System é-alcrﬂ‘* aszb*asﬂ "‘l",ﬂ

(a)
(Sam : a-l(ﬂ-t)*na(“-l)-rg(n-np)-r.(ﬁ M
as in LJO-!JO*(l-n)JO'fnnt‘rD*-lJo-o sanil i8N
Sec, 11
e-b1J9+b2cJ-r~rbab-tb4J$
Systenm -hlto-t)-rba(r-n'-t bato-nﬁ)-rb‘;('g';\&* 1)
(v)

38-6"6"- b‘Ja'-i- (i - baJJ'é - (b,V + b)) do+ hlfo=Q..(1a.4)
€= old’o *o,n c B * c‘cffp
System = 51(0 -t) + qz(’ + -i) + 53(0 + P) + 54('2;‘ +1)
(e) _
%cfii'- (e, iw 0, J% + ({-- o3)J6 - (20, §+ 0,) do + elarc -0
«ee(12.85)

Section 12¢. Stepa recuirad for furiher npalvais.

Thorough evaluation and comparisoh of the nlternative

stabilization syatema would require careful analyeis of the

folloving factors.
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(1) Dependence of atnbilitv on speed

It can be saen thet ¥V enters zs g paramater in different
ways in Equatione (12.3), (12.4), and (12.6). (Also see Fijure 2
which represents example (a) above. In that firure % enters ne
A gain factor in the feed-forward section of the servo system,
1n transfer finction diagrams for exaaples (b) and (e) V would
aleo enter in the feedback eections, thua giving different eta-
bility characteristics.) A detmiled analysis of the alternative
systens would require deter-ination of the range of speeds over
which sach gystem would provide satisfactory charactsristics.
A prelininary analysis vue made of examples (a) and (c). The
results indicated that the stadility of (c) ie more sensitive to
speed changes, ané that there wight be difficulty in finding
constants for that syatem which would be satiefactory over an
edequate rangse of speods.

The stnbllity characterictics of the various syretens
can be made independent of speed by usins speed measurement as a
maltiplier 4in the stabilization function. In example (a) mbove
the stadilization functicn would become:

€=v(aydo+ ayde v ap + oy )

(a*) substituting this in (17.1) gives:

lcﬁ'a"- 8, 06 + (l - a')cro +al 4o+ aydo=o

Thus the differontinl equation no longer conteins V, and the

stability characteristics are nominally the smie at all speeds.
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The sane procedure applies to the other syetems except that only
pert of the stabilization function should be multiplied dy V,
0.8. in exanple (c):
\ + of v d + ot
€=v(ejdo+ ey B+ ctd) + oyn

(e*) gives the differential eguation:
2e!

1]
:J‘é".. (-Ezqr uz)J’é'* (t- o}) ds - (—;3+ ) do + oiJ-o =0
This procedure appears to be desirable except for the added
complication in the stabilization function. The effect of errors
in speed measurement rleo has to be examined, particularly in
cases like (c') where V mltiplies only purt of the atabilirzation

function.

(2) Heasurement errora

Since the stabiliration function can make use of dif-
ferent nercurements and would weignt them differently, the
probable errors of each type of measurenent should be estimated
und their effects on the system studied. 7The measurements which
are most likely to introduce difficulties are V, '&E ’ ‘22 » and
- ( ® becsuse it includes & ). BKach of these quantities must
dt  dt dt
be smoothed vut to eliminate irre;ularities. In the case of r

and @, radio propasation noise must be filtered out before taiing
tueir derivatives. Air speed, V, must be smoothed to eliminate

the effects of turbulence. The macothing (or filtering) process (S

equivalent to introducing delays in transuission of the data to
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the system., The effect is to make 1t mure difficult to obtain a
stable system,

The three exsmples, (a), (b), and (c), adove pruvide
alternrtives with regard to the use of smouothed data. OUystem (a)

'g% , system (b) uses V, and aystem (c) contains none of the

doubtful quantitioes.

uses

(3) Effect of wind

The effect of a steady wind on system (a) will de
rnalyzed in Chapter VI, In reneral wind adds z sinuooidal pertur-
bation term to the expressions for the "stabilirzins elements" in
tarmn of t{O. For example, Jr, which appears in Table I ae
-fi‘; Jé becunes -I-{;JB *H_ml (Nt * W) , vhere w = wind mag-
nitude and p = winé direction. The perturdations introduce a
saall "forced oscillation® into the aircraft notion. 7.ue procedure
of Chapter Vicould be applied to alternative stabilisation systems
in orfer to determine which minimizes the effect of wind. (The
oscillatory effect of wind on orbitel flight is mnalasous to a

parallel displacement effect on straight path stabilization.)

(4) kffect of nop=linasrity.
It vill be shovm in Section 17 thot the linearired

analysis used throughout the thesie is & reasonable gpproximation
but should not be taken gs a final evaluation. The effect of
non-linearity becomes large enough to make it desiradle to follow

up the results of snalysis by linear approximation with more
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exact caleulations in which the principsl non-linearities of the
system are taken into account, The difference betveen line-rived
and non-linear caleulativns found in Section 17 4s sufficient

to indicate that in comparing slternstive stabilization ayatems

stucy of the non-linear effects might have an appreciabdblo bearings

on the evalurtion.

R mE S SR W Es W ST Se Ge R am a e E R W R R R e S W R S o e W SR e e

Section 17. Eurther Considaration of » Control Svatem Using
Ardimth and Heudizw: ¥aedbngk
In this appendix the stnbiliration system will be
fundamentsally the saue as in Section 11, dut the form of Lresen-
tation vill beo revised 4in ourcer to mccomolish the following
purposes:

(a) To 1llustrate the concept discussed at the beginning
of Section 3, -~ tuat ecuipnent for azimuth progress
control can be considored as one feature of an
integrated gireraft guidance eouipment system, In
the gtabiligation systan described below, arimuth
error fesdback will be part of the imput to an
ruto=pllot herding control, and the auto-nilot can
be considered to de the eonipmant in use on present
day aircraft,

(b) To show the stabilization system in a form ‘hich
has the specific features required for grimmth

progress control, but which pernits introduction
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of experimentsl data or assuaptions concerning the
airergi’t controller and ecireraft notion dvnenics
other than the msswaptions given in Section 10.
(e) Tu show the relation between reprusentation of the
aystem by diftferential equations, and baplncl

trgnsforn (transfer function) dipgrans.

