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Pauli Exclusion Principle 

The Pauli exclusion principle s ta tes that two electrons in the 
same atom cannot be described by the same set of four quantum numbers 
n, £, m,, m^. The principal quantum number n may be considered a measure 
of the energy region in which the electron remains. I t describes the 
"shel l" of the electron. The value n = 1 corresponds to the K she l l , 
n = 2 to the L shel l e t c . The energy levels of electrons in different-
s t a t e s , but with the same value of n, are not very far apa r t . However, 
i t does not necessarily follow tha t electrons with different principal 
quantum numbers have widely different energy l eve l s . One sometimes finds 
an overlapping of energy levels of s ta tes with different values of n . 

The azimuthal quantum number I i s a measure of the o rb i ta l 
quantum number, and has been discussed previously. (See appendix I I ) . 
I t divides the n values in sub-levels . The quantum number Jc. i s either 0 
or a positive integer , and may have any value up to n - 1 . 

The component of JL in the direction of an external f ie ld is nu, 
and i t can take any of the values 

I, t - 1, -i+ 1, -i. 
The component of s i s • = + l /2 or - 1/2. 

On the basis of the Pauli exclusion principle w» can build up 
the quantum s ta tes corresponding to the ground state of various atoms. 
For hydrogen n = l j therefore i. = 0,mn = 0 and m can be + 1/2 or - 1/2. 
In the absence of an external f ie ld , neither direction i s preferred. 

The helium atom has two electrons, and again n = 1, t - 0, 
m, = 0 for both electrons, while for one of them m = + 1/2 and for the 
other m = - 1/2. This represents a closed she l l since these are the only 

s 
possible s ta tes for n = 1. 
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For l i t h ium, atomic number 3 , the two inne r e l e c t r o n s w i l l be 
i n the n = 1 s t a t e s , and the ou te r e l ec t ron w i l l have t h e quantum 
numbers n = 2, I = 0 , n^ = 0, mg = 1/2 (+ or - ) . 

A more complete p i c tu r e may be found i n Herzberg 's book.* A shor t 
t a b l e , showing the poss ib le s t a t e s of e l ec t rons wi th n = 1 and n = 2 , i s 
given in tab le 1 . The succeeding atoms are b u i l t up by "taking on" the 
succeeding e l ec t ron i n the t a b l e . 

n 1 n^ m. 

1 

2 

0 

0 

1 

0 

0 

1 

0 

-1 

1 

0 

- 1 

• 'k 
- it 
• * 

- ft 
• it 
• Hi 

+ '/* 
.'It 
- it 
-'It 

Table 1 

When a sub-she l l i s being f i l l e d , there i s a tendency for the 
e l ec t rons to a l ign t h e i r sp ins p a r a l l e l to each o the r (Hund's r u l e ) . 
This i s shown in Table 1, where we see t h a t the atom of atomic number 7 
(Nitrogen) has three unpaired e l e c t r o n s . (Two e l e c t r o n s , with t h e i r 
spins a n t i - p a r a l l e l to each o the r , a re re fe r red to as an e l e c t r o n p a i r ) . 
The succeeding atom (oxygen) must have the a d d i t i o n a l e l e c t r o n with 
i t s spin i n the opposite d i r e c t i o n s ince there a r e no more s t a t e s in 
the n = 2, £ = 1 sublevel which can have m„ = + 1 /2 . 

• Herzberg, G., Atomic Spectra and Atomic S t r u c t u r e , Dover P u b l i c a t i o n s , 
New York, 19Ul*, 138 ff . 
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On'oMfcching atomic number 10 (neon), a l l electrons have been paired 
and the L shell i s complete. Since a closed shel l has no net orbi ta l angular 
momentum (JJ Mn = 0) and no net spin angular momentum C2 M = 0) ; and 
since i t cannot take another electron or readily yield electrons, i t i s 
magnetically and chemically inact ive . This i s the condition of the iner t 
gases. 

