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In the previous lecture we discussed the problem of the damped
linear harmonic oscillator subject to a sinusoidally varying external
force, In this lecture we will show how the harmonic oscillator may
be used to explain the properties of a dielectric when subjected to
electromagnetic radiation.

Optical Properties of a Dielectric

We have already discussed the microscopic picture of bound
charges in a dielectric, When an electric field is applied the negative
and positive charges in the dielectric will become slightly displaced,
and the restoring force for small amplitudes is assumed to be directly
proportional to the displacement from equilibrium., We further assume
the damping force v%s proportional to the velocity, and apply an external
field E = E, e°miVY,

Using the notation of Seitz”, the equation describing the
above situation is:

2
d 2wivt
m + 2mm¥ + ky= - E_ e
i & o (x1-1)
wherein
- = charge
E, = electric field ampli tude
k = restoring force coefficient
2rm¥ = damping coefficient
m = mass
y = displacement
v = frequency of imposed radiation

# Seitz, F, Modern Theory of Solids, McGraw Hill Co,, New York, 1940 ,
p. 633ff
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Equation XI-l is the exact form discussed in the previous
lecture, with only the coefficient notations changed. The solution
of equation XI-l is then

2mrivt - ¢
y = - — Ea - d
hﬂ?ﬁl J(ZI; - VZ)Z *szl (II-2)
wherein: v o= -2-:‘9
"l/' = T
L “m

- -1
f = tan (_E:J_l;'l)

Then
-g. = current density
2 pye-ile-¥) -
S - € ™y e 27revt
fo @ g ;;1»:_ J(Vz—v’)‘ 4 -z E° <
0 bt I (x1-3)

wherein n, = number of oscillators/unit volume.,

Since Ohm's law states
i= oF, (XI-L)

Then we may, by analogy, say

_ily-T
g = T e? 2T Y e o T)
N [ 2 W

Wherein o, is a complex conductivity. The real part of 6"; is

Jjust the conductivity due to free charge motion, and the imaginary part is
related to the displacement current , which arises as a result of the
polarization of the dielectric. t

—————
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Further it can be shown that
J. =g + 2T VA (XI=6)
where o = polarizability, and is defined by the equation
P =o&E
Also,
— — — —
D = eE = E+ LnP
. % _ Ele-1)
s P = =
Therefore
) - e-1
L (x1-7)
From XI-5 and XI-6, since
-i(p - %)
e F 2 = siny-l- i cos f
we have
a 7,2 2TV Sin @ '"ge't 21Ty K‘z
- in
= z z
$fm Vﬁ‘:'791+ﬂ':')’7 wn m [(V."" )Y +¥ J (xx-8)
2 2 2 2
P "< Cos ¢ a 2::‘ {:/a .-gyr)zz (X1-9)
R T L B b I (O %

Curves of 5’, 0, and <A are shown in Figure 18, plotted against frequency.




APPROVED FOR PUBLIC RELEASE. CASE 06-1104.

Memorandum M-1720 Page L of 7

Ak

gt

-1_
) -
- ——-J—

(> (b)

ot

The proportion of electromagne tic radiation reflected at the
surface of a semi~infinite piece of material is given by the reflection

coefficient R.

2 & R
R = [(n=1) + k (x1-10)

(n+l)” + k

where n = index of refraction
k = extinction or absorption coefficient

: [eZ )
2 _ € +r{€ 2—4(f) (xI-11)

2 _  -€+JeE+ 5T

7 (XI-12)
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For a fuller discussion, particularly on thin metallic films,
see the references given below, *

In Figure 18 (a) we see the conductivity is appreciable only in the
resonance region. When ¢~ =0, k = 0 when € is positive; k is appreciable
only when ¢ is appreciable, And as k — o2, R — 1; hence in the absorption
band the reflection is very high, so not much radiation is absorbed in spite
of the high absorption coefficient,

On the low frequency side of 7, where |, - I ¥ y & is small
but positive and ¢ is negligible (== 0)

Then, since &« = E':—,

€ =lnkt'+1 > 1

Substituting € > 1, and ¢ = O into KI-1ll and KI-12 we obtain

n? =€>1
k = 0

Therefore, in this region the system is transparent and has a refractive
index greater than one,

Similarly, in the high frequency side of ¥ _, T A7 0, However, since
2 1is negative in this region, we find that, depending on the value of «,
can be either positive or negative.

For 7/ sufficiently high, however, o becomes very small, and £ is
positive, Here the region is again transparent.

Between this high frequency transparent region and the absorption
region, is a range wherein € is negative, For negative € , we see from
equations XI-1ll and XI-12 that

n=0
k = finite value

# Stratton, J. A., Electromagnetic Theory, McGraw Hill Book Co., New York, 19L1
pp. 321ff, S11ff.

+ Harris, Beasloy and Locb, Jowrnal of Optical Society of America, El_, 1951, p. 60L,
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Therefore, from XI-10

2
= Kk _
R = ;2- = 1
and the medium is totally reflecting independent of frequency over a range
of frequencies which is known as the metallic reflection region.

The regions described fall approximately as shown in Figure 19.
The curve of & is also drawn for comparative purposes, and it should be
noted that the sign of € changes when the value of o{ passes tf¥®wgh
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Drude~Zener Theory

For ideal metals, Drude and Zener developed a classical treat-
ment of optical properties based on the assumption of perfectly free
electrons. For this case, the equation of motion would be
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G iz ¢
m + 2mm % = - E e (x1-13)
dt

which is the same as XI-1l except that the restoring force coefficient
k=0,

Following the procedure used in determining the optical pro-
perties of dielectrics leads to the values

a- = M. _C'-___
wrm (XT-14)
22
a’ = ho

2
W"m Y o+ (XI-15)

Comparing these equations with KI-8 and KI-9 we see they are
identical for the case Vo = 0. We can, therefore, expect a system of
free electrons to have optical properties similar to those of an in=-
sulator on the high frequency side of the center of the absorption regionj;
at low frequency %DC and ordinary AC currents), the energy is merely
absorbed as heaty for higher frequencies (microwaves, infrared) the
energy is largely reflected. Beyond this region the Drude-Zener theory
does not generally hold because there are bound electrons with natural
frequencies in this region.

Signed

Signed Wmm c%“fé.

| Norman Menyuk [/
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