In the scheugtic diagram below (Figure 4) the aircraft
heading is assumed to be controlled by mn puto-pilot, and azimuth
feedback may be considered to be an added facility which changes

the heading schedule in the directiun which stabilizea azimuth

pfogrnll-
AfTeraft controller Characteristics
Heading Schedule > of
auto-pilot aireraft notion
—
| hending feedback
Azmutk Scheduje——a- —— Aziouth fesdbaclc jg—>t

FYigure 4. Scheatic Control Svaten.
In order to formulnte the anglveis in a wore general
way than in 3ection 11, the evstea diagram can next be set up as

in Figure 5. Heading appears ss the variabdle, ¢ (compass heading),
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rather than p (relative heeding) since un guto-pilot has a compass
reference. %’. is the hending reference function, and lpa = lﬁ’i -€q
is the input to the auto-pilot, ég being & welghted sum of
deviations in arirmth and azi:mth rete, %he actual heading, V¥,

is subtracted fron iﬁa to give the incremental input, én,

to the aguto-pilot. Tie rectungle containing the notatlon, ea -:rfc,
repreceuts the as yat unspecified dynamic response of the alreraft
control surfaces to the mechrnical aysten inaide the «ircraft,

The next rectgngle, conteining € -» ¢, represants the heading

responge of tha sircraft to its control surfaces. 7The final
dblock, a rel=tion ovetveen heading »nd azimuth, {e Eq. (2.5),
vith ¢ + @ sudstituted for g.

Fijure 5 has added all of the necessary nrirmth relations
for aziuuth progress control to a hesding control system vhose
dynamic charncteristics have not been specified. The presentation
provides s frnaework for neking dynnnic as:uaptions other than
those of Section 10. I1n particular, experimentrl data on heading
stsbilization could cerve as a basis for analyais of azirmth
control. The non-linear relation oetween @ and ¥ could be handled
by mnehine computation or coulc be replaced by the linear approxi-

mationt

JTG'a*.(]_z(Jo*{M-o veea(13.1)
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= = - 1nternal Heading .
b, « ¢l “¢1 ~€ & "t'a 4 Mechanism | € | Rasponse | | . . E
—L@ > - [ =210+ (267 +&p) tan(y+0)=0, .
- + | EarEe| | g -y |
5"1 =-fLt
% Leadback
Eg = cli[-ﬂ + c&cré *
T ey Jo °zJ°
¢ s
do 1
e | - J}_i
LV, 2"
Ol =Nt &
6‘ - a. [+
51 - ﬁ'(_ @"—L‘r dt

Figura §.

Figure 6t is a transfer functiun diagram, equivalent to

Figure § at snall deviations. In this case the unspecified reletions,

(€,—»€,) and (Eo" W) appear az unspecified trrnsfer functions

a

1

and G

2.
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o
do,- > o, - I—_‘_TOQ’L T2 en?
1 1 -~ GZ. lr > 8 1-_(2
-t
*
Y azu'%
Pipure 6. Zransfer Function Diagram Bquivalent to Figure 5.

The remaninder o this section will deal with the relation
between the differential equation representation of the system,
as in Firure 5, and the tranefer dunctiun repre:.entation, Figure 6.
Tiie cac will esrve as an exauple of methods uned in other parts
of the rs .ort.

1n order to deal with a completsly formulated exaxmple,
the assunptions of Section 10 wvill be introduced. Lag in the
mechgniame inside the aircraft is assumed negligible, and he-ding
rate irforuantion is rssumed to be obtained by differentiation of

the suto-pilot input, e.. The relstion (-.-oee in Figure 5§ takes

the forsns ec(t) -o, &, (¢) » c‘E ll(t) . RO o L )
Assuaing courdinated turns and no lag in rate of roll, the palr
of equations: 'ﬂ = k éo
--.0(130:‘)
Ly = tan
L¢= tan g

descride the heading response, € — ¢. For analytieal purposes

let K = 1.
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The differentlal equatiun representstion of the svstem
ans now been spucified. 1ln order to set u. the transfer function
diagran tie di:ferentinrl ecnations vill be expressed in linenrized
increental forn and then replaced by Laplace trensform relntions.
Bach tr~nsfer function is the ratio of output to input in the
I'requency douein,

(17.2) becomes (:c(sJ g " fn(l) v, Ea(n) in the

freagugney domedn, and we fhuved

& (s)
o ‘-'—q—"""' - c Lol | .n.il(l?"‘)

1 €, (9) ‘4

(13,.3) in l1aarized inereentel for hacones
cft - € (v
.LJ' - A
g ‘ g
B irating JO givest "'J\" P

anid In tranafora notation: : t"(J,‘J‘l u} = éc(a=

ims O -M .. X .6)

2 €. (0 Ve
(13.1) tn traaefors notrtion $a
sﬂ Jﬂ(.) - nai d’g(.J - J¢(’J‘I a ) , whicii Fives

tha J¢ —~» cro tranefer functior gl resdy shuvn in

u'.'!
. - -
“1gure 65; r - ——
deie) ~ 2,2
“Innlly 69 = cl JO + on.O in Fienre 5 bBacomas

€, (a)

72(_5--01’07"
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After finding the transfer functiona, the tranasfer
diagram ean be set up as in Figure 6. OUne :mat be enreful,
however, in draving the interconnections, since in the transfer
diagran all functicns are in incremental form, while the differ-
ential equation diagran contains sudtrection points wheres incre-
nental auantities are formed. The writer has found it desirable
to checls the equivalence “henever both typea of diagram are
drawn up. An oversll check is provicded by using the transfer
diggran to finé the overall transfer function as a quotient of
polynvnials in o, and seeins vhether the polynomigl in the
denominator agrees with the charscteristic polynomial of the
systen found by reducing the differential equations to a single

linearired equation in JO.
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V. Stabilized Flight Patha

“he procadure of section 1l led to the formulation of
a control systom with specific feedback paraneters. This chapter
slwows the resultins aziimth deviation charactariastics and flight
paths assuwaing; no wind, The maln results sre olttained by use of
line~r approxiiation. an appendix exmiines the approximation

orocadure and shovs that it is falrly satietf'actory.

section 14. Qorrection of Jnitisl orror at Conatant speed

“he flisht benavior deterulned b the stabilization

srotem +i1ll be ghovn for the situstion vhen an mircraft entere
an rnzimuth control sector somevwhst off schedule. Assuie a con-
strnt speed of 4 miles/min. and an ari:mth rrte achedule of [L= 1 red./min.
(These prrticular velues nre used for convenience in computation
since they wers used in Section 11 i{n selectins feedback parameters.
For nore detaniled analysis A rance of velue: of V and perhaps
also of () should ve considered. The ecustions recuired for more
reneral study «ill oe piven in an appendix -- Section 1R.) The
dirferential equntion in JO ie:

8+ 10.90% + a4.59% + 80.6 b + 5a.8d0 = 0....(24.1)
viich has four equal charrcteristic ructs, A= - 2,72, so that the
solution cxn be written:

do = o2t (1) ceese(14.2)

vhere p(t) is a third desree volvnonial.
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Let there ve an initial azi: uth error, JQO, and pesume
that the othner initi»l deviations nre given in the form

. *

dé) =p(o) =4(0) =o.
Since, by (9.11), p = - éﬁ and f§ = - —g' s the injtial corncitions
[ 4
J' n JD Jn Jlll

for (14.1) are do(0) = d'oo, 9(0) = 0, J8(0) = 0, and d6(0) = 0.