Atomic number 11 (sodium) has a single electron in the state 
n = 3 , £ = m , = 0 , mg = l /2 travell ing in a f ield due to the nucleus 
and complete K and L she l l s . Sodium, therefore, i s a hydrogen-like atom. 

As mentioned previously, we can find cases where the energy levels 
of s ta tes with different values of n overlap. A very important overlapping of 
this type occurs between the 3d and lis leve ls , as shown in figure 37. 

. L£ 

Figure 37 

Suppose electrons f i l l the energy levels to the lower dashed 
line of figure 37. There will be some 3d electrons and some Us electrons, 
with a certain probability of each. On a s t a t i s t i c a l basis , this can 
give r i se to a fractional number of 3d electrons. Therefore, there i s a 
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fractional number of unpaired electrons l e f t in the 3d she l l , which 
gives r i se to the fractional number of Bohr magnetons observed. 
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Figure 38 

Magnetism 

Figure 38 shows the top of a band) that i s , the electrons of the 
system with the highest energy. For the system to be magnetic, there 
must be a number of unpaired electron spins. In order to determine the 
feas ib i l i ty of having an excess of spin in one direct ion, leo us in ­
vestigate the energy considerations involved. 

We define: 

N
+

 = 

n" = 

to ta l number of electrons with + spin in system 
to t a l number of electrons with - spin in system 
excess of electrons with one spin direction 

When n • 0, N+ = N_ ' NQ 
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Then assuming an equal number of e l e c t r o n s with each spin d i r e c t i o n 
a t t h e s t a r t , n /2 e l ec t rons have been t r a n s f e r r e d from one spin d i r ec t i on 
to the o the r . Let us perform t h i s process in two main s t e p s : 

I - Remove -n e l ec t rons from the negat ive spin system. 

I I - Add t h e s e 5 e l e c t r o n s to the p o s i t i v e spin system. 

Step one i s ca r r i ed ou t by gradual ly s t r i pp ing the negat ive spin 
system of e l ec t rons from the top Fermi l e v e l down, u n t i l n/2 e l ec t rons 
have been removed. In any energy region dE the re a r e , by d e f i n i t i o n , dN 
e l e c t r o n s of average energy Ej removing these dN e lec t rons means a loss 
of energy equal to E dN. 

Thus the t o t a l change of energy due t o the removal of •* e l ec t rons 
i s given byi 

• n 

AE_ = J E dN_ mil - 1 

No 

S imi la r ly , s tep two involves an energy change 

% • £ 
AE+ = E dN~ IVTII-2 

Now the energy in the region I_ ^ M. ^ N0 • •* i s g rea te r 

than t h a t for the region N - *• < N < N , so t h a t the magnitude of A g 
0 2 - 0 +> 

i s expected to exceed t h a t of / \ E _ . 

Since 5 < . < I , we can expand E(N ) and E(N ) i n a Taylor s e r i e s 
about E(NQ). l + 

Thus: 

E(N+) = E(NQ) +(§) ( * - » > I V I I I - 3 

VNo 

E(NJ = E(NO) +(§) CN. --oh rmu h 

N =N 
- o 
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Then, from XVIII-3 and IVIII-2 

A E + = 1(1 ) 

No + S 

(*) M J 
o . • 

(*f - V dN+ •, 

N N 

- «-o) i *cs) [ > - • „ « • ] 
V I 

N =N 
+ o 

= E(N .) § • (§) [ (»o + ?> - V 

" . = « . 

N o5 !•••• 

^ • «-.)! • i ( i ) $ 
N =N + o 

S imi la r ly , from IVII I -1 and IVIII-U, one obta ins 

A*. = -B(N0) \ • J (g) (I)' 
N = N — o 

The t o t a l increase i n Fermi energy, 

2 
£Bt = AE+ • AE_ = (fj dE 

d¥ 

I V I I I - 5 

I V I I I - 6 

Thus we see t h a t t r ans f e r r i ng •* e l e c t rons always r e s u l t s in an in­
crease of the Fermi energy. 
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Thus, on the b a s i s of Fermi energy cons idera t ions a l o n e , one would 
never expect ferromagnetism. However, we have no t considered exchange 
e n e r g i e s . 