“iie solution of (14.l1) under these initial conditions is:
2,2 3.3
do = Joo ot (1ot e LaL - L—}- ) (rodians) ....(14.7)

(A =-2.72, Jﬂo unspeci fied)
The lineur approximations to the other variables are
then siven byt
indius, r=4- 4J5 (uiles) ;
Hending, £ = J e (radians) )
. ) eea.(14.4)
3ank angle, f- - .18 (1 *JO *JOJ (radtans) )
. Jo oF% )
Rete of roll, = - ,18 (UQ +0UQ) rad./min. )
Let the initisnl arimuth error be Joo = .0.7 radian = - 170.
Fimure 1 shows the azimuth cdevi:tion as a function of time, and
Figure 2 showe the sirersft path. 1ln Figure 2 the points indicated
by e ure actual positions, snd thome indicnted by © are the
correspondins scheduled positions. The behavior in heading,

bunk, and rate of roll e¢rn oe seen {rom the following table:
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TABLE L
Tine Azimgth Radiue, » Relative Bank angle, Bate of o
(minutes) error, (milos) Headlng, P roll, ¢
(Dogrees) (Vegrees) (Degrees) Derrees/sac.
0 17° 4 0o’ - 10° - 2.9/ sec.
0.25 17 7.9 - 11 - 19 + 0.5
1.0 12 3.3 o 1 - 7 - 0.1
1.5 Y 3.4 + 6 - 11 -0
S0 1 3.9 * 2 - 11 0
de
,o’iv
5°%
) 2 3 t (minules)
v —
-5’0"
—}o' i
—15°“
=20 Fipure 1
Azimuih dirror vs. Tine
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)T < \ e minute
s

3 min.
X

e
l 7
pE

Mieure 2. Alrcraft Fath after 1nitinl =17° Srror.

—o— scheduled position

—p actual path

F{ure 1 indicates thnt nzi.uth nrorress control would
stroilize an initial error rether nlouly.' In the first {; oimte
ther¢ is practically no reduction of the error, after 1 minute

the error is reduced nbout 705, and after tvo ninutes it is down

about 80,
The stabiliration chrrneteristics are about as expected

when one consicders the time-distance-azirmtn relations obtainable

by path yariation on purely reometric rsrounds (see Section 5¢.)
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Tha results of tils section should thorefore be swiuarized pri-
warily by saying that fhe control svafen set wp in Section 12 De-
baves buaslcally ag regquired for azdmuth ,regress contrpl:

(a) 7The systen provides closed loop juidance wvhich
choosea anoroximately correct geometric paths for
aziuuth stabilization.

(b) finble 1 shows th-t the Dbank angle »nd rate of
roll reuain within practical limite

S e mE EE MR SR A R W R W mR GRS S G W e R R S T e e T e e e e e e

section 1H. 4 ) h!

It was noted in Jection 7 that nrimuth yrosress control
offers tlie posaibility of flying on an azimith schednle during
deceleration fron cruisins speed to apjrorcih areed, nal-ing
irecise speed contrul unnecessary. VYe can nov exsnine the dynamie
behavior during deceleration.

1t will be nssumed thst tho deceleration is constant.
aneec durings the deceleration periovd 1e described by v = V + at,
where V = gripinal cruising speed and a = pcceleration. The
acceloration is moswiec to de =1 ;:.nafmin.ﬂ « (Yr4s velue has
osen quwtad as norael for UC-4 airylunes.) The initi~l speed, V,
is teken as 4 miles/min., and the deceleration is =ssumed to run
for 2 minutes, pivin: an appronch syeed of ? niles/min,

The analyein of tie dinanic system vhen the speed is
varying ciffaers eon;e+:hnt froa that for conetant apeed, The

rocedure vill be cezcribed in Section 17b.
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Let the initianl azimuth deviation be Jbop and assune
(fé(()) =0, 55(0) = 0, and J.Q(O) = 0, Then the aziimth deviation

(for V=4, a=-1, N=1) is given by:
2.2 3.3
fo=-02+ (do +02)e”*q « At~ At AL ) (radtnne)

( A- - 2.?2) 00000(15-1)
and the radius by:

rea-t+i Jeo +0.OAY +% (niles) ceeen(15.2)

Fipures 3 and 4 shov azimth deviation vs. time and the
ajircraft path for 3 values of J-Oo. These exarples indicate the
follovwing behavior of the systen during decelerstion:

(1) The azimuth control systen provides ap roxinately
the desired ,midance during deceleration, that is
the ajireraft takes a course which peraits it to
stay near its aziruth schedule.

(2) buring decelerati.n the airera’t tands to fall
somewhat benind scuedule. However, if the aircraft
is behind schedule at the st:irt of ceceleration,

it does not fall further behind.

section 10. ginplifigation of the Anslviic irocedurs.
1t is usaful for some pur,osas to use » sinpler tut

cruder analysis than that in the prece’ins sections., Tha pro-

cedure to be given here pemites nrelininary study of the peometrie
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features of guidance pathsz on the dasis of second order differene
tial equations in place of the fourth order socuatione which appenred
previously. The aearlier analysis will be referred to as the
"fourth order prucedure” and the nethod described in this section
as the “second order prccedure®.

Jaction 14 indicrtod that n fairly long: tine is recuired
t> stebilize aftor an initial azimuth error. oun the other hand,
charnyres in relative hending, p, sufficient to determine thes path
variations reguired for ,rirmth prosress control, cnn be :ade by
the sireraft in » relatively short time. As & result, a simple
form of snalysie which approximntes the earlier nrocedure can de
obtrniped by neslectin: the tine las required to astrblish » dasired
heacing: 4in other rordas, by masuwiing that relntive herdins is
under {nstantanecus control. The "stubilieation function®
recul red under thin assumticn ie:

b -clcrn* op_d'i swan i)
whers °, and e, are constants to he chosen such that pathis found
under the sin lifyins mesunption are a good approxioation for
pathna deternined by the e=rlier mnnlysis.

The -rocedure ueed to select o, and 0., appears in the
appendiy —-- section 17e. The values obtained ars °1 =], c;! = 2,
setting p = = J'dlﬂa, and 1 = 1, squation (16,1) becomes:

dé+-db+ damo ceeea(16.2)
lhus ve denl with a secund order equation for d—o inete-d of the

fourth orler ecu tion (14,1).
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To compars the pntha deternined by the einmplified pnsly-
ois with those ubtained earlier, consider ¢he example usad in
dgction 14. The iniltial conditions are CEJ{O) % «0,F radian,
Jé(o) = 0, and the correeponding solution of (16.2) is:

Je = 0.3 o—t(l + ¢) (radisns) saneel1B:8)

The mircraft path ie then given by
e=nt+do=s-02a%0+1)
-t )
)

r-&'l- Jr*&-'ﬂlé{é-ﬂ-l.°;. B

Timars 6 compnres the path obtained by use of (16.4) with

sseve{16.4)

that obtained in Section 14. It can be seen that the "sccond
order procedure® of this section provides a reasonable approxima-
tion to that obtalned by the earlier analysis.

It would not have besn desirable to proceed directly
to the second order procedure vithout firet setting up the fourth
order procedure. In the fourth order procedure linits on rate
of roll and bank ongle vere the dynamic considerations which
deterained the permigeible sonsitivity of the stabilization
eystem, 1.e. determined the fesvdback constants. On tho other
hand the second order formulation assumes inatantanecus hending
control, disrecarding the dynanic limitations. Lad the second
order procedure been set up onrlier there would have been no
real basis for cloice of feedback parameters. 2ha second order
arecedure is fo e thousht of only as A vay of amnroxinating
coometrical features of the fourth order svatem. It vill be ueed

for this purpose in the sections on the ef "ect of wind.
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# fourth order procedure

+ second order procedure

Fipure 5. QLouparisen of Fldcht iath ©otained by Fourth Ordex
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Section 17. Lffect of Nop-lLingarity

It was shown in Section 9a that the elementary relations
which scerve as a starting point for study of azimuth progress
control can bde lineariged +ithout serious error over the range
of the varimbles which should be covered. This provided nreliminary
rrounds for assumings that linearization would aserve not only as
the viay to formulate a stable system, but aleo as an adequate
approximation procedure for computntion of paths. Tihis section
will show first thnt the latter assumption needs furthsr inves-
tigation, and will then show by a ;top—by-ntep integrntion of the
non-linenr equations that the linear approxinstion is usable.

wsection 50 examined patn length along twd comparable
spirals, one cutside, and the otner inside = senicircular reference
path. 1t was noted that in comperison vith the lensth of the
senicircle, the path lensth increase on the outslde spiral was
several tines grenter than the path lensth reduction on the
insice apiral. On the other hand, according to the linearized
solution of the stebiliration systen equstions, IO -J‘Ool‘“(l-zt‘\‘i;
(Fq. (14.1) ), the erme lenscth of tim ie required to st-bilize
after an initial positive arirmith error as after the correspond-
ing nacsative error. Tius the question arises *rhether the linear
approximation hidea an importent ;eometric fenture of the paths.

A second difficulty is that the ranceo over hich linear

approxiar tion 1s satisfactory chansmes nunder the -inthenstical

.38
-u—%_)
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uanipulations vhich lead from the basic relrtions to the final
equations. Consider the eguation

a=-07g, veeea(17.1)
vhich was derived in Section 9a from two equations vhose linear
apsroximations vere good over the desired ranse. The non-linear
form of (17.1) is

9. (2.6)1 ©Oma- (02 +0p) tanp voceeld?:2)
It vill be shown that the difference between (17.1) and (17.2)
can becoue larse in the range of varinbles to Le covered. The
renee of the variable p in (17.2) will be axamined. Assume that
e=Q y 1.0, that there is no error in aziruth rate, and replaca
tan p by B, vhich is a satinfnctory aporoximstion over the P
ranse between -45° and ’4!‘50. Then (17.2) can be writtent

a=-n0%q +§) ¢ Ceeen17.3)
(17.1) 18 & reasonable approximation for (17.7) w!';m g' in a frec-
tion less than é. The actual range of values ofg: can be seen fronm

the lateral force equntions

-Eds -a)-tm? sueeslAT4)
By (17.4), ustng @ = () 1."1'1*'*‘”" sssssl17:8)
Let ()= 1 rad./min. and V = 4 niles/min. Then by (17.5), in
uovers.:u- the allowable rinse of benk angles, @, from -0° %
- °. %mﬂu from -2.1 to *4.1, vhereas only vhan it reasins
between eny <0.5 and +0.6 18 (17.1) a so0d ap roximntion for
(17.2) or (17.3), 1t would otay within the narrower limite only

under saall deviations frum schedule. 4iims it appears that
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replacing (17.2) by (17.1) is likely to be m weak approximation
for coaputing paths when the deviations fron echedule are fairly
large.

In view of the above conaiderntions it appeared desirnble
to check on the validity of the paths found Dy linear approximation.
In order- to do so the differential eyuations for behavior of the
system vere set np in the sume way as for the linearized procedure,
except that (17.2) was used in nlace of (17.1). The eonations are
riven at the end of this section. The resultings non-linear system
was intesrated step by step fromt =0 to t = 2.0 minutes, using
0.1 min. intervals. Faths were comsuted for two initial conditions:

(a) 9(0) =~ 17°, 6(0) =B(0) =£(0) = 0

(v) 9(0) =+ 17°, 8(0) = B(0) =f(0) = 0
Fipure 6 compares the paths obtainad by step-by-step computntion
with the correspondins linear ap roximations (one of which is
the exanple which apeared in Section 14). It can be seen that
the linesr resulte proviide a fairly satisfactory approximation,

Fimure 7 shows the asimmuth error ve. time obtained dy
step~by-step computetion for the two initial conditions., The
upper curve corresponds to the path outsids the referonce circls
in Fipure 6 and the lower curve to the path inside the circle.
un the basis of the pevietrical discussion of the difference
between an outsice and an inside path it misht have been expected
that the upper curve would tend to stnbilize wore ruickly than the

lower. Ilnstead the tvwo curves stabilize at ~bout the sepne rate
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with tue advantaye in fuvor of the lowar curve inotead of the
uggor. Fipure ¢ showe that the stabllization systen tends to
produce greater inwvard than outward deviations from the reference
circle, and thus to balance the stabilizatiun characterictics.