S l a t e r obtained r e s u l t s which showed tha t exchange energy 
changed s ign for ferromagnetic m a t e r i a l s . However, Zener has s ince shown 
that t h i s change of s ign need not be assumed for a cons i s t en t theory of 
ferromagnetism. 

Only e l e c t r o n s with t h e i r sp ins a l igned have exchange energy . 
We w i l l assume for s i m p l i c i t y that the exchange energy for any p a i r i s 
equal to - I , where I i s a pos i t ive q u a n t i t y . 

For N e l e c t r o n s with spins a l igned , the t o t a l number of p a i r s 
which can have exchange energies i s 

N(N 1) 
2 

Therefore the t o t a l exchange energy before t r ans f e r r i ng spin o r i e n t a t i o n s 
w i l l be 

2 x C - ! ) ^ 

= (-§) (2N2 - 2N) IVII I -7 

n However, a f t e r the spin d i r e c t i o n s of •*• e l e c t r o n s have been 

changed, the exchange energ ies of the two d i r ec t ions w i l l be 

1) (-D 

2) (-D 

(N • £) (N + £ - 1) 

(N - f ) (H - | - 1) 

The t o t a l exchange energy i s therefore 

I 
2 

( 

c-i> 1 - 2N + (N - \)2 

- \) f 2N2 - 2N • \ 1 IVII1-8 
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Comparing th i s and I V I I I - 7 , we see t h a t revers ing •* e l e c t r o n 

spins r e s u l t s in a change of energy equal to 

( J\ n 

ivm-9 

Therefore, 

A Exchange energy = In 

/\ Fermi energy 
dN 
dE 

The t o t a l e re rgy change w i l l the re fore be 

2 r 
A E = hi - ] wm 

and the decrease in exchange energy w i l l , in some cases , overcome the in­
crease in Fermi energy. 

Depending on the r e l a t i v e values of these terms, the energy may 
e i t h e r inc rease or decrease as n i s inc reased . This i s shown in Figure 
39 (a) and ( b ) . 

t 

-rtj - * 

(o.) 

£ t 

7U 

(h) 

Figure 39 
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For a ma te r i a l to be magnetic, the energy must decrease a s n 
i n c r e a s e s from 0 , a s shown i n Figure 3 9 ( b ) . Figure 39(a) i n d i c a t e s a 
non-magnetic m a t e r i a l . 

On revers ing the magnetization of a ferromagnetic substance, 
the energy must be s u f f i c i e n t l y grea t t o overcome the peak energy shown 
on the curve of Figure 3 9 ( b ) . I f the s lope i s such a s to lead to a 
high peak va lue , one might expect the m a t e r i a l to have a high coercive 
f o r c e . I t should be eas i e r to overcome t h i s boundary as the temper­
a t u r e of the ma te r i a l i s inc reased . The r e s u l t s obta ined by C. Morrison* 
tend to agree with t h i s hypo thes i s . He found t h a t the coercive force of 
MF-1118 decreases with i nc reas ing temperature . A. Loeb has given t h i s 
sub jec t a d d i t i o n a l s t udy . f 

We are not ye t equipped to deal with the exchange energy prob­
lem q u a n t i t a t i v e l y . We w i l l re turn to the subjec t a f t e r we are ab le 
to solve problems involving quantum mechanics. 

Signed L A M V ^ A A ) ^ ^ 
Arl 

ALÎ NM: jmm 

c c : Group 62 (20) Signed /A^^^g^^ 
Norman Mer 

Approved 
David R.Brown 

•Morrison, C.,. "Hysteres is Loop C h a r a c t e r i s t i c s of MF-1118 for Different 
Temperatures". Dig i ta l Computer Laboratory, Engineering 
Note E-U91, October 1952, f igure h. 

tLoeb , A. L . , "A S t a t i s t i c a l Model for Ferromagnetism", D i g i t a l Computer 
Laboratory, Memorandum M-17Uli, December 19|>2 
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