In setting uy the non-linear equations for the above
digcussion there were two non-linearities to be considered:
(r) Lguetion (17.2) above vhich brinss in the characteristics
of the coordinate system, (b) the ter: tan @ in the lateral
force equsrtion (17.4). The eccond of these wne disregnrded, that
18, t=n @ was replaced by @, since it appeared to be only a small
of ‘ect and would have complicated the computntion. The ecuations
Ic-f the systa. can sasily be reduced (usins the snne feeddack
constants ns before) tu (17.2) above and (17.6):

y‘; B -6 =10(-Qt) +14.8(8 ~(L) - 6.0p = 2.0 B

sewsell0s8)

Assume V= 4 and (L= 1, Let @ =w, © =N and =M. Then
the equations can bde set up in tue folloving fomm which is cone-
venient fur step-by-atep computetion:
sy 17.2)y N\ == (W® +wp) tan p
By (17.6)t 4 =)+ 54.5(0 - ) + 80.6w - 1) = 43.58 - 10.9 4

M u

ds PR & X 5

M,
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Firure 6. Alrcraft rFatha.
el 3tED=Dy~step computrtion

- =@ v~ =@® == uinear approximaticn

do

..ls..--
+10° +
fs.-b
0.5 l.“ I._..f- 2.0 € (mmn utCS)
' v | L

step by step

hin€ari2ed

Fipure 7. Asluuth brror va. Ting.
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ssction 18. Jupplenents to Sactions 14, 15. and 16

Section 18a. Conatant speed equetions (Supplemant to Section 14).

Equations for deter.inntion of the flirht behavior under
any initial conditions nr¢ given below. For convenience all of
the necessary reference functions and linearized increnontal
relations are collected heroe. The specific feedback constants
chosen in Section 1l are used. V and (L appenr ps para-eters.

The reference functions are:

oi-nt ;
r, =V/Q )
el ) verea(18.1)
Py =0 ;
by ==-Va/g )

ihe necessary lipearized increaental relations aret
Y Lk
b == do/n?
ﬂ.
dp=9-9, --%(na*d’é:

let the initinl conditione Do siven as position, haading,

i....{moz)

B S Nt N W N

and bank ancle at ¢ = Ot r, 0, B, , and 'o' Using (18.1) and
(18.2) the initial values of JG. Jé, J“, and J‘é’ nre aean to
bet Joo = 0(0) - 01(0) = .?a

. 2
JOO -..'nv— [r(OJ - rt(O)] '-ﬂ.u _E'_rl )
T
9% =- 02[690) - &9,00) + Ja(o,l . nz(%'_'g i ;"ﬁ -

..(18.5%)

N’ Nt Nt Nt Nt N Nt Nt Nt Nt
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The differentinl equation for Cji} ie:
~L- 4"+ ahgd"é\ (-:'5 + 5—-%) Jo+14.6d6 +10d0 =0 .....(28.4)
s’ 0 Fn

After solving (18.4) for JO under the initial condi-

tions (18.7), the other variables ~re obtained dy use of (18.2).

Jection 18b, Yecelaratiun ecuations (Supplement to Section 15)

In uorder to analyze the behavior of the systaeam when

speed 18 varyin:, the d;namic equations will be restrted:

coordinated turni t;‘ =g ;

aireraft controlt # = ké (k=1) ;

stabilization: €= IOJO hi 14.8Jb -B,0p -« 2.0 .ﬁ )
J.oo(la .5)

p=evyd g

r=vasinf ;

® =y cosp )

Bountions (18.5) can be linearized by trenting the
varyin; speed, v, as r constant reference speed, V, plus an
{nerevent function, dv; v =V + Jv. The roference functions
fur linearizing tie ayeten nre the sa’ i@ na for constant speed --
Bountions (18,1) == wvith the addition of n speed reference,
Y- V. The reduction of the set of ecuations (1£.6) to a

sinsle linerrized equation in JO then proceeds as followe:
“he linesrired incre ental forms of 1: 2 v ain £ and

L]
re=yv cos p are
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H(’.pol‘t ,:.-';‘.39 11“_
dravp vreee(28.6)
Jra--‘!-é-é-%--é-:’- ceeea(28.7)
%" a
Differentiating (18.7) nnd equating the result to (16.6)
gives:
fma 'ib.' -+ 'CI"! . (12.8)
Qz vn LN -

The first four equations in (18.5) reduce bty lineariza-

tion and elinination of ¥, €, and ¢ to:
-E (3 - 09 @ f’- J‘v = mJo + 14.3J6 -8.08 - 2.0 Ea «..(18.9)

Blimtnating P from (18.9) by use of (158.8) gives the

differential eouation in JO:
%tfﬁ'% 2%* (-1%5 + i)cr'ci +14.8d6+10de = -%—J‘% +ILX o o Jy , edy

gnv ny nv
onon{18.10)

For the caleulations in Section 16, V=4, () =1,

and Jv = at =~ t, Vith these assunptions (18.10) becomes:
dé'+ 10,095 + 2.5 dé +14.6J6 + 10de = - 10.7 ...(18.11)

Solutions to (12.11) for any initial conditions are
ensily obtrined since the left hand side has the coefficients which
appearsd in dealins with constant spaed and which correcspond to
four equal characteristic roots, A = - 2.72. After solving (18.11)
for d-O, (18.7) gives Jr, and the aircraft path is given by
q-g+J0and r=4¢+ J-rl-d;- t-4J6. Solutions for par-
ticular initinl conditions were given in Section 15,

In earrying out the above analysis, 1% appeared at

first that the approximation obtained by linearirzation misht be




S
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poor gince relatively large epeed chancea were treated ss firet
depree increments. This mennt spocifically that %erms such as
Jv JG = at J-O, beins second degree terms, were dropped. Second
approxination equatione were therefore set np. The equations
obtained vere too unvieldy to work with, therefore only the largest
second degres terns were kept. The followins; equation vas ob-
tained in place of (18.11):
d%'+10.90% + 44.5J% + 80.6Jé + 54.5d0 = - 20.7 + -&5‘6“-» 10.9d6
esese(18,12)
The first approximation -- the solution to (18.11) == was sub-
stituted for JO on the right side of (18.12), that 1s, the solu-
tion to the 1linearized equation wvas used to approxinnto the second
desree terus. Approximate solutions to (14.12) were thms obtained,
The revised ‘remltn differed very little from the first npproxina-
tion, tndicating that wvithin the ranre of variations considered
the first approximations were satisfactory.

Ssction 18¢. Llpige of atabilication coustants (Zupplement to

Section 16)

The followins, procedure was used to select fesdback
constants for the "second order procecure” such that ths paths

obtnined vould be & rensonadble aprroximation for results obtained

by the fourth order method;

Consider the case described in Section 14, where the
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fourtih order procadure was used under the initial condi isicmu:
(‘SQ(O) = Jeo, Jé(o) =0, p(0) = 0, B(0) = 0. The solution for
JO is Zq. (14.73):
2.2 33
Jon Jo akt(lnAt'l-M-_A—t‘-)
o] 2 6
(A= - 2.72)

and the correeponding solution for § is:

g = --‘-Eg- J‘eoo’"' (A-zﬁ+3—;ﬁﬁ) ssansl18:10)
(Q=1) '
The maximum velue of B, found by use of (18.13), ia:
= 97de, ceee(18.24)

The stabilization function for the second order procedure ia
p-olcr;a¢ccro eseeo(18,.18)
and under the initial conditions, Jé(o) = JO & JG(OJ =0,
(18.18) becomes:
B(o) = e 9, eeeea(18.16)

Assuming instantaneous herding control, the initial value of B
for the second order procedure should be about egqual to ﬂn\x
of the fourth order procedurs; therefore, comparing (18.14)
and (18.16), ¢, is taken equal to 1. Insertingf = - Jé and
¢, =1in (18.15) givas

J6+o,d0+ do=o, ceeen(18.17)

Choice of ¢, =2 then nakes (18.17) represent critical damping.

1t has been shovn in Section 16 that the resulting second order
procedure is a reasonable epproximation for the fourth order pro-

cedura.
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VI. &ffoct of Wind

The afl'ect of a gtandy wind will be examined. ZThe
wind will be descrided s & vector of magnitude, w, and compnse
direction, M.

Ag & preliminary to the study of effect of wind on
arimuth progress control, the effoct on circular flight paths
without azimuth control will be shown. The azimuth stabilization
gvatem will then be exanined from two points of view: (a) deter
mination of ezirmth devintions and flisht paths when the wind
vector is disregarded, (b) provision of revised hesding reference
functions which take wind into account,

The results for steady winds could be used for prelimi-
nary exauination of the effect of pusts by treating puctc as
steady winds of short duration. However, no computations have
been nade slong this line.

It will be necessary to uake uss of two coordinate
syatems; ground coordinates, rnd g coordinate system vhich roves
vith the wind. The latter will be referred tc as "air-mass coor-
dinates". Position in air-mase coordinntes will be sisnified by

primed e¢ymbols; x', y', r', 0'. For convenionce we can let the

centers of the two coordinate aystems coincide at t = 0. Alrsgpeed,

V, will not be primed, but refers, of course, to air-mass coor-

dinates.
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Section 19. Cireuler Faths, without AzSauth Control.

Consider an aircraft moving at constant airspeud V,

and turning at n constant rate, p. Agsume there is a steady
wind of napgnitude, w, and direction, u. The path is a circle in
air-nags coordinates:
8' = pt )
) ...-.(lg .1)
v =V/p )
The path in rsround coordinntes ie obtained by a straightforward

transfornation of coordinates (see Section 22):

r-% 1v2¥ptsin(pt+u)+(';‘pt)z;
)

llnpt*%pt cos M )  seees(19.3)
@ = arc tan ( )
coopt*#pt sin A ;

Fisure 1 shows the #round path for V = 2 niles/min.,
p=1lrad./aln., u = g(und in the direction of the positive

x axis), at two valuas of ¥1 0.1 and 0.3.

Secondly, consider an aireraft which moves at constant
nirspeed, V, over a pround circls of radiune, R, In the presence
of wind the pround speed variee 'ith enpular position,snd the

azimuth progress rate is not constant. The relation between
azlmath and time is given by (ece Section ”2): -

&
gué""“‘; [“,"un(u-tol)-%-in(u*oa)*f s hé.m"(,ne) da
1-:5 N

seeee(19.3)

vhere t 1s the time betveen the angular positions 91 and 92.

(19.3) can be gvaluated by uese of elliptic intesral tables.
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Ficure 1. Affect of Vind on Flieht Fatha
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Lot ii e k. It is convenient to let w have positive end
nef:p,tlvsj. values to indleate opposite vind directions, nsing
single value of &, The following few values of the couplote
ellivtic intesral, E(k), are sufficient to evaluate (19.3) in

severnl cases of interest:

X , 0 |20a |20.2 |20.3

' -.--(19.4)
B(k) , 1.571 , 1.667 | 1.555 l 1.635

For a flight patn as indicated in Fipure 2, tha tine
required to traverse 180° with the wind in the direction of the

y axis (ja = 0) is given by:
¢ = Sr Ay B(K) eees(19.5)

end for wind in the direction of the x axis by:

t uﬁ [k'l'x(k)] susan(198)

Fixed path

Starting point

Figure 2,
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Let 7 = 1, which corresponds to an azimith rate of 1 radian/min.

in the wind free cage. Under no wind the time over o 100° sector
is 3.14 nin. = 188 eeconds. The time deviations, ({t, canged by

wind in the y axis direction, ocbtained by use of (19.4) nnd (19.5)

arot
k= 3 +0.1 [xo0.2 I:o.a

J't (seconds) +1 +6 , + 14

For wind in theo x direction the $ime changes are:

k=¥ ’+o.1'+o.a ’+o.3 ,--0.1 I-o.:z I-o.s

Jt(aecondq},-tm '1-31 ,*54 ’-11 ,-19 ’-25

Lquation (19.7) can ve evalurted to a close ep roxinpe
tion vithout use of elliptiec interrals by series expansion to the

second de/ree in k -'¥ « (See Section 22.) 7The result is:

o 4 o
%tﬂ[ﬁ_kg‘nmfg)‘}%kbﬂ*g:lin 2(}"’0)}1 2 ."(19.7)
%

Section P0. Azimuth Stabilieation.
In the previous section it was possible to work with
exact eonations, but for analysis of the azimmth st-bilization

systen 1t ia necessary to return to linear approximntion.
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In ordor to simplify the analveis the stabilization
svston will be raepresented by a second order differential eqma-
tion, es discugsed in Section 16, rather than by a fourth order
equatiocn.

The resulta to be given in this ssction eéan be looked

at from tvo points of view:

(a) Vind disregarded -- azimmth and hesding reference
functions nay be set u. gn ithe dasls of no wind
and left unchangzed when wind i{e present. The
anelysis to follow then shows the aziouth errors
introduced by winds.

(b) As a wind error effect -- assume that hending
adéu.ot:f;ontn are made to corpensate for a
mensured wind (ses the next section). Under wind
fluctuations and aeasurenent errors there will
be an uni:nown wind component which cannot be
taken into account. The analysis of aszirmth
errors due to this conponont is the same as for
item (a).

The equations of the sreten are as follows:

In place of the no-wind relations, r=V aln P and
™ =V cos p, we have (eee Section 22):
raVeinB +vain(@ +p) )
. ceeee(20.1)
o=V cosf tweos(e v )
(P 1s still the heading of the eireraft axis

rel tive to the radius vector in the pground

cooriinate system.)
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HBquations (20.1), when linearized relative to 0, = Nt, ¥y = v/,

ﬁi =0, and v, = 0, becones

JE'EVH + w oin{Qt + ) isweslB0R)
Jr:'ﬂ—é& *}Lcos(n.t*t&) R -+ .. 3

(w like B has zero reference, thaersfore is written

without the swabol d in the linesrized aquationo)
M fferentiation of (20.3) and use of (70.2) gmivea the linearized
reletion betveen P and ©:

8 g..-ég_a%un(n_t + W) e veea(P0.4)

The stabilisation function for the "second order pro=
cedurs® formlrted in Seection 16 was B = JQ + 2Jé. Uso of

(20.4) for B pives the differential ecuation for JO:

3{%* 2Jbv%--$‘amtﬂt+m «eees(20.5)
The golution of (20.5) for J.G, followad b use of (20.3) for J-r,
gives the linear approxination to the asircraft path.
uet 0= 1 rad./minute. The solution of (20.5) iss
cﬁ; = clo"t + (:21;0't + i,‘ cos(t + @) s ssnel2048)
where Cl and 02 are intesration constante.
For 4illustration let the initial conditions be 8(0) = 0,
r(0) = V. %hen the initial conditions for (20.6) are:
Jﬂ(o) = Q
JB(O) =§ cos o (using (20.3) with Jr = 0)

L
(The non-zero initial condition on J 8 expresses the facl that

if the initial radins is correct for ao viad, than the arimth
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rate is in error due to the component of wind speed in the direc-
tion of sireraft motion.) With these initianl conditions (20.6)

bacomes:

Jo =¥ & (¢ sinpp-cos ) + ¥ oonlt + ) ...n(70.7)

Azimuth deviations given dy (20.7) are plotted ageminst
tine in Fifure I with ¥ = 0.1, for several vind directions, L.
Under the linear approximation, curves for % other than 0.1 ara
obtained by proportional multiplication of ordinates, The maxinum
deviation shovn in Fipure I is JO -6, Therefore, an esntinante

of the maximum error for any wind direction is:

do = 6 g{{- ﬁo¥docml sve04{20.8)
de
10°% ..:;V-=OJ 3 a-=/

. inull
4 or 6(rodians)

wind vutor// (/.4:46")

5% ‘and vector =% ( M =90‘)

wind vector 44 (m=0)

d
>

Fimure 3. W: W D
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At falrly high winda the azimuth deviations pernitted
by the etnbllization system can be fairly large. For example,
at w = 40 miles per hour end V = 120 miles per hour, bty (20.8)

the ezimuth deviation due to wind could go up to 20°,

Section 21. [Leading Helerence Adjuatuent.

Fussibly the azirmth deviations due to wind, shown in
the previous section, could be tolerated without modification of
aziimth control schedules since the devistions of successive
aireraft would be ap.roximntely in phase. This would be desirable
since it would preserve the simplicity of guidance instructiona.
Un the other hand, more detailed analysis, in conjunction with
formulation of an intesrated plan for airport approach, may show
that adjustments for wind must be nade. A procedure for modifying
the heading; reference function to compensate for wind follows.

The objective {0 to keep the eircraft on a constant azirmth
progress schedule, o, = nt.

In this section v and ;. will rafer to gengurad yalues
uf prevedling wind nanitude and direction rather than to true
values. The results of the previous section would still apply
to the viad error component.

A prolininary bnale for vind compensation will be shown
by use of Fisure 4. Under no vind let the circle C about the
oriiin be the path of an airoraft which is advancing at azimuth

progress rate ()= V/R. Suppose there ware a wind, w, in the
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-l2 =

_direction of the x exias. It will be shown thnt 4 the alreraft

follows the path C, inetead of C tha arimuth prosgroess rate remnina

1
virtuslly unchanged. c1 ie & circle of the sane radius ns C,
with center 0, on the y axis below 0, and with 00, = w0 .

ERR

Fipure 4. Chanza of £ath to Adiust for ¥ind
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Congider the azimuth prosress rate akout Q (not 01) when the

aireraft follows Gl in the presence of the wind. At point P]
the sround spoed is V ~ w, and the distance OP, is R ~ 00, = R - =
The azimuth rate about 0 is thus:

balaloxw You_n

r a.¥ Y ¥
S n a
Jimil-rly at P, 5-m-n.

. R+
and at Pz and P4, 0= % = ., Thus at the points where 01

crosans the x snd vy axes the asiimmth prosress rate has the proper
value,

The above procedure will be reneralized for all wind
directions and will be formiloted as a method of hesdings adjust-
ment tu compensate for wind, The result will de that in place
of the reference functions 8, = fLt and By =0 for no wind, the

functions should be O, = M.t and B, = - 2 gin(Lt + ).

Meure 6 18 sinilar to Figure 4 except that the wind s
in an arbitrary direction, u. The center O1 for the circle 01
is on a line throwh O perpendicular to the vind vector, and at
A distance ifmn 0, to the riput of the wind vector. The coor-
Ainates of 01 are:

o= ﬁ cos M

| g_ ein |,

The equetion of 01 ie:

(x - % cos p)’ +(y+ X gtn u)al R° -ﬁ »  +eeesl(21.1)
o Q ﬂ.z
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Inserting xmr'cos ©, v = r sin @ in (71.1) it can be reduced to:

2 2
La r2 'i"‘g"- Zr!{cos(ﬁ e e MEmpl T e (~1.2)
02 (&

Fipure 5. Chance of LPath to Adiuat for ¥ind

Zquition (71.2) 1e next line-rized relative to v, = & , 0, = A8,
and w, = 0. Tnis replrces (21.2) by an expression in vhich

position pn 01 ap.enrs as a devintion from position on Ot
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0 :n-:"iJ;- —== w coa{lt + 1) eeeee{(?1.2)
ﬂB
or: J.z- nﬁ coa (Lt 't‘l.q.) ..... (21.3)

(21.3) gives the linear approximation to the radial deviation of
6, from C. By (20.3):
: .ol
JOn-%—J‘r*’-,?eo-(nt + W caeee(21.4)

Combining (21.3) rnd (21.4) we have
Jo=o —

Thus aziauth prorress on _CI is the sane as on C (within the

1iuits of linear approxination).
Equation (70.2) may %e written asi
p -'%.:-g'ua(.n.t + K snanolPLe06)
Differentinting (71.3) and inserting dr in (21.6) gives:
B --,;,k oin (Lt + pn) ceees(?1,7)

By nsing (?1.7) as the herding reference function, ﬂi’ in place
of ﬂi = 0, nnd keeping 0i = (L%, the nircraft will be pulided to
follow the path 01
the neasured wind., Arimuth and heading neasurenents remain rela-

» thme elininating aziruth deviantion due to

tive to the original center, 0O, the pouint 01 having been used
only as n neans of arriving at the desired result. It swuld be

noted that the new headins reference, P, , 18 not the cirection

i
of tansency to Gy, but rather provices the proper "ecrnb angle*

such that the ground path 1is 01.

- EE s W A A G W W W s W R W W W W T S W s A W W W a am B am e
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Section 22. Appendix
To transfom from ¢round polar coordinates to alr-mass
solar coordinates, or vice-versa, it is convenient to uso inter-
mediate trensfornations in Cartesian coordinates. Tha origins of
the gsround coordinate system and pir-mass coordinate system are
assumad to coincide at t = 0. The x and y components of wind are:
v, =wsini (p 1s measured positive cloch.-

'y =y cos M wige with M = 0 on the y axia.)

Therefore the Cartesian coordinate relations are:
x=x'+tweinp )
aeag .(23.1)
y=y' *+twecos B )
To transform the circular peth in air-mass coordinates, (19.1):
@ =pt, r' = V/p, into sround coordinates we have

x = p eonﬂ'*twnlnu-;'nolpt+tunlnp )
¥ ; «eo(P2.2)
y=p -1n0'*woolp-pntnpt+twoo|u )

substituting (22.2) in r = xa + ya and @ = arc tan i gives

(19.2).

Next, we noed the relations which replace * = V sin f
and 10 = V cos B when vind is present. The coupass hesfing, ¥,
of the pireraft axis is the sane in either coordinate syvstem

(but B ie not the same). Ve have
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o L Ao

X =V oin
7' =¥ cos
x=Vaing*wolnp
7=V cosy + wooe
r=xcos®*tysin@
=Veinfoos @+ Vecosy sin 0 * w ein j cos O + v cos 4 #in O
= Veinf *waeln (0 +U) veeee(22.3)
!'.0-§ms0-£|!n0
=V cosfcos ©=Voinyg oin © + woos 4 008 © = w sin J 8in 0
=YV cosfp *woeon(Q*pM) ceeea(22.4)
Given a circular path of radius R in ¢round coordinates,
(22.3), with r = 0, becomest
oin p = -%un e+w , eeeeel(22.5)

and by (22.4) and (22.5):

R;-' ﬁ Yé “nato ’H) + w cos (0 +“) o-n&o(mna)

or:

% -¥ =t ﬁ" [\C@a 12?0 + ) - ¥ cos(0 + u)] ceee(22.7)
1 -
v

Zxact intesrntion of (22.7) requires use of elliptic intesrals as

noted in Section 19. Let %- k. Bxpansion of (72.7) in a povar
series Iir k can be used in place of elliptic intesrals. The

ex;ansion ia obteined easily by using the product of two seriest
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l-}caﬂl*k)""}:‘a*

. A
" ) 2 4 4
[1 - k7sin" (0 + pi’ 2 .k cos(®@ + p) =1 - k con(Qp) - %&?s:n (6 %) - éﬁ sin (%) +...
(binorial oxpancion)
“hue (22.7) expanded in k is:
4 . 3 l-kocos(@+p) k2(1 - J‘-mz(ei TH) ) - k%on(@ *) * cecne
@ Vv 2
,....(22.8)
(22.8) ean be interrated ocasily term by term. Usins teras only
as far as k°, the interral of (22.8) is (19.7) which gives ood

acreenent vith use of elliptic intesrals over an adequate range

of k.
Optdonr
Signed -
\ exander Orden
Approved V
AO:1fu

e H.frruter
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nzutics, Special Committee ™1, Hay 12, 1948,

Quarterly Frogress Reports, Fo. 1 through No, 4, of the Project
Whirlwind Alr Traffic Control Group.

*What We Learned from the Berlin Airlift," %, A. Chaffee end
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Adninistration Report, March 1949,
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"Theory of Flight," R. Von Mises, hMcOraw Hill, 1945,
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HeOraw Hill, 1942,
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September 1947, Vol. 14, #, pp. 493-519.
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Alr Test Center, Patuxent River, Marland, Project No.
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{Availadle from Librery of Congress, Technical 1nforma-

tion Section)
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Navigation," li. Busignies, Klactrical Commnication,
September 1948, pp. 277-243.
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"The A=12 Gyropilot,” P. Helpert.
Text of a lecturepresanted at the SAS Netlonal Acronautic
and Alr Transport dMeeting, New York, April 1315, 1844,
Frinted by Society of Autorotive Znsineers, Inec.
29 W, 39 Streot, MNew York, N. Y.

"Initial Flisht Tests end Theory of an Experimental Farallel
Course Computer," ¥. J. Gross, H. A. Kay. Technical
Develupment Report 93, September 1948, CAA, Technical
Develooment, Indianapclis, Indiana.

*The Sperry Zero-Reader," 5. kellogg and C, Fragola, Aaronan-
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A Study of the Effect of Winda Aloft on an Air Traffic
Control Computer,” J. N. Marshall and A. B, Faunes,
Radio Corporation of America, RCA Victor Division,
Canden, Lew Jersey.

3. Erxinciplas of Control Svatems

"Theory of Servomechanisms,” Vol, 25 of the Radiation labora-
tory Series, liciraw-il{1l, 19547,

*rinciples of Jervomechanisns," G. 5. Drown end U, P, Campbell.
John “ley and Son, 1948,

"Fundamental Theory of Servomechanisms,® L. A. HacColl.
D, Van lostrand Company, Inc., 1945.